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THE INVOLUTION CURVE DETERMINED FROM 
A SPECIAL PENCIL OF 1-ICS* 


BY 
JOSEPHINE H. CHANLER 


Introduction. In The geometry of the Weddle manifold W, [1]t there arises 
the necessity for investigating involution curves, some of which cover W,, 
while others cover the sections of W, by its F-loci. Since the points of an in- 
volution curve V; are in (1, 1) correspondence with the k-ads from the mem- 
bers of a pencil of m-ics, V;, may be constructed as follows: Assign the 
parameter ¢ to the points of a norm curve V* in S;. The hyperplanes of the 
curve given by a general member of the pencil intersect in C,,, points, the 
locus of which is the curve V; of order Cy-1,x-1. The involution curves of W, 
are particularized by the fact that the pencil of n-ics contains one member 
with a number of double roots. In the study of these it is important to deter- 
mine the genus; it is likewise necessary to discover what multiple points are 
introduced by the special m-ic if we are to ascertain the effect of the Cremona 
transformations associated with W,. The article just cited makes no attempt 
to solve these problems except for special values of ”, k. In the present paper 


($§1-4) we solve them for general m, k where one n-ic of the pencil possesses 7 
distinct double roots (1 <j <m/2). 

We determine the genus of V; by applying to the correspondence set up 
between the points of V* and the points of V; Zeuthen’s formula: 


n—n' =2a(p’—1)—2a'(p—1). 


Here a, a’ are the indices of the correspondence, p, p’ the genera of the curves, 
and 7, 7’ the numbers of branch points of the curves. 7, n’ may be calculated 
in either of two ways. By the first method, the point ¢, of N* is counted 7;—1 
times as a branch point if v7; of the points y of V; corresponding to 4, coalesce 
at y on the same branch of V;. Hence we must first investigate the multiple 
points of V;. This method I use in §1, and used originally in §2. The second 
much more elegant method, which may be applied at once without a study 
of the multiple points, was pointed out to me by O. Zariski. It depends on 
the following criterion for the multiplicity of a coincidence in an (a, a’) corre- 
spondence between two algebraic curves V and V’: Let Po be a point on the 

* Presented to the Society, December 31, 1936; received by the editors March 27, 1936, and, in 


revised form, August 27, 1936. 
t Numbers in brackets refer to the bibliography at the end of the paper. 
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Riemann surface of V; as a variable point P of V, very near Po, turns around 
P», the corresponding a’ points on V’ may be permuted among themselves. If 
this permutation consists of cycles of periods 2, v2, -- +, Um, (Sr =a’), 
then to the point P, there corresponds on V’, m coincidences of multiplicities 
V1, V2, °° * , Um Fespectively. Py then contributes to 7 the value >, 1). 
By means of this method we readily study the special cases of §6, where some 
or all of the 7 double roots of the special -ics coincide. It is interesting to 
note that 7, 7’ are not always identical for the two definitions, though their 
difference is the same for each. 

In §3 we determine the multiple points of V;, for 7>1 by comparing the 
value of its genus as obtained in §2 to the value determined by the first 
method. In §4 we check this result by a projective study of V; as part of the 
intersection I of k—1 hypersurfaces. These hypersurfaces are represented 
by the vanishing of k—1 determinants of highest order selected in a special 
way from a matrix whose elements are binary m-ics. The order of the mani- 
fold represented by the vanishing of all the determinants of highest order in 
such a matrix has been studied by Brill [2] as the order of a restricted system 
of equations. One reason for the introduction of this second proof is the light 
that it throws upon such manifolds; in particular the machinery set up for 
our work shows that Brill’s formulas may be more easily obtained from the 
study of a dual matrix whose elements are linear forms in several variables. 
We thus prove that Brill’s problem reduces to a special case of those investi- 
gated by Salmon, Roberts, Cayley, and Pieri. A more important reason for 
the projective method is that it introduces interesting manifolds associated 
with V’;,; also it seems adapted to the study of manifolds which are obtained 
from V, by generalization. 

In §5 we prove an interesting identity involving binomial coefficients 
which I have not found in the literature. 

1. The involution curve of the general pencil. The pencil of m-ics 
[(a,t)", (aot)"] contains 2(n—1) members with a double root each. We have 
for N*, Vi: 


(1) a= k, a’ = a ee p= 0, p’ = px. 


Since the involution curve has no multiple points, we easily calculate 7, 7’ 
by the first method: 


(2) n = 2(m — 1)(k — 1)Ca-2,4-1; n’ = 2(m — 1)Cr—-2,x-2. 
Substituting these values in Zeuthen’s formula, we have 


(3) Pr = (n sag R)Cn—1,4-1 —_ Crk + Ss 
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This is unaltered when k and n—& are interchanged, checking the fact that 
k-ads and complementary (n—)-ads in the pencil of n-ics determine two 
curves in (1, 1) correspondence. 

2. The genus of the involution curve V; for which one n-ic possesses sev- 
eral double roots. Let the pencil contain one -ic with j distinct double roots, 
while there are 2(n—1) —j n-ics with a double root each. Since the n-ics of 
the latter type behave as before with respect to 7, n’, we have for these 


no = (2m — 2 — j)(k — 1)Cy-2,x-1, no = (2n — 2 — 7)Cn—2,x-2 
so that 
(1) no— no = (2m — 2 — j)(m — k — 1)Cr_2,n-2. 


To determine the special m-ic’s contributions 7,, / to 7, 7’, we use Zariski’s 
argument. 

Let the special -ic of the pencil correspond to the value x» of the parame- 
ter x. As x very near x» turns around %p, the roots of the -ic corresponding to x 
will be permuted, the permutation consisting of 7 cycles of period two and 
n—2j cycles of period one. For convenience we write this permutation 


(2) S = (tiutie) «+ + (tatie) - - + (tjrtje)(71) (72) - + + (Tn-2,)- 


A corresponding permutation = takes place among the k-ads of #’s, r’s chosen 
from the roots of the m-ic. As x approaches %o, a letter of the ith cycle ap- 
proaches the point P; of N* corresponding to the double root of the special 
n-ic, and 7, approaches the point Q; of V*. The k-ads of #’s and r’s approach 
points z(t, 7) of V;. To find the number of coincidences on V;, corresponding 
to P; or Qj, we let ¢; or 7, turn around P; or Q,, and write down the corre- 
sponding permutation on the k-ads involving ¢; or 7,. From this it is seen that 
the P; are not branch points, since the corresponding permutations are in- 
duced by ~?, and & is of period two. The permutations corresponding to Q, 
are induced by 2, under which the k-ads actually permuted are those and 
only those which contain one only of some pair (tie). Such a k-ad is inter- 
changed with another as 7, turns about Q,. The total number of k-ads contain- 
ing one and only one point from each of r pairs (ty, ¢i2), 1 Sr $j, and k—r—21 
points 7, 0</<j—r, is Cj,,Cj—+,1 Cu—2j,n-r-212”. Since each such k-ad contains 
k—r-—Z2l branch points, and since the k-ads are permuted in pairs by 2, we 
have 
i fr 
(3) te = Dy Cie ir Cn2ibr-ailk — 7 — 222". 


r=1 l=0 


A point z(t, 7) of Vi, for which the k-ad turning about it contains one and 


24 
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iW 
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only one point of a pair (¢;:¢;2) cannot be a branch point, since the correspond- 
ing permutation among the ?’s is induced by S*. The k-ads containing both 
members of / such pairs and k —2/ points 7,(1 $/S7) are C;,: Cn—2;,4.-21 in num- 
ber. Hence 


i 
(4) ne - Dd CiCn—2j,n-20l- 


l=1 


The decrease in p; due to the presence of the special m-ic is therefore 


re 1 i 
p= a ficn - a= 1)C,~2,n-2 + : ® Cj,1Cn—2j,n-2il 
(5) i g-- = 

- ys Cid ctbnsimnahh = 7 2ar-sh , 


r=1 l=0 
and 


(6) pe = (nm — R)Cu-1,x-1 — Car +1 — B. 


3. The multiple points of V;. The special -ic introduces whatever mul- 
tiple points exist. We determine what their nature must be to produce the 
value »,—7, obtained from §2, (3), (4). Let the special n-ic be (tés:)(ts:) 

- «+ (ts;)(ts;) (tty) (te) - - - (n-2;). Then the point Pi(s1, 51, 52, Se, + - + , $1, $1, hy, 
te, - - - , tx-9:) is a simple point on V; and contributes 0 to n, and / to n, . There 


are >> )_,Cj,1 Cn—2j,x-21 such points. At the point 


Prilsi, Say °° * y Sry Srtty Srtty * * * y Srply Sept, bt, ba, °° , tr—r—21) 


there are 2’! or fewer branches, since s;(i <r) meets V; here in at most 27-1 
points. If there are 2”—' branches, the contribution to 7, due to the #’s and the 
s;’s (i>r) at the point is (k-—r—/) 2°-'; the s;’s (¢<r) contribute nothing. 
On the other hand, the contribution to n/ due to P,, is /-2’-'. If the number 
of branches is smaller, the contributions to n, due to this point increase, while 
that to n/ decreases. There are >.>) Cir Cj-r.t Cn—2j,e—-r-21 Such points. 
Hence only if there are 2”—' branches at each point P,:, can we have 


; jar 


i 7 
(1) »n—2 = be DCC jr,1Cn—25,n-r—21(k —r—2))27' — y Cj,1Cn—25,n-2il, 


r=1 l=0 l=1 


the value obtained from §2, (3), (4). 


THEOREM 1. The point P,. described above is a 2’-'-fold point on V,; in the | 
calculation of the genus it is equivalent to (r —1) 2*-* ordinary double points. 


The first statement we have just proved. If the second holds, the decrease 
in the genus due to the special -ic must be written: 
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irr 


i 
(2) ? = p> y > CiyrC j-+,2Ca—a5,n—r—a1(7 — 1)27-*. 
r=2 l=0 
Equating the right-hand members of (2) and §2, (5) leads to the following, 
after simplification: 
i je 
(3) j(n -i- 1)Cp-2,%-2 = bs D> Ciel jr.tCa—a5,.0-r—ar( hr — Ff 2))2-'. 
: r=0 l=0 
That (3) is satisfied under the conditions of our problem is proved in §5. 
4. The study of V; from a projective view point; its multiple points and 
the manifolds associated with it. Let the pencil of n-ics [(a:t)", (aet)"] be con- 
tained in a linear system 2,_1= [(a:t)", (aet)", - - - , (axé)"]. The k-ads of the 
pencil represent the points of a curve on the surface M*-*+' of order n—k+1 
given by the equation 


(ayti)” (aety)” i i (ayti)” 
(aite)" (Gote)" - - - (axte)” = 
w(tit)) 


? 


(1) 


(aitx)” (Gete)” ~~ - (aute)” 


where hi, é2, - - - , & are interpreted as Darboux coordinates in the space S,. 
Take the matrix 


(aiti)" (@eti)" - - - (Gex—2t1)” 


a (ait2)" (dete)"- + - (dex—ate)” 


(aitz)" (Gotk)" - - - (@ox—ate)” 


where the n-ics are linearly independent. Hence k < (n+3)/2; if not, we study 
instead the curve determined by the complementary (m—k)-ads. L,; may be 
written briefly as (a:d2 - - - d2.-2). From Z; select any set of k—1 determinants 
such that the only columns common to all are (a:@2), while each new de- 
terminant:is obtained from that last found by dropping the third column 
and inserting as final column one not previously used. A typical set is 
(12 - - + Gy), (ides - - - Aea1), - + * » (@1@20x41 - - - Gox-2). Such a set we define 
as a set S of determinants. 

The linearly independent m-ics (a;4)”,---, (dmt)", m<n+1, determine 
n+1 linearly independent m-ics, (c:t)", (cet)*, --- , (Cn4it)", such that (c;t)” 
is apolar to (a;t)", ij. In S, the hyperplane (a;t)” is on the point (c,t)", 747. 
Thus the k-ad (4, f2, - - - , &) making vanish the determinants of highest order 
of the matrix (aide - - - Gm), m<k, represents an S,_; (on the pointsh,---,& 
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of the norm curve NV*) joined to the Sp—m[(Cm4it)", (Cms2t)”, ~~~ 5 (Cn4it)"] by 
an S,_:1. Hence the S,_; meets the S,-m in an S;,_m; that is, the k-ic (gt)* 
= (tt,) (tte) - - - (tt,) is apolar to k—m-+1 independent members of the linear 
system [(¢m4it)", - ~~ , (Cn4it)"]. If 0". As(cig) *(cit)"-* =0, we haven—k+i 
equations in n—m-+1 2’s. If there are k—m-+1 independent solutions, the 
rank of the matrix of the system must be »—k. Thus the determinants of 
highest order in the matrix must vanish, which we indicate by writing 
[Cm4im42 °° * €n41]=0. The k-ad (th, te, - - - , 44) making vanish the determi- 
nants of highest order of a matrix (a:d2 - - - dm), m>k, represents an S,_; such 
that there are only k—1 conditions imposed for any hyperplane which is a 
linear combination of (a;t)”, (aet)", - -- , (dmé)" to be on the S,1. The Si 
must therefore meet the S,~m[(Cm4it)", (Cm42t)”, - - - , (Cn4it)"] in a point; that 
is, (gt)*=(tt:) (tte) - - - (tt,) is apolar to a member of the linear system 
[ (cmsil)", (Cm42t)", ~~~, (Cn4it)"]. As before, we have »—k+1 equations in 
n—m-+-1)’s. For a solution to exist, the determinant must vanish for each set 
of n—m-+1 equations. Thus again the matrix [¢m4iCms2-- * Cn4i1]=0. We 
note here that in either case the manifold represented by the matrix 
(aide - - - dm) =0, where the elements are binary m-ics, may likewise be repre- 
sented by the matrix [¢m4i¢m42 ° * - Cn4i]=0, where the elements are linear in 
the coefficients of (gt)*. Hence the formulas developed by Brill for the order 
of a manifold (a;az - - - am) =0 (cf. [2], pp. 391-395), may be more easily de- 
termined from the dual matrix [¢m4:¢m42 °° * Cn41]=0. For if we interpret the 
coefficients of (gt)* as variables, the latter becomes a matrix whose elements 
are linear forms. Such a matrix of i rows and j columns (i=/) is of order 
Cig (cf. [3], p. 63). 

We state without proof two preliminary theorems, the first of which is 
well known. 


THEOREM 1. If in a matrix of m rows and n columns (m<n) every determi- 
nant of the mth order containing a certain set of i columns vanishes, while the i 
columns are not linearly dependent, then every determinant of the mth order in 
the mairix vanishes. 


THEOREM 2. The determinants of a set S chosen as above from L,, when 
divided by appropriate products and equated to zero, represent a set of hypersur- 
faces M — which intersect in a manifold I’, of dimension one. 


The truth of this theorem is implicitly assumed by Brill [2], though he 
does not use the geometric interpretation of this article. It may be checked 
by showing that the ?’s of a k-ad which represents a point on I, are the roots 
of a k-ic apolar to a point m-ic in each of the S,_;’s represented by the de- 
terminants of S; the k—1 conditions imposed on the coefficients of the k-ic 
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can be proved linearly independent. One part of I’, is the curve V;. Another 
is the curve V4 whose points are represented by the k-ads making vanish 
all the determinants of highest order in J). 

We now proceed to the fundamental theorems of this section. 


THEOREM 3. No part of V;. (except for a finite number of points) can appear 
multiply in any Ts. 

If a point is of multiplicity two or more for the intersection curve of k—1 
surfaces in S;,, while it is an ordinary point for each surface, the tangent hy- 
perplanes of the surfaces at that point must have at least an S; in common 
(cf. [4], p. 191); that is, at most only k —2 tangent hyperplanes can be linearly 
independent. It may then be readily proved that at least one surface in the 
linear system determined by the k—1 M — must have a double point here. 
However, no surface which is a linear combination of the M . can have a 
multiple point at any point determined from a non-singular m-ic of the pencil. 


THEOREM 4. There is no point on V;. common to the curves residual to V;, in 
all possible T’,’s determined from every matrix L having the first two columns in 
common with Ly. 


We show that given V; determined by the pencil [(a:4)", (ast)"], and 
(gt) * = (tt) (tte) - - - (tt.), any k-ic factor of (ait)", we can find a matrix Z such 
that the point T(h, #,---, t&) is on I’, for every set M tad but is on no 
curve residual to V;. 

If k=2, Tl, and V;, are identical, so that the theorem is obvious. If k =3, 
L is of the form (a:a2a3a4). I’, is given by the simultaneous vanishing either of 
(a;@2d3), (@,a2a4), or of the dual c-matrices, [cscs - - - Cn41], [es¢s - - - Cngi]. From 
the latter representation its order is found to be (w—2)*. V;, is represented by 
(a,a2) =0, or [cscs - - - Cayi1]=0; Va by (aiaea3as)=0, or [esce - - - Cnyi] =0. 
Their orders are respectively Cy1,n-3, Cn-2,n-4. Since the order of I, is pre- 
cisely the sum of those of V;, Va, our theorem is proved for this case if we 
can show that a matrix can be found for which T is not on V4. For k>3 we 
determine the conditions to be satisfied if T is on a curve residual to V;, and 
V, in T,. I, is given by the vanishing of k—1 a-matrices, or the k—1 dual 
c-matrices: 


(2a) (@1d2d3* ++ Gx), (€1d204- + Gri), *** , (G1dedny1- + * Aox-2) = 0, 


(2b) [cesr- ++ Cnr], [cere +> Cngies),--- , [Cona- ++ Cnyics- ++ ce] =O. 


It is made up of V;, given by [cscs - - - Cn41]=0, and of irreducible curves 
each of which is on at least one of the manifolds: 


(3) [cre ii Cn+1], [cepa ° °° Cn41¢3], bie [coxa -** Cnpi6g° °° Ce] = 0. 
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For consider an irreducible curve V’ which is part of T,, and for which 
[Cex2 ~~ * Cngi]#0. By Theorem 1, [cx41 - - - Cny1c3] =0 for V’. If none of (3) 
is satisfied, repeated applications of Theorem 1 prove that for the points of V’, 
[Ce41- - * Cng1€3 ~~ - Ce] =0; thus V’ coincides with all or part of V;. Since no 
part of V; can figure multiply in I’, [cf. Theorem 3], a point T on a curve 
residual to V, must therefore make vanish one of the matrices of (3), 
say [ces2-- - Cn4i]. Let us further suppose that T is not on Va, so that 
[Con—1 *  * Cngi]#0. Then the polar with respect to (g#)* of a linear combination 
of (Cx42t)", - - - , (Cox-2t)” is either identically zero or is the polar of a linear 
combination of (co-:4)",---, (Cnyit)". This means that in S, the Sy_x+2 
[(tts)”, - - (tte), (Conat)”, - - >, (Cngit)”] meets the Sis [(cesst)”, - ~~, (Cox-at)"] 
in a point. 

We now build a matrix L of the desired type. The hyperplane (a;¢)* inter- 
sects the norm-curve N* in 4, - - - , tj, and is intersected by (aeé)” in an S,_2. 
In this S,-2 we choose n—2k+3 points (co,:#)", --- , (Cn4it)", independent 
of each other and of (t#;)", - - - , (t,)". This insures that T is not on V4, and if 
k=3, we may choose for (cst), (cat)" any two further independent points in 
the Ss. If k>3, we proceed as follows: The points (é)",---, (t,)*, 
(Cop_st)”, -- +, (Cngit)", determine an S,_x42. In the Sy-2 of (a:/)" we take 
an Ss meeting the S,-x42 in an S;_2. In the Sx; but outside the Sy» 
we choose 2k —4 independent points (cst)", - - - , (Cex-2#)”, such that the Si, 
determined by any k—3 will not intersect the S,_2. Then T cannot be on any 
curve residual to V; in a T',. We take for (c:t)", (cot)" any two further inde- 
pendent n-ics, and from these c’s the set of a’s (including a,, a2) may be de- 
termined. 


THEOREM 5. If a point is of multiplicity m for all T,’s determined from every 
matrix L, itis of multiplicity m for V;.. 

THEOREM 6. If an n-ic of the pencil contains k pairs of double roots t, =t.=51, 
ts =tg=So,--- , tox1=tor=Se, then the point (51, Se, +--+, Sx) is a double point 
for the surface M"-**, 


Taking the particular m-ic for (a:¢)" and recalling the equation (1) for 
M*-*+, we see that the & lines of type h=51, t2=5e, - - - , 4&-1=S,-1 meet the 
surface here in two coincident points. If this is not a double point of the sur- 
face, the & lines must lie in a common tangent hyperplane. A point of such a 
line is (¢s:)(ts2) - - - (tsx-1)(ét’), where t’ may vary. The &-ic giving the inter- 
sections of the common tangent hyperplane with the normcurve must be 
apolar to this k-ic and so may be written 


(nt)* = ¥ vslts:)* + Ag(tt’)*. 


i=1 
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But if (né)* may also be written 


k—1 
(nt)* = D0 wiltsi)* + wx(tt’”)*, 
t=] 
we must have \; =u; =0, since there is no identity connecting kth powers of 
k+1 linear forms. Thus the hyperplane is a linear combination of the hyper- 
planes (¢s1)*, (tse)*,-- - , (¢s:-1)*. Similarly it is a linear combination of any 
k—1 of the hyperplanes (és:)*, - - - , (és.)*. Thus 


k-1 k 

p A (ts;)* = = uj(ts;)*, 

i=1 j=2 
and Ai =". =0. Likewise all the other \’s are zero. Hence no such hyperplane 
exists, and (51, Se, - - - , S,) is a double point of the surface. 


THEOREM 7. An S;_, of the normcurve N* meets the M"-*+ in an M"-*# 
of similar type determined by a linear system Xx-2 of (n—1)-ics related to the 
normcurve N*— in S;-1. 


Let the hyperplane S;_; have the parameter 4; on NV*. It meets M*-** in 
a locus of points with fixed coordinate ¢,. The (k —1)-ads giving the other co- 
ordinates are obtained after factoring (ét,;) from a system (Ai, - - - , Ax), Where 
> i-1\;(ait:)"=0. Due to this relation we have a linear system 2,_2 determined 


by k—1 (n—1)-ics. Using also the theorem that the S;_:’s of a normcurve N* 
cut out on a fixed hyperplane of N* the S;_2’s of an N*~' in the hyperplane, 
we may set up for M@*-*+! an equation similar to (1). By continuing this 
process, we arrive at the general theorem: 


THEOREM 8. The S;_, (r=1, 2, - - - , k—2) which is the intersection of r hy- 
perplanes t, te,---, tr of N* meets the M"-*+ in an M*-*+ of similar type 
determined by a system D,-,-1 of (n—r)-ics related to the normcurve N*-* in the 
a 


THEOREM 9. If the pencil contains an n-ic (ts;)(ts:) (tse) (tse) - - - (ts;)(ts;) 
(tt:) (tte) - - - (ttn-2;), then at any point P,1 (S1, Se, + * , Sry Sri, Sraty* * * 5 Srty 
Sr+t, hi, be, > +>, te-ror), the space S, determined by the intersection of hyper- 
planes Sy41, Sr4i, °° * 5 Sr4ty Sr4ty hi, te, «> - , Leroi is tangent to M"—*+ (the inter- 
section of s; with s;is the S.-2 of N* at s;). 

For by Theorems 7 and 8 this S, meets M"-*+ in an M*-*+' with a double 


point at P,,. Hence any line in S, through P,; is tangent to M*-*+! at that. 
point. 


THEOREM 10. The point P,: of Theorem 9 is a point of multiplicity 2°—' at 
least for all T,’s determined from every matrix L. 











J. H. CHANLER (July 


If r=k, the point is a double point for all M*-*+'’s [cf. Theorem 6], and 
is therefore of multiplicity 2*~' at least for the curve determined by any k—1 
of the M"-**"’s. If r<k, P,: must be a simple point for the general M"-**. 
However, the tangent hyperplanes to the M"~*+!’s at this point have a com- 
mon S,. Hence we may substitute for the original M*-*+!’s of a set M — 
a system of k—1 independent M*-*+"’s in which r—1 have double points at 
P,,. Their intersection has therefore at P,; a point of multiplicity 27-! at 
least ([4], p. 191). 


THEOREM 11. The point P,. above described is a point of multiplicity exactly 
2°! for Vi. 

That the multiplicity is at least 2”—' is evident from Theorems 5 and 10. 
That V; has no higher multiplicity at P,; is shown by the fact that any hyper- 
plane s; (i Sr) meets it here in only 2*—' points. 

We finally want to prove 

THEOREM 12. The restriction k <(n+3)/2 imposed on the curve V, in this 
section is valid for the generic curves [W,, S»| of W>. 


The curves meant are those cut out on W, by (p+1)-secant S,’s of N??-! 
as defined in [1], §5. They are related to a pencil of (2p—/)-ics containing 
one member with p—j—1 double roots (—2<j<p—1). For j20, they are 
involution curves determined by (p—j)-ics of the pencil (cf. [1], §§4, 6, (4), 


(7)); for 7= —2, —1, they are projections of such curves (cf. [1], §6, (9)). 
Since p—j <(2p—j+3)/2 for 7= —3, the restriction is satisfied. Furthermore, 
for 7 <3, the restriction is also satisfied for the involution curve determined 
from the p-ics of the pencil, which is a Cremona transform of the generic 
curve (cf. [1], §6, (11)). 

5. Proof of the identity (3) in §3. The identity is obviously true for 7 =0. 
In the following proof we assume u 2 2), 7 >1, n=>k=1. Wherever they occur, 
we take Cp,o=1 and C,,,=0, if a<b. These conditions insure that the terms 
of the right-hand member involve true binomial coefficients and are restric- 
tions obviously imposed by the geometric aspects of our problem. We have 


S . oe 
DD CirC i-rtCn—24,4-r-2u( kr — 7 — 21)27-1 


r=0 l=0 


- Gj — 1)! 
=j>2" 


r=0 l=0 MMG—r—-—l— 1)! 


(1) 
[Cn—25,e-r—21-1(k -1)- Cn—2),k—-r—21-2 J - 





i-1 i-r-l Gj — 1)! 
m C,- j,k—r—21— 
2 l=0 ni -—-T- l al 1)! 2i,k 21-1 
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we put j—1=j’,n—2=n’, k—1=h’, we get 


:f 


i ag j'! 

2 2° Cn'—25',k’—r—21- 

” -- 2 mnj?—-r-pi 

Expanding and rearranging (2) in the form eC n’—2;’,k’—r, We have 


(3a) Cc, = pe 2°-%C jot Cre4, for 7 Sf’, 





where i=0, 1, 2, -- - , (r—1)/2 or r/2, according as 7 is odd or even; 


(3b) Cr = z y a te OFT Te CT eR for r > iP 


where i=0, 1, 2,-- +, (27’—r—1)/2 or (2j’—r)/2, according as r is odd or 
even. Since 2j]’—r <j’ if r>j’, both forms are of similar type. Using the iden- 
tity ie seul Cris = Cy Cy-i,r—24 (cf. [5], ?, p. 178), we transform (3a) into. 


(3a)’ c= ps 27-21C 5 sCiriir—eiy «2 = 0,1,2,---, (7 — 1)/2, or r/2. 


We now prove that (3a)’ gives us the binomial coefficient C2;,,. Let 27” ob- 
jects be divided into 7’ pairs. To a set of r taken, let 7 pairs (¢<1r/2) con-- 
tribute both their members, while r—27 pairs contribute one member each.. 
The 7 pairs may be chosen in C;,,; ways, the r —27 pairs in Cj_;,,-2; ways; the: 
particular member from each of the latter in 2 ways. The total number of. 
ways as i varies from 0 to (r—1)/2 or r/2 is the c, given by (3a)’. Similarly 
the c, of (3b) can be proved equal to C2;-,2;-_,=C2;,.. Thus (2) becomes (cf. 
[5], 6°, p. 178) 


2;’ 


(4) Do C25 rCn—25" ker = Cnr nr = Ca—2,e-1- 


r=0 
By a similar process we prove 


5 2° ies actin Oh ae 
, r=0 l=0 nN —r-l— 1)! 2i,k 21-2 2,k—~2 





Hence 
i ier 
De De Cir i-r,1Cn—25,n—r-2i kr — r—21)2 = 7 [Cy2,n-1(k-1) — Cr2,n-2] 
(6) r=0 l=0 
= j(n —k—- 1)C,-2,%-2, 
which was to be proved. 
6. Special involution curves for k=2. We want to know what situations 
arise when some or all of the j double roots in the special n-ic [§§2, 3, 4] 
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coincide, as may occur for the involution curves of W,. Definite results can 
easily be obtained for k=2. In the special m-ic let 2k, of the roots coincide 
in é,, 2ke in te, -- - , 2km in tm, While n—2>._,h of the roots remain simple. 
If x9 corresponds to the special m-ic, then as x, very near Xo, turns about %o, 
the roots of the n-ic corresponding to x are permuted according to the permu- 
tation 


(1) S = (tutie - - + tie,)(terter - - + ten,) + + + (tm ylmy + + * bmi) (71) (72) + * + (Tn—-22K:)- 


A corresponding permutation = takes place among the C,,.2 pairs of ¢’s and 
7’s chosen from the roots of the m-ic. As x approaches %o, a letter ¢; chosen from 
the ith cycle approaches the point P; of N?, and 7, approaches the point Q, 
of N®. Likewise a pair (¢;t/ ) chosen from the same cycle approaches the point 
a; of V2, a pair (t,t,) from different cycles approaches the point 7; of V2, a 
pair (¢;7,) approaches the point p,, of V2, and a pair (7;7,) approaches the 
point ox, of V2. 

We first seek what contribution P; makes to n, due to permutations among 
the k-ads (t;t,). Let dj: be the lowest common multiple of 2k;, 2k;. The per- 
mutation S?* carries ¢; around P;. The permutation induced by this among 
the ?’s of the /th cycle is of period d;,/2k;, and so consists of 4k,k,/d;: cycles 
of d;,/2k; letters each. Hence the pairs (¢;t;) on ¢; are permuted likewise in 
4kjki/di cycles of d;,/2k; pairs each. The same argument is followed when we 
consider a point Q, and pairs containing 7’s. Hence 


me = >, [4kiki/dir|[dix(1/2k; + 1/2k1) — 2] 
i,l 
(2) 
+ |» ~22 | |= (2k; — |, 


where 7, / take all integral values from 1 to m, and where i </ in each term 
of the first summation. We next determine n{. No points 7i1, pin, ons Of V2 can 
be branch points, since the corresponding permutations are powers of S which 
leave fixed the ¢’s and 7’s involved in each case. If 7; is a branch point, the 
point (¢,¢; ) moving around it must reach its original position by an interchange 
of t;, ¢/. The corresponding permutation among the letters of the 7th cycle 
must therefore be of period two and consist of k; cycles. As (¢;t;) moves around 
m;, it passes successively through the points represented by these cycles. 
Hence each 7; counts once as a branch point and 

(3) 1 =™. 


Finally there are in the pencil of n-ics 2(n—1) —)0,_,(2k:—1) members with 
a double root each. Their contribution is 
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(4) m— 1 = [200 - 1) — >) (2k; — 1) |l - 3}. 
t=1 

From (2), (3), and (4), we may easily determine #2 by Zeuthen’s formula. 

In concrete cases it is of greater advantage to know at once the effect on 
V2’s genus of the points 7;, 711, pin, Ths. Since a oy, is an ordinary simple point 
of V2, and a px, is a simple point with a 2k;-point contact tangent 7,, our at- 
tention is concentrated on points 7; and 7;;. The effect of either type is inde- 
pendent of the roots of the m-ic not appearing in the pair determining the 
point. Thus 7; is best studied by considering a pencil of 2;-ics which contains 
one member with a 2,-fold root. By (2), (3), and (4), 7.=0, n/ =1, no—10 
= (2k;—1)(2k;—3). Hence 


(5) n— 7 = 4k? — 8k; + 2, 
and 
(6) p2 = ki? — 3k; + 2. 


Since C2:.,-2,2 is the maximum value of the genus for curves of C.’s order 
we have proved the theorem: 


THEOREM 1. The point 7; introduced into V2, if the pencil contains an n-ic 
with a 2k;-fold root, is equivalent to (k;—1)* ordinary double points in the calcu- 
lation of the genus. 


THEOREM 2. If the pencil of n-ics contains a member with one 2k;-fold root, 
and another 2k,-fold root, the point wi, introduced into V2 decreases the genus 
by the number M =2k;ki—ki—kitf(ki, ki), where f(ki, ki) is the greatest com- 
mon divisor of k; and k;. Since M may be written Cox,2+[2ki(ki—ky) —ki 
+f(k:, ki)], the effect of wi: on the genus is that of a 2ki-fold point into which is 
absorbed an extra number of double points equal to the number N in the brackets. 


Note the symmetry of N in k; and k;—:. To prove the theorem, we take a 
pencil of 2(&;+,)-ics containing one member (ts;)**(ts,)?*. Substituting 
2kiki/f(ki, ki) for di in (2), and using also (3), (4), we have . 


(7) n— 1 = 4h? + 8kiki + 4k? — 4k; — 4k, — 4f(Ri, Ri) — 2. 
Zeuthen’s formula gives us 

(8) pe = kh? + 2kiki + RP? — 2k; — 2k, — f(ki, ki) +1. 

The maximum genus for a curve of V»2’s order is C2x,42x,-2,2- Allowing for the 
reductions (k;—1)?, (k:x—1)? in pe due to 7;, 7; respectively, we get 2k:k:—k; 


—kit+f(k;, ki) as the reduction due to 741. 
We now construct several curves in order to give concrete examples of the 











multiple points. Let us first consider the pencil o(é)*Ai(at)®, where t,=0, 
(at)® = aaol® +ayt? + af + asl + a4! +asl* +a6l?+a7t+as. The equation of V2’ is 
 (at)§ 1 
(9) ~ an ee 
t’® (at’)® | t—#’ 


If we put x)=’, x,=/+1’, x2=1, the point (4t;) on V2? has coordinates 
(0, 0, 1); the line 4, has the equation x» =0; and the equation of V2’, arranged 
in powers of x2, becomes 


Xo°X23(a7X + 4argxi) — Xo7X2?(asxo? + 3agxe2x1 + 6azxox1? + 10agx1') 


(10) + xoxo(agxo® + 2agxotx1 + 3a5x9°x1? + 4argxo?x1? + Sazxox1t + 6agx15) 


— aX" — G2%°xX1 — agxyx)? — ayxotx,? — AsX—erx4 — QgXo2x5 


— a7Xox15 — agx,’ = O. 


The point (44) is shown to be a fourfold point on V2’. The line 4, counting 
three times as a tangent line, meets V.’ in seven points here. If we put 2) =y, 
2, =, %2=1, and use Newton’s method of approximation, we find that in the 
neighborhood of the origin (4:41), the curve has three branches of type y= A? 
and one of type y= Bx. On a slight dislocation of the configuration every pair 
of the three former branches intersect in two points, while the fourth inter- 
sects the others in one point each. This accounts for the nine double points 
absorbed at (411). 

We next consider the pencil Xo(ét,)*(tts)? +21 (Bt), where #,=0, t# = 0. If 
we again transform to homogeneous coordinates, the point (t:9) has coordi- 
nates (0, 1, 0); the equations of t,, f are x»=0, x.=0 respectively; and the 
equation of V.’, arranged in powers of x,, becomes 


Bio%17 Xo” + Boxoxs8x2? + x15x2"(Bgxo? — OBioxox2) + x14x2?(Bzx0> — 5Bo9xX0? x2) 
+ x3.xo?(Bex0t— 4B 3X08 x2 +108 10X97 x27) + x1? %0?(B5x0° — 38 7x9 4X2 + OB ox? x2?) 
_ X1(Boxo® = Baxo®x2? + 2Bexo>x2? — 3Bgxotx2* + 4B10x0° x25) 


— Bixo® x, + B3xo7 x2" — Bsxo*x2® + Brxo°x2t — Boxotx.® = 0. 


(11) 


The point (tty) is a double point; the two tangents coincide in 4, which meets 
V2 here in eight points. Putting x) =x, x, =1, %.=y, we find by Newton’s ap- 
proximation that the two branches at the origin (44) are of types y= Ax‘, 
y= —Azx*, respectively. Each branch touches the tangent at a point of un- 
dulation. If the coefficients of V2°’s equation were very slightly changed, the 
two branches would intersect in the four double points which are absorbed at 


(tity). 
We finally take the pencil Ao(:t:)®(éz)4*+Ai (yt), where 4: =0, 4: = 0. The 
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point (47) has coordinates (0, 1, 0); the equations for 4, 4 are x»=0, x2=0 
respectively, and V2*’s equation, arranged in powers of x, reads 


10%15x2t + VoXox1'xo4 — XoX13(Yox o® — YsXoXqt + 4710%2°) 
— x9 X12 x2(¥1%0t — Y7rX0X2® + Syox2*) + Xo?x1X2(2yox0® — yoxXotxe 


+ Yoxe?x2® — 2ysxoxet + 3yi0%25) + yixX0" Xe? — Y3Xo8Xs2® + Y5x0°xe! 


(12) 


— ¥7xotx2® + Yyoxo8xe® = 0. 


The point (47) is a fourfold point on V2°, at which the four tangents coincide 
in 4, meeting V2’ in six points here. If we put x» =x, 41=1, x2=¥y, we find by 
Newton’s method that the curve has at the origin (¢,4;) two branches of types 
y?=Ax', y? = — Ax’ respectively. If we allowed these two cusps to change into 
interlacing loops, we should bring into evidence the eight double points ab- 
sorbed at (tt7). 

For higher values of k the same general method may be employed to de- 
termine 7,, 7. , but the application will naturally involve difficulties due to 
the greater complexities of these cases. 
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RELATIVE LINEAR SETS AND SIMILARITY OF 
MATRICES WHOSE ELEMENTS BELONG 
TO A DIVISION ALGEBRA* 


BY 
M. H. INGRAHAM AND M. C. WOLFf 


It is the purpose of this paper to develop the theory of the similarity 
transformation for matrices whose elements belong to a division algebra. In 
order to get a basis for generalization, the theory of the similarity transforma- 
tion for matrices whose elements belong to a field is sketched in what seems 
to the authors a more suggestive method than those used heretofore. 

L. A. Wolf’s paper entitled Similarity of matrices in which the elements are 
real quaternions§ treats the case of the quaternion algebra over any subfield 
of the real field, by passing to the equivalent square matrices of order 2” with 
elements in the subfield. 

Some of the results of the present paper are given in an abstract and 
a subsequent paper by N. Jacobson.|| Jacobson’s results are to a certain ex- 
tent more general. In the present paper a usable rational process is given 
for determining the equivalence or non-equivalence of matrices whose ele- 
ments belong to a division algebra, and a theorem is developed concerning 
the rank of a polynomial in a matrix, which is not indicated by Jacobson. 
Some of the results contained herein were given by Ingraham at the summer 
meeting of the Society in 1935.4 


I. THE SIMILARITY TRANSFORMATION FOR THE COMMUTATIVE CASE 


1. Review of certain known theory. If M is an mXn matrix (i.e., a matrix 
with m rows and # columns) with elements in a field F, the rank of M is 


* Presented to the Society, September 13, 1935 and September 3, 1936; received by the editors 
July 1, 1936 and December 21, 1936. 

+ The participation of Dr. Wolf in carrying out her research in connection with this paper was 
made possible by a grant from the Graduate School of the University of Wisconsin. 

t For somewhat similar treatment see F. Gantmacher, La théorie géométrique des diviseurs élé- 
mentaires d’aprés M. Krull, Transactions, University of Odessa, Mathematics 1, 1935, pp. 89-108 
(Russian) avec Franz, resumé. 

§ L. A. Wolf, Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 737-743. 

|| N. Jacobson, On pseudo-linear transformations, Proceedings of the National Academy of Sci- 
ences, vol. 21 (1935), pp. 667-670. N. Jacobson, Pseudo-linear transformations, Annals of Mathe- 
matics, vol. 38 (1937), p. 485. 

4] M. H. Ingraham, Characteristic spaces associated with the matrix whose elements belong to a 
division algebra, Bulletin of the American Mathematical Society, vol. 41 (1935), p. 622. 
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equal to the maximum number of linearly independent rows and (which is 
the same) the maximum number of linearly independent columns. Also the 
rank of M is n—s where s is the maximum number of linearly independent 
vectors £ satisfying the equation ME=0. The equivalence of the two defini- 
tions of rank is essentially the theorem that the order of the linear extension 
of the columns of M plus the order of the maximal set right orthogonal to M 
is equal to the number of columns of M. 

The set U of all vectors £ such that Mé=0 is a linear set over F. £ and U 
are both said to be right orthogonal to M. Let L(é:, &,---, &) denote the 
least linear set containing &, £, - - - , &n, i.e., the totality of all vectors of the 
form >> £,a; where the a; are in the field F. L(£i, &, - - - , &n) is said to be the 
linear extension of &1, &,-- + , &n. : 

2. Definition of relative linear independence, relative linear extensions, 
and connection with similarity transformation. Let M be an Xn square ma- 
trix with elements in a field F. A set of vectors &, &,--- , & is defined to be 
linearly independent relative to M if no one of the &; is the zero vector and 
if whenever a set of polynomials /, 2, - - - , 2, with coefficients in F exists 
such that Dh (ME =0, it implies 2;(M)é;=0, (i). A set U of vectors is 
said to be linear relative to M if (1) whenever & is in U, h(M)é is in U for 
every polynomial / in F; (2) if &, and & are in U, then £,+£ is in U. Denote 
by Lar(é:, &, -- + , &) the linear extension of £1, £2, -- - , & relative to M, i.e., 
the least set U containing &, &, - - - , & which is linear relative to M. It is 
the totality of vectors of the form Lh lM )é:, where the h; are polynomials 
in F. 

It should be noted that if M =J, these definitions reduce to the usual ones 
for linear independence, linear sets, and linear extensions. 

The polynomial / and the vector & are said to be associated relative to the 
matrix M if h(M)i=0. As in the ordinary theory of the minimum equation 
of a matrix there is associated with every vector & relative to M a unique 
polynomial / of lowest degree with leading coefficient unity. This polyno- 
mial divides all others associated with the vector £ and is said to be mini- 
mally associated with the vector é relative to M. Clearly, the minimum polyno- 
mial such that h(M) =0 is the least common multiple of all those associated 
with the various vectors £ of the » Xm vector space with elements in F. 

Consider two similar matrices M and N. Then there exists a non-singular 
matrix T such that T"MT=N. Let &, &,---, & be linearly independent 
relative to M, and if 4; is minimally associated with £; relative to M, then the 
vectors ¢;=7~-'£; are linearly independent relative to NV, and h; is the mini- 
mum polynomial associated with ¢; relative to V. 
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Conversely, if M and N are two nXn matrices, if £1, &, - - - , & is a set of 
vectors linearly independent relative to M, if {1 {,---, ¢% is a set of 
vectors linearly independent relative to N such that Ly(%, f,---, &4) 
=Im(éi, &,--- , &) is the total vector space, and if My, he, - - - , A, are mini- 
mally associated with &, &, --- , & respectively relative to M and are also 
minimally associated with {1, £2, - - - , &% respectively relative to NV, then M 
is similar to N. If P=(&, M&,-- >, Mb, &, Mee, ---, Mb, > - +, &:, 
Mix, iA with ,M™*'£,), and 


(1) Q = (f1, Nh, -- +, NS, $2, NSa,- >>, Ns, +--+ Se, 
Von, iets N™f;), 
where m; is the degree of h,;, then P and Q are non-singular. If T= PQ-' then 
T“MT=N. 

3. Theory of relative linear independence and extension. Invariants of the 
similarity transformation. If U is a linear set relative to M, and if £,—& is in 
U, then it is said that £,=& mod U. The usual processes associated with 
congruences pertain to this definition. Moreover, given the vector é and U, 
there exists a minimum polynomial / with leading coefficient unity such that 
h(M)&=0 mod U and this polynomial divides all other polynomials satisfying 
this congruence. The polynomial / is said to be minimally associated with the 
vector — mod U relative to M. If h is associated with — mod U, then h is 
associated with & mod U, for all relative linear sets U; containing U. 

The following five theorems are given for two vectors but clearly, by 
iteration, lead to obvious generalizations for more than two vectors. In all 
of these the equalities may be replaced by congruences with a relative linear 
set as modulus. 


THEOREM 1. Jf h, and hy are minimally associated with the vectors &, and & 
respectively relative to M, and if h, and hz are relatively prime, then the vectors 
£, and & are relatively linearly independent with respect to the matrix M. 


Let g:i(M)é:=g2(M)&=£;. The polynomial minimally associated with é; 
must be a divisor of both /, and A, and is therefore 1. Hence if gi(M)& 
= go(M)&., then gi(M)& =g2(M)& =0, and the theorem is proved. 


THEOREM 2. If h, and hz are two relatively prime polynomials whose product 
h=hyhz is minimally associated with the vector & relative to M, and if §;=h.(M)é 
and &=h(M)é, then & and & are relatively linearly independent with respect 
to M and Lu (1, &2) = Lm (é). Moreover, the polynomials h, and hz are minimally 
associated with the vectors &, and & »espectively relative to M. 


Pree re oer . 


; 
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By Theorem 1 these vectors, & and £, are relatively linearly independent 
with respect to M. Let p:41+ p2h2=1. Hence 


E = po(M)ho(M)E + pi(M)hi(M)E = po(M)E: + pi(M) Ee. 


Hence Ly(é, &) contains Ly(~). Obviously Ly(~) contains Lu(é, &), and 
therefore Ly(£) =Lm(é:, &). 
By a similar method one can prove 


THEOREM 3. If h; and hz are relatively prime polynomials and are minimally 
associated with & and & respectively relative to M, then the polynomial minimally 
associated with + & relative to M is hho; moreover Lu(éi:+ 2) =Lm (ki, £2). 


Suppose /, and /2 are any two polynomials. One may express /, = [[p#][q/ 
and h2=][p;‘[]9;* where the ,’s and q,’s are polynomials which are rela- 
tively prime, pair by pair, and where s;20; while ¢;<u;. If 4, and /y are 
minimally associated with the vectors £ and &, then by Theorem 2 vectors é; 
and & exist with which are minimally associated the polynomials g, = [| pi 
and go= | ]9;* respectively, and by Theorem 3 the polynomial minimally as- 
sociated with &+£;, is gige, the least common multiple of 4; and 42. One may 
therefore state 


THEOREM 4. If i; and he are minimally associated with the vectors & and 
respectively relative to M, then there exists a vector & contained in Ly(é1, &) such 
that the least common multiple of h, and hz is the polynomial minimally associated 
with & relative to M. 


THEOREM 5. If i; and hy, are minimally associated with the vectors & and & 
respectively relative to M, if hi=p,h2, and if hs is minimally associated with 
& mod Ly(é) relative to M so that h3(M)&=h,(M)é, then po and ps3 exist such 
that h,=pohs and h,=psh3; furthermore the vectors &, and &=&—p;(M)é are 
linearly independent relative to M, and hs is minimally associated with both & 
and &; mod Lm(é:) relative to M. 


Since /.(M)é=0, it follows that 4.(M)&=0 mod Lm(é). Hence p2 exists 
such that he = pohs. Since h3(M) & = h,(M) &, 0 =h.(M)é, = p2(M)h;(M) & 
=po(M)h(M)i:, and hence ph, must be divisible by 4. Moreover 
hy = pile = pipehs, hence hy, is divisible by pit; and hence by 4s, and there 
exists a p3 such that hy=p3h3. Hence h3(M)&=p3(M)hs(M)é:, and so if 
£;=£—p3(M)é:, then h3(M)é;=0. Suppose a polynomial /;~0 of lower de- 
gree than /; existed such that h;(M)é,=0, then hs(M)&=hs(M) ps(M)&, that 
is, hs(M)%=0 mod Lm(é) where h; is of lower degree than hs. Since this is 
impossible, 4; is minimally associated with £ and with é mod Ly(é). From 








20 M. H. INGRAHAM AND M. C. WOLF [July 


this it can be proved at once that &, and §&; are linearly independent relative 
to M. 

From the discussion in the preceding part of this section it follows that 
given any set of vectors (1, f:,--- , &%), a set (&, &,---, &n) may be found 
such that &, £, - - - , &, are linearly independent relative to M and such that 
Im (&:, , °° +, Em) =La(f1, $2, + + , &%). Moreover by repeated use of Theo- 
rems 2 and 5 and their extensions to more than two vectors and to congru- 
ences this may be done in such a way that the polynomials /; minimally 
associated with the £; may be taken as powers of irreducible polynomials, 
or by repeated use of Theorems 4 and 5 and their extensions, the #; may be 
chosen such that 4:4; divides h;. The only limitations on the /; are given by 
the following theorem. 


THEOREM 6. Jf &u, &12,-- + , E1s and &a1, E22, -- + , Eo are two sets of vectors 
each of which is linearly independent relative to M such that Ly(éu, £12, - - + , £15) 
= Lu (1, £22, -- + , S24), and if ky; and hy; are minimally associated with &; and 
£2; respectively relative to M, and if h is an irreducible polynomial, and k any 
positive integer, then the number of the polynomials hy; divisible by h* is equal 
to the number of the polynomials hp; divisible by h*. 


Let S,=Lnm(éu, E12, heat £1.) and S2 = Lu (éa1, £20, dinliae. £4). Since 5S, =S2, 
the numbers of linearly independent vectors in S; and S2 respectively which 
are orthogonal to h(M) are equal. The number of linearly independent 
vectors of S, orthogonal to 4(M) is equal to the sum of the numbers of 
such vectors in the sets Im(é::). If n;=piish, then the m vectors pii(M)éii, 
Mpii(M)és:,---, M™-"'pii(M)&:, where m is the degree of h, are linearly 
independent and form a base for the set of vectors orthogonal to (M) in 
Inm(é::). If Mi; is not divisible by 4, then no vector of Zm(é;) other than 
the zero vector is orthogonal to #(M). Hence the number of polynomials 
hy; or Jn; divisible by h is m,/m, where m, is the order of the set of vectors 
in S, (equal to the order in S:) orthogonal to h(M). This proves the theorem 
for k=1. 

Let m2 be the number of linearly independent vectors ~ in Lmy(A(M)éu, 

-, h(M)és,) =Lou(h(M)én, ---, h(M)é:) which satisfy the equality 
h(M)é=0, then by reasoning as above, m2/m is the number of polynomials 
hy; or the number of polynomials /2; which are divisible by ?, etc. 

As an immediate consequence follows 


THEOREM 7. If &, &,---, & are linearly independent relative to M such 
that Lu(£:, £2, - ~~ , %) is the total vector space, and if the polynomial h; mini- 
mally associated with &; relative to M is a power of an irreducible polynomial, 
then these h; are the same for all sets of vectors satisfying these conditions. 
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The polynomials of such a set are called the characteristic divisors of 
M —XI, and if the irreducible polynomials are linear, the characteristic di- 
visors of M —XJ are identical with the elementary divisors as usually defined. 

The invariance of the invariant factors also follows at once. The 
Dickson rational canonical form is a matrix N such that the h; are the 
invariant factors when {, f:,---, ¢% in Q of equation (1) are 61, dm,41, 
Sm j+myt1, °° * > Omy+me+---+mz +1, Where the vector 6; is the Kronecker delta 
vector, 1 in the jth place and zero elsewhere, and m; is the degree of h;. It 
is also easy to characterize similarly the Jordan canonical form based on ele- 
mentary divisors, as well as forms based on the highest power of irreducible 
factors occurring in the invariant factors, namely, the characteristic divisors. 

The above treatment has two distinct advantages. First, starting with 
any 1 linearly independent vectors, a set of vectors &, &,---, & linearly 
independent relative to M, such that Lm(é, ,--- , &) is the total vector 
space, may be found by rational means, usually without great effort. Sec- 
ondly, all of the canonical forms are derived by the same theoretical develop- 
ment. 


II. OUTLINE OF THE PROBLEM FOR THE CASE WHERE THE ELEMENTS 
OF THE MATRIX BELONG TO A QUASI-FIELD A 


The chief reason that the extension of the above theory to the case where 
the elements of M belong to a quasi-field instead of a field is not trivial is 
that the rank of a polynomial in M is not invariant under the similarity trans- 
formation. Moreover, one cannot say that if g(M)=0 then g(7-!MT)T—é =0. 

In order to obviate these difficulties, it was found that a new operation 
instead of ordinary multiplication should be defined. Given the polynomial 
g(A) =>_A‘a;, the matrix M, and the vector £, we define g(M) O€ to be the 
vector > Miéta;. In the case that all the elements involved belong to a 
field, g(M) O£=g(M)é. From this definition it follows that if g(M)O£=0, 
g(T-1MT) OT—E=0. Whenever g(M) O£=0, é is said to be ©-orthogonal 
(tentatively read as dot-orthogonal) to g(M). It is seen that the order of the 
set of vectors ©-orthogonal to g(M) is an invariant of the similarity trans- 
formation. It does not follow if g(M)©£=0 that g(M)Oéa=0, if a is a 
non-commutative element of A. Secondly, the operation © cannot be per- 
formed upon é with only a knowledge of the matrix g(M) but requires that 
one knows both M and the polynomial g. Moreover, if g: =) Atari, ge =>_d'd2i, 
£Og: is defined to be D) Aigotis= D>, M*D.,, ,-p42i;. This last definition is 
nothing but the usual one for the product gg: of two polynomials in a com- 
mutative indeterminate with coefficients in A. If g=giOge, then ge is said 
to be an interior factor of g, and g, an exterior factor of g. 
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Dickson* has shown the existence of polynomials pf; and 2 such that 
piOgitpeOge is the greatest common interior divisor, (gi, g2), of gi and ge, 
and Orej has proved the existence of the least common exterior multiple, 
[g:, go], of gi and go. The degree of [¢:, g2] is equal to the sum of the degrees 
of g: and gz less the degree of (g:, go). 

In a quasi-field A the total set of elements each of which is commutative 
with every other element of A is a field containing 0 and 1 and is called the 
centrum C. 


THeoreEM 8. Jf f; and f2 are two polynomials such that fiOfe=h, where h 
is a polynomial with coefficients in the centrum, then f,Of2=h=f2Ohi. 


Let h=fiOfe, then fiOfzOfi=mOfi=fiOhk. Hence from the uniqueness 
of division, h=f2O/fi. 

In terms of the ©-process relative linear independence and the extension 
process Ly may readily be defined and it is not difficult to see that the theory 
of similarity transformation may be made to depend on the existence of sets 
of vectors &, £,---, & and m, m,---, me such that Ly(éi, f,---, &) 
=Ly(m, m2,---, nx) is the whole vector space, and such that both sets of 
vectors are minimally associated with the same set of polynomials, as in the 
last section. 


III. VECTORS ORTHOGONAL TO POLYNOMIALS IN A MATRIX WITH 
ELEMENTS IN A FINITE DIVISION ALGEBRA A 


A quasi-field A is a division algebra over the centrum C if there exists a 
finite number m of elements a; in A such that every element a of A can be 
expressed as 


m 
a= b R Aili, 


i=1 


where the coefficients c; are in C. 

If M is an mXn matrix and &, £, - - - a set of vectors with elements in‘a 
division algebra, the existence of a polynomial g such that g(M/) O£;=0 can 
readily be established from the fact that not more than of the vectors M %; 
(j=1, 2,---) are right linearly independent. If g(M) ©£;=0, then g and &; 
are said to be associated relative to M. There is a unique polynomial g; of 
lowest degree with leading coefficient unity associated with &;. This g; is an 


* L. E. Dickson, Algebren und ihre Zahlentheorie, Zurich, 1927, p. 256. The product gi Og2 of this 
paper should be interpreted as gog, of Dickson and interior factor as left-hand factor, etc. 

+ O. Ore, Theory of non commutative poiynomials, Annals of Mathematics, (2), vol. 34 (1933), 
pp. 480-508. 
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interior factor of every other polynomial g associated with the vector £; and 
it is said to be minimally associated with &; relative to M. 

A set of vectors is said to be right linear if for every a, and a2in A £a;+£2a2 
is in the set whenever £, and & are in the set. In particular, if a; and a, are 
in the centrum C, the set of vectors is said to be linear relative to the centrum. 
It follows that 


THEOREM 9. The maximal set of vectors S associated with the polynomial g 
relative to M is a linear set relative to the centrum. 


If g=>_\‘a; and a is any element of A, let g.=)> A‘a~'a,a, then g, will be 
called the transform of g by a.* In most applications a will be one of the basal 
elements a; of A relative to its centrum. Clearly the transform of a ©-product 
of two polynomials is the ©-product of their transforms. Moreover, if £ is 
associated with g, ther. a is associated with g,, and if g is minimally asso- 
ciated with é, then g, is minimally associated with éa. 


THEOREM 10. If his a polynomial with coefficients in the centrum, the maxi- 
mal space associated with h relative to M 1s a right linear space; conversely, if S 
is any right linear space, the polynomial minimally associated with the entire 
space S relative to M has coefficients in the centrum. 


To prove the converse, let a be any element of A different from zero. 
Sa=S. Let g=)>_\‘a; be the polynomial of lowest degree associated with 
every vector of S, hence g(M) OS =0. Then g.(M) OS =g.(M) © (Sa) =0. The 
degrees of g, and g are equal, and the leading coefficient of each is unity. 
As the polynomial minimally associated with S is unique, g.=g and 
a~'a,a =a;, (i). Hence every a; is in the centrum C. 


THEOREM 11. Jf g is any polynomial with leading coefficient unity, there 
exists a matrix M and a vector & such that g is minimally associated with & rela- 
tive to M. 


If 


k-1 
t= BP = pm Mai, 


t=O 


consider the matrix 


= (52, 53, Po oe 5:0), 








.0 0 


* This transform gz is a special case of the transforms of a polynomial g by a second polynomial 
as used by Ore. In this paper, however, the only polynomials used for transforming others are con- 
stants. 
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where 6; is the Kronecker 6 and 7 is the &th column of M. Then 4, is effective 
as &. 


THEOREM 12. Jf g is any polynomial in the division algebra A, then the 
least common exterior multiple of g and its transforms by the basal elements a; 
of A, i.e., [g, a *** 5 Say], is a@ polynomial with coefficients in the centrum. 


From the preceding theorem there exists a matrix M and a vector & such 
that g is minimally associated with é relative to M. Any element in U, the 
right linear extension of £, is of the form (> a,c;), where the c; are in the 
centrum. Since g., is minimally associated with fa;, h=[g, gas, °° * 5 Zam] is 
minimally associated with U, and hence by Theorem 10, / has coefficients in 
the centrum. 

If h=([g, gas, *** 5 Sa], then h is the polynomial of lowest degree with 
coefficients in the centrum which has g as an interior factor, and g is said to 
define h. If h is the polynomial of lowest degree with coefficients in the cen- 
trum which is associated with £ relative to a matrix M, then h/ is said to be 
minimally associated with & over C relative to M. It follows that if / is a 
polynomial in C and is associated with & and if # is minimally associated 
with £ over C, then h is a factor of /,. Also, if any polynomial g is a factor 
of i, and if g defines h, then h is a factor of /,. 


THEOREM 13. If g is minimally associated with & relative to M, and if g de- 
fines h, then his minimally associated with & over the centrum relative to M. 


THEOREM 14. Jf g is an irreducible polynomial in A, then 


h= [g, Sao" "* » Sam | 
is a polynomial irreducible in the centrum C. 


Suppose h=h,@Q/e2, where h,; and /2 are in C, then g divides either 
or fz for if this were not the case, polynomials 1, 1, p2, g2 exist such that 
Om=1+410g and ppOk=1+q@Og, and hence 


POM pOhk=1O0pOmMOh=1+(mtgtunOgO gq) Og 
which would necessitate g and h,©/z being relatively prime, contrary to hy- 
pothesis. 


THEOREM 15. If g defines h but no interior factor of g of lower degree than 
the degree of g defines h, and if h is irreducible in C, then g is irreducible in A. 


THEOREM 16. If g, defines In, if go defines hz, and if gO ge defines h, then h 
is a factor of hi©Qhz and [hy, he| is a factor of h. 


Let 4 =fiOg: and h2=f2Og2. by Theorem 8 
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hOhk=f1_O0gOfeO g=f2OfiO g1 © ge, 


and hence k is a factor of k;O/e. If h=fOgiOge, then also from Theorem 8, 
[M1, ho] is a factor of h. 
The following two theorems are corollaries of the above theorem. 


THEOREM 17. If g=gmOgm1© --- Og: where the g; are irreducible, and 
if I, he, - - + , hy are distinct polynomials in C where s; of the g; each define h;, 
s;>0, and if g defines h, then h divides | hj’ and is divisible by [[h;. 


THEOREM 18. Jf g; defines h, and ge defines In, and if (hi, he) =1, then 
£1082 defines hy O he. 


THEOREM 19. If g; defines In, if hz divides hy, and if go=(gi, he), then ge de- 
jines he. 


Suppose that g2 defines h;. By hypothesis go is an interior factor of /, 
hence 3 is a factor of My. Let he=hyOh3, h=hsOhe=hsOh,Oh;3, and 
g1=g3©g2. From Theorem 16, g; must define a multiple of 4;O/u, call it 
teOhsOhy. Let hh OhsOhs=g40 8s. If hs is of degree greater than zero, g; and 
h, must have a common interior divisor other than 1, for if (gs, 44) =1 then 
there exist polynomials /; and #2 such that p:0g3;+ p2Oh,=1. Consequently, 
gs is an interior divisor of 4 ©h; which is impossible. Let g; be the common 
factor of g3 and fy. From this it follows that g;©g: is an interior factor of g: 
and of /2, contrary to hypothesis. 

If in Theorems 1-4 of parts I and II it is understood that all coefficients 
of the polynomials /; are in the centrum, these theorems apply to the case in 
which the basic number system is a division algebra rather than a field. These 
same modifications apply to the proofs of these theorems except that the 
polynomials g,; and g2 in the proof of Theorem 1 may not have coefficients in 
the centrum. Furthermore, the polynomial 4; minimally associated with &; 
relative to a matrix M is interpreted to be the polynomial with coefficients in 
the centrum minimally associated with £; relative to M throughout these 
theorems. 


THEOREM 20. If g, any polynomial in A, defines h, and if h is associated 
with & over the centrum relative to M, then there exists a set of vectors &;, where &; 
is associated with ga, such that =)” &.. 


Let h=fa;Oga;. The polynomials f, fa., --- , fa», have no common exterior 
factor other than 1, for if there were such, let it be fi. Then k=/,O/ where 
fW, is a common multiple of g and its transforms and is of lower degree 
than h. Hence there exist polynomials p; such that >> ,f.,;Op:=1. Let 
£;=f.,(M)Op:(M) O€ and the theorem follows at once. Moreover, £,a7" is 
associated with g. 
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THEOREM 21. /f U is a relative linear set and if h is minimally associated 
with a vector — mod U over the centrum C relative to M, and if g defines h, but 
no interior factor of g of lower degree than the degree of g defines h, then there 
exists a vector n in Ly(£) such that: (1) g is minimally associated with n mod U, 
und (2) there exists a polynomial p such that g(M)On=p(M)Oh(M) OF. 


Consider £,;=£,a7! where the £; is defined as in the proof of Theorem 20. 
Let h; be minimally associated with &; mod U over C. Since 4, which is mini- 
mally associated with £ mod U, is associated with each £; mod U, hk both 
divides and is divisible by [M, ho, ---, hm], hence [M, he, --- , tm|=h. For 
any polynomial g and vector &, 


(q(M) © S)az! = gan(M) © (éaz"). 
Also there exists a polynomial g; such that 
ga(M) © (fa>") = m(M) O &. 
Hence for some qa, 
£1; = (fa,(M) © pi(M) © baz 
= f(M) © Pia-(M) O (faz) 
= f(M) © q2(M) © &. 
Hence 


g(M) © fi = h(M) © g2(M) O &, 


so that any relative linear combination 7 of the £; whose coefficients are 
polynomials in C will satisfy condition (2) of the theorem. The existence of 
such a combination 7 with which / is minimally associated is guaranteed by 
Theorem 4. This 7 will also satisfy condition (1). 


THEOREM 22. Jf g; and ge each defines h but no interior divisor of g, or of ge 
of degree less than the degree of gi or go respectively defines h, then g, and g2 are 
of the same degree.* 


Let (g) represent the degree of any polynomial g. Suppose (g:) <(g2). By 
Theorem 11 a matrix M and a vector £, can be chosen such that the order of 
M is equal to (g,) and g; is minimally associated with & relative to M. By 
Theorem 21 the existence of a vector £ is established such that go is minimally 
associated with £ relative to M, but the polynomial minimally associated 
with any vector relative to M is of degree not more than the order of M. 
Hence (g:) =(g:). 

Polynomials such as g; and gz of Theorem 22 are said to be polynomials 
of minimum degree defining h. The degree of g: and ge is dependent upon / 


* This proof, independent of any theorem of unique factorization, seems of interest. 


ee oe 
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alone, and the degree of such polynomials shall be denoted by the symbol 
((h)), that is, ((/)) = (gi) = (gs). 

THEOREM 23. If h is irreducible in C and if g is a polynomial of minimum 
degree defining h, then the degree of h is an integral multiple of the degree of g. 


THEOREM 24. If g; defines h, and ge defines hz, then there exists some trans- 
form goa; Of 2 such that goa; gi defines hs where h, is a factor of hs but hs~h, 
and h; is a factor of he© hy. 


Suppose for every 7, g22;©g, defines /, and therefore is an interior factor 
of fy. Then [g2O©gi, g2a,O81, °° * y Stam O£1|] =A2Og: is an interior factor of Mn, 
and therefore there exists a polynomial f such that h,=fOMOgi=mOf Og. 
Hence f©g: is in the centrum, which contradicts the hypothesis. 

One can readily obtain 


THEOREM 25. If his an irreducible polynomial and if g; is a polynomial of 
minimum degree defining h, there exists a set of transforms g; (i=1, 2,---, 2) 
of gi by the basal elements a; such that g:Og:i© ---Ogi is a polynomial of 
minimum degree defining h‘, and hence ({h‘)) =t ((h)). 

THEOREM 26. If &, &,---, &% is a set of vectors linearly independent 
relative to M such that Lu(&, &,---, &%) is the whole space, and if g; is the 
minimum polynomial associated with &; relative to M, then the rank of h(M), 
where h is any polynomial in the centrum, is equal to m— >> (gui) where m 
is the order of M and gi:=(h, giex, the greatest common exterior divisor of h 
and g. 

Since gui=(h,giex, let gi=guiOges and h=giiOgsi=gsiOgii. Hence 
h(M) Og(M) O&;=0 and also h(M) OM Og2:(M) O£; =0. Since g; is the mini- 
mum polynomial associated with £;, the number of vectors M‘Og2i(M) O&; 
right linearly independent and orthogonal to h(M) is equal to the degree of g1:, 


(gi:). Furthermore, since £1, &,---, & are linearly independent relative to 
M by hypothesis, all vectors of the form M‘Og2:(M) O€; fori=1, 2,---,k 
and 7=0, 1, 2,---, (gi:)—1 are right linearly independent and orthogonal 


to h(M). Consequently it follows that the rank of h(M) is m— Di (es 5 
for if any other vector £ were orthogonal to 4(M) it would be dependent upon 
those orthogonal to 4(M) in each of Lu (£1), L(E2), - - - , La (Ex). 


IV. EXISTENCE FOR -SPACE OF A BASE, LINEARLY INDEPENDENT 
RELATIVE TO AN 2X MATRIX 


If M is annXn matrix, and if the minimum polynomial in C of M is ][/.*, 
where the 4; are distinct irreducible polynomials, if a linearly independent 
base relative to M were found for the space associated with /,*‘, then a line- 
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arly independent base relative to M for the whole space is the totality of 
vectors in the bases for the separate spaces associated with each of the h;**, 
according to Theorem 2. 

The rank of JT, j4:**(M) is equal to the order of the space orthogonal to 
h;*\(M). Hence the columns of [],,,4:*‘(M) form a base for the space asso- 
ciated with /;*i. At least one of these columns is a vector such that /;*# is 
minimally associated with it over C relative to M or else h; appears to a 
lower power than the k;th in the minimum polynomial of M in C. 

To simplify the notation, let 4*: be the highest power of an irreducible 
polynomial / in C occurring in the minimum polynomial of M in C, and let g: 
be a polynomial of minimum degree defining h. By Theorem 24 there exist 
transforms, gx,, £%,-1, °* * , £1, Of gi by certain basal elements a; of A such that 
8ixO8m1© --+ Ogi is a polynomial of minimum degree defining *. 
By the preceding paragraph and Theorem 21 there exists a vector & such 
that gi,Ogz,1© --- Ogi is the minimum polynomial associated with &, 
and h*: is minimally associated over C with &. Since h*(M)O& and 
g(M) © gi(M) © --- Og(M) O&& are minimally associated with 
Sk, OKe,-1-1O «++ Ogi and gr, Oge,1.O© - - - Ogr41 respectively, the order of 
Lu(h'(M)©&,) is equal to the order of Lu(gi(M)Ogiun(M)O--- Ogi(M) 
©£,). These two spaces are identical since the first is contained in the second. 
Therefore, if f; is any polynomial such that h*-'(M)Ofi(M)O£,=0 there 
exist polynomials p, and p such that 


fi(M) © & = pi(M) O h*(M) O &: 
g(M) © ge-i(M) O--- O gi(M) O P(M) O &:1; 


i.e., any vector in Ly(é) orthogonal to h*:~*(M) is of the form given above. 

Suppose k,<h;, is the largest integer such that there exists a vector £1 
in the space associated with h*: for which h® is the minimum polynomial in C 
associated with £, mod Ly(é,). This vector £: may be found among the 
columns of [J ,.4:*«(M) where h=h;. Since f=gi,Ogr,10 --- Ogi is a poly- 
nomial of minimum degree defining h”, by Theorem 21 the existence of a vec- 
tor £2: is established such that f is minimally associated with £2 mod Lm(é), 
and also the existence of 2 is assured such that f(M) Of2=h"(M) Op2(M) 
© £2 and hence the vector f(M) © £22 is in Ly (£:) and orthogonal to h*1-*(M). 
If equation (2) is applied with ¢=k2, there exists a polynomial #3 such that 
S(M) O fe =f(M)Op:(M) Ok. Take &=f2—p3:(M)O&. It follows that 
f(M) O&=0, and since &=£» mod Ly(é), f is minimally associated both 
with & and with & mod Ls(é). 

Let k; be the largest integer such that there exists a vector £3, in the 
space associated with /*: such thac h* is minimally associated over C with 
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£;, mod Ly(é, &). The polynomial h* is associated with £3, moreover h* is 
associated with £3, mod Ly(é) because of the maximal property of ks. Then in 
Im(é1, &, &3) there will be a £; minimally associated with g.,Og:,10 --- Og: 
mod Lm(é:, &) and hence minimally associated with h** mod Ly(é1, &) over C, 
and such that h*(M)é;=0. 

This process may be continued to complete the base for the total vector 
space. 

It has been proved by Theorem 26 that 


rk(h*(M)) = m — Qo ((h*, ge, © Bri O--- Og). 


Hence 
rk(h*(M)) = m — k((h)) (number of k; = k) — p ki(h)) 


where the sum runs for values k; <k. From this it follows that the polynomials 
associated with the above canonical proper base of the relative set equal to 
the total vector space are completely determined by a knowledge of the rank 
of the powers of ;, where the h; are the irreducible factors of the minimum 
equation of M. Since in part I it was shown that the matrices M and N are 
similar if relative to M and N there exists a proper base for the total vector 
space associated with the same set of minimum polynomials, Theorem 27 
follows. 


THEOREM 27. If h=|J'_ hit is the minimum polynomial in the centrum 
for each of two matrices M and N, where h; 1s irreducible, a necessary and suffi- 
cient condition that the matrix M is similar to the matrix N is that the rank of 
h;i(M) is equal to the rank of h;i(N) for everyi=1,2,---,landj=1,2,---,t. 


If &;;, (¢@=1,2,---), (G=1,2,---), is a set of linearly independent vec- 
tors whose linear extension relative to M is the whole space, if g;; is the mini- 
mum polynomial associated with £;;, and if g;; is a polynomial of minimum 
degree defining /;**i, such an h;*‘i, where h; is irreducible, is called a charac- 
teristic divisor of M. Hence the necessary and sufficient condition that two 
matrices be similar is that the characteristic divisors of the two matrices be 
equal. It is useful to note that the above implies that two matrices M and N 
are similar if for every polynomial / with coefficients in the centrum the rank 
of k(M) is equal to the rank of h(N). 

Since two matrices are equivalent only if rk(h*(M)) =rk(h*(N)) whenever 
his irreducible and & is a positive integer, a necessary condition that for a sys- 
tem of polynomials g; there exists a set of vectors £; linearly independent rela- 
tive to M and such that the minimum polynomial associated with é; is g; and 
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Lu(éi, &,-- +, &) is the whole space, is that the numbers >-((h*, g,)) are 
those specified by Theorem 27. This is sufficient because a diagonal block 
matrix N may be constructed with blocks of the form of the matrix in Theo- 
rem 11, having g; as the minimum polynomial of each block. 

The remainder of this section is devoted to describing a process which 
furnishes a method of testing whether two matrices are similar, and if M and 
N are similar, it furnishes a method of finding a set of polynomials g; and sets 
of vectors £; and 7;, each & in number, such that the &; are linearly independ- 
ent relative to M and the 7; are linearly independent relative to V; such that 
Lm (é1, &,--- , &)=Ly(m, m, -- + , 2) =S, the total space; and such that g; 
is minimally associated with £; relative to M, and g; is minimally associated 
with 7; relative to NV. This process is wholly rational and does not involve the 
factorization of polynomials in the centrum into irreducible factors nor 
knowledge of a polynomial of minimum degree defining 4; any factoriza- 
tion into powers of relatively prime factors in the centrum C of the minimum 
polynomial in C of M and N is suitable for an initial start and for each of 
these factors it is sufficient to have some polynomial g defining it. Either the 
required sets of vectors are found or one of the known factors of the minimum 
polynomial in C of M and N is factored with coefficients in C, or else a poly- 
nomial g of lower degree than the degree of the initial g is found which is 
associated with some factor of this minimum polynomial. The method there- 
fore either yields the required vectors and polynomials or it reduces in a 
finite number of steps to the case studied in the beginning of this section. 
It should be borne in mind that this process is to be carried out simultane- 
ously for M and N in practice, but the following treatment is for a matrix M 
only. 

Let the minimum polynomial with coefficients in C for both M and N be 
[JA:, where the 4; are relatively prime. The whole vector space is the sum of 
the relative linear spaces orthogonal to h;': and as above there is at least one 
vector such that /;'‘ is minimally associated with it. These spaces are linearly 
independent relative to M. To simplify notation, consider h to be any of the 
h;, and g; a transform of g.. If, without assuming that the polynomials in- 
volved are irreducible, the method used in the beginning of this section is 
applied in constructing a proper base relative to a matrix M and a proper 
base relative to a matrix N, these bases having the properties described in the 
preceding paragraph, then the following situations may arise, and these are 
the only difficulties in applying this reasoning and process. 

1. A vector ~ and a linear set U may be found such that 4*(M)O£+0 
mod U and h*+'(M) ©£=0 mod U, but the polynomial minimally associated 
with £ mod U over C is not h*+!. This leads to a factorization of h. 
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2. g, and a set of transforms go, gs, - - - , g, exist such that g,Ogi10 ---Ogi 
defines h‘ but there exists a transform g,4; such that g4:0g:0 --- Og: de- 
fines a multiple of k‘, not equal to #‘, and not equal to /‘*'. This also leads to 
a factorization of h. 

3. A vector £ and a linear set U exist such that g,Og:1© --- Og: defines 
ht, and h‘ is minimally associated with £ over C but £ is minimally associated 
with a proper divisor, gu, of g:Og:1© --- Ogi. In this case the polyno- 
mial gu defines h‘ where (gu)<g:). By Theorem 19 (h, gu) defines h. If 
((h, gu))<(gi) then one arrives immediately at a new start with a polyno- 
mial of lower degree than (g;) defining h. If ((4, gi1)) = (gi), let gu =g12O (h, gus). 
By Theorem 16, gi2 defines a power of h, less than or equal to the (¢—1)st 
power, whereas (gi) < (¢—1)(gi). Continuing with (h, g:2) defining # and by 
repeated use of the preceding argument, in a finite number of steps a polyno- 
mial is found, of degree lower than (g,) defining #. This case may arise in try- 
ing to find a vector £ minimally associated with g:Og:1© --- Ogi, and 
also if for such a £, h**(M) ©é is minimally associated with a proper divisor 
of 8r-t, O8t-2,-10 -- * O81. 

In carrying out this process simultaneously for M and N, one is led either 
to the proof of the non-similarity of M and N or the construction of proper 
bases for the whole space relative to M and N respectively, such that the 
polynomials minimally associated with the one base are equal to those mini- 
mally associated with the other. 

This procedure which for the general case seems to be both long and in- 
volved is for such usual cases as third- and fourth-order matrices with qua-. 
ternionic elements not very difficult to carry through. For practical operation 
it should be noted that if [[/;'‘ is the minimum polynomial of M, and the h; 
are relatively prime, then the columns of [],_ jAi'* form a base for the space 
orthogonal to h;'i(M). 

It would seem that other problems could be advantageously attacked by 
methods of this paper. As an example, given two similar matrices M and N, 
all non-singular matrices S such that S-'MS=WN consist of matrices S that 
transform (£;, Mé;, Mé;, - - - , M‘*?—'E,) into (n;, Nai, N2ni, ---, N“'n)), 
(i), where the £; and 7; are sets of vectors whose relative linear extensions 
are the whole space and where g; is minimally associated with £; relative to M 
and with 7; relative to N. In particular, the non-singular matrices commuta- 
tive with M are those which transform any set &; into a set &;, having the 
same property. 


UNIVERSITY OF WISCONSIN, 
Maptson, WIs. 














THE BINET OF QUADRICS IN S;* 


BY 
TEMPLE R. HOLLCROFT 


1. Introduction. The concept of a linear system of quadrics was intro- 
duced by Dupin in 1808.7 He considered the pencil determined by two con- 
centric central quadrics. Ten years later, Laméf defined the net of quadrics. 
The web of quadrics was defined and considered first by de Jonquiéres§ in 
1862. These systems of quadrics have since been treated by many mathe- 
maticians. || 

A binet of quadrics is an ©‘ linear system of quadric surfaces in S;. The 
term binet is suggested for this system merely because it contains twice 
the number of essential parameters contained in a net. The system is not in 
any other sense a “double net.” 

The binet has not been treated as such, but only as implied in certain 
polar and apolar relations associated with a general linear system of surfaces. 

The purpose of this paper is to determine the characteristics of a binet of 
quadrics in S3. 

2. The binet. The equation of a binet of quadrics in S; is 


D Afi = 0, i= 1, 2, 3, 4, 5, 


wherein the f;=0 are the equations of five quadrics in S;. These five quadrics 
are not restricted or related in any way. 

The binet contains ©*, «?, «1, finite systems of surfaces, both linear and 
non-linear, satisfying one, two, three, four conditions respectively. Linear 
systems will be discussed in §4 and non-linear systems in §8 and §9. 

The two non-linear ©* systems, however, will be defined now because 
their locus is to be used in developing the theory. One is the system of quadric 
cones and the other, the system of pencils of quadrics with one contact. 

Since it is one condition for a quadric to be a cone, the binet contains «* 
cones; that is, any point in S; is the vertex of a finite number of cones of the 


* Presented to the Society, September 3, 1936; received by the editors July 16, 1936. 

+ Dupin, Journal de l’Ecole Polytechnique, vol. 14 (1808), p. 80. 

t Lamé, Examen (1818), pp. 29 and 37. On pp. 28 and 35 of the same paper, Lamé also wrote 
the equation of a general pencil of quadrics in the form f+Ag=0. 

§ de Jonquiéres, Journal de Mathématiques, (2), vol. 7 (1862), p. 412. 

|| Encyklopidie der Mathematischen Wissenschaften, vol. III2, pp. 212-223, 246-250, 250-254. 

Pascal, Repertorium der héhere Mathematik, vol. II, (1922), pp. 616-626, 626-628, 629-631. 
(In both references, the three sets of pages refer to pencils, nets, webs, respectively.) 
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binet. Also, since it is one condition for two quadrics to have one contact and 
since these two quadrics determine a pencil of quadrics, all of which have con- 
tact with each other at that point, the binet contains »* such pencils and 
any point of S; is the point of contact of the quadrics in a finite number of 
pencils. The jacobian of a binet of quadrics in Ss, i.e., the locus of the vertices 
of cones and the locus of simple contacts of the binet, is, then, the space S; 
containing the binet. 

3. The associated correspondence. The (1, 1) correspondence between the 
primes of S, and the quadrics of the binet is defined by the equations, 


eyi = fi, i= 1, 2, 3,4, 5, 


in which y;=0 are the equations of the primes of the coordinate pentaprime 
in S, and f;=0 are any five quadrics of the binet. 

To a plane of S; corresponds an elliptic quartic curve, the intersection of 
two quadrics of the binet and the basis curve of a pencil of quadrics of the 
binet. To a line of S, corresponds 8 points of intersection of three quadrics 
or the basis points of a net of quadrics of the binet. 

In the transformation from 5S; to S,, the image of a plane of S; is a ra- 
tional quartic surface of S; and the image of a line of S; is a conic of S4. 

4. Linear systems of the binet. To the ©* planes of S;, each considered as 
bearing a pencil of primes, correspond *® pencils of quadrics of the binet. 
Each pencil has an elliptic quartic as basis curve and contains four quadric 
cones of the binet. 

To the ©® lines of S,, each considered as bearing a bundle of primes, cor- 
respond * nets of quadrics of the binet. Each net of quadrics has 8 basis 
points. Each net also has a jacobian curve 7; of order 6, rank 16 and genus 3 
with only apparent double points. This jacobian curve is the locus of nodes 
and contacts of quadrics of the net. 

Each line of S, also bears a bundle of planes, the intersections of the 
primes of the bundle. To the ® lines of S,, therefore, considered as bearing 
bundles of planes, correspond © nets of elliptic quartic space curves, each 
net of curves being the intersections of pairs of quadrics of the associated net 
of quadrics. 

If two quadrics of a net F; are tangent at a point P;, their curve of inter- 
section has a node at P;. The locus of P;, considered as contacts of pencils of 
quadrics of F,, is the jacobian curve 7; of /:. The locus of the same point Pi, 
considered as a node on the quartic curves associated with F;, is the jacobian 
curve of the net of quartic curves. Therefore each 7; is the jacobian, both of 
a net of quadric surfaces and of the net of associated quartic curves. 

To the 4 points of S;, each point considered as bearing »* primes, cor- 





34 T. R. HOLLCROFT [July 


respond « 4 webs of quadrics of the binet. Each web of quadrics has a jacobian 
surface J of order 4, genus 1 and containing ten lines, the axes of the ten pairs 
of planes of the web. 

Each point of S; also bears «* planes and ® lines, the intersections of 
the * primes through that point. To the * planes corresponds a binet of 
elliptic quartic curves and to the ©? lines correspond ©* sets of 8 points, 
belonging to ©* nets of quadrics of the binet. Thus there are ~* binets of 
quartic curves contained in the binet of quadrics. However, the jacobians of 
all the webs of quartic curves in the binet of curves associated with the point 
P, are one and the same jacobian J;, the jacobian of the web W, of quadrics 
associated with P;, since J; is the locus of contacts of quadrics of W,, and a 
curve of the associated binet can have a node when and only when two quad- 
rics of W, have a contact. 

Since two points of S,; have a line in common, any two webs of primes in 
S; have a bundle of primes in common and, correspondingly, in S;, any two 
webs of quadrics have, in common, a net of quadrics. The Jacobian surfaces 
of two webs intersect in a curve of order 16 consisting of the curve y of order 6 
and genus 3, the jacobian of the net common to the two webs, and a curve 
of order 10 which is common to the ©‘ jacobians J; of the webs of the binet. 
The jacobian quartic surfaces J;, therefore, form a binet with @ as basis 
curve. This basis curve ¢ is of order 10, genus 11, rank 40 and has 25 apparent 
double points. Each jacobian curve ¥ intersects ¢ in 20 points. 

Since three points of S, determine a plane, any three webs of quadrics in 
S; have a pencil of quadrics in common. The three J; of the three webs inter- 
sect in 64 points. Of these points, 4 are the vertices of the four cones of the 
common pencil and the other 60 are basis points common to all the J; of the 
binet of jacobians. It has been shown that these J; have a basis curve ¢ of 
order 10 and rank 40. The equivalence of ¢@ on three J; is 60. Therefore the 
basis curve ¢ absorbs the 60 basis points and the binet of quartic surfaces J; 
has the curve ¢ as its only basis element. 

5. The locus of axes of composite quadrics. Let fy be a quartic of the binet 
that consists of two planes intersecting in the line /. Through / passes a web 
of jacobian quartics J;, the jacobians of the »* webs of quadrics which have 
fo in common. Since this web of jacobian quartics J; has a net in common 
with any other web of jacobian quartics, it follows that the locus of the axes 
of composite quadrics of the binet is a ruled surface which is a fixed compo- 
nent of the jacobians of all the webs of J;. 

The jacobian of a web of quartic surfaces J; with @ as basis curve, is a 
surface of order 12 containing ¢ as a triple curve. This surface consists of a 
quadric of the binet and a ruled surface R of order 10 containing ¢ as a triple 
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curve. R is the locus of the «1 lines which are axes of composite quadrics of 
the binet. The genus of a plane section of R is 6. 

Each jacobian J intersects R in a curve of order 40 consisting of ¢ counted 
three times and the 10 lines lying on that jacobian. 

The two systems of surfaces, the * webs of quadrics with no basis ele- 
ments and the ©‘ webs of J; with the basis curve ¢, are thus so related that, 
aside from the common surface R, the jacobian of a web of either system is a 
surface of the other system. 

6. The branch-point primal Zin S;.In nets and webs of quadrics, the 
branch-point primal is the image of the jacobian of the system of quadrics. 
This is also true in the case of a binet. The jacobian of the binet is the linear 
space S; containing the binet. L is, therefore, in (1, 1) correspondence with S; 
and is rational. L is of order 8, the number of intersections of three quadrics 
of S3. 

The complete image of L is S3. Since the primes of S; are in (1, 1) corre- 
spondence with the quadrics of the binet, the birational image of a prime sec- 
tion of LZ is a quadric of the binet. Then the prime sections of L are also ra- 
tional. 

To a tangent prime of L corresponds a cone of the binet, the point of con- 
tact in S, corresponding to the vertex of the quadric cone in S;. To any point 
P in S,, considered as bearing a web of primes, corresponds a web W, of 
quadrics in S;. The locus of the vertices of the cones of Wo is Jo. The locus of 
contacts of the tangent primes to L from P» is the contour surface Ay on L of 
the tangent cone from Pp. Ao is in (1, 1) correspondence with J, and is, there- 
fore, the image of J) on L. Since Jy is of order 4, Ao is of order 16 and there- 
fore the order of the tangent cone to L from a point of S, is 16. Also, since 
the J; form a binet in S;, the image surfaces A; form a binet on L. Each J; is 
of genus 1. Then each A; is of genus 1 and the tangent cones to L from a point 
are of genus 1. 

A section by any prime 7» of the tangent cone to L from P» is a surface Lo, 
the branch-point surface of the web of quadrics corresponding to the web of 
primes on Po. The tangent planes to Ly are sections by 7 of the tangent 
primes to LZ from Pp. 

The following symbols will be used for the characteristics of a surface, the 
subscripts 3 and 0 referring to the prime section of L and of the tangent cone 
to L respectively: n, order; n’, class; a’, class of plane section; a, order of 
tangent cone; b, order of nodal curve; c, order of cuspidal curve; 6’, number 
of bitangents of plane section; x’, number of inflections of plane section; 
5, number of nodal lines of tangent cone; x, number of cuspidal lines of tan- 
gent cone; g, rank of nodal curve; 7, rank of cuspidal curve; 6’, class of 
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bitangential developable; c’, class of parabolic developable; y, number of 
intersections of nodal and cuspidal curve, cusps on nodal curve; 6, number 
of intersections of nodal and cuspidal curve, cusps on cuspidal curve; ¢, num- 
ber of triple points of nodal curve; 8’, number of tacnodal tangent planes; 
y’, number of nodo-cuspidal tangent planes; ¢’, number of triple tangent 
planes; p, class of nodal developable; o, class of cuspidal developable; p’, 
order of bitangential curve; o’, order of parabolic curve; C’, number of 
conic tropes; D, genus. 

Since the prime section Ly of the tangent cone to L from any point Po 
of S, is the branch-point surface associated with the web Wo, Ly has the fol- 
lowing characteristics :* 

mo = 16, my = 4, ao = a9 = 12, Do = 1, Co = 10, 5f = 22, xg = 24, 
bo = 60, go=40, Yo = 120, tH = 80, 
co = 36, 17 = 68, Bo = 80, 
60 = 28, Ko = 24, oF = 32, po = 80, 
be = co = BS =o = Wi = 00 =po = 0. 
Each 4-space surface Ao is the projection on L from P» of the 3-space surface 
Lo. 

To the bundle of primes through any line J, of S; corresponds a net of 
quadrics F; of the binet. The locus of the vertices of cones in F; is the curve 71. 
Since the contacts of the ©! tangent primes to L from /; are in (1, 1) corre- 
spondence with the vertices on y; of the cones of F;, the contour curve I; 
of the cone (of the second species) from /, to L is in (1, 1) correspondence 
with 7:. These curves I’; form an ® linear system (or biweb) on L. 

The plane section of the tangent cone to L from /,; made by any plane of 
S, is the branch-point curve G, in that plane, corresponding birationally to the 
jacobian curve ¥; of F. The plane curve G; has the characteristics of the plane 
section of the 3-space tangent cone to Lo, the branch-point surface of a web. 
Then G, has the characteristics: 

order m,=12, nodes 6,= 28, cusps kK, = 24, 
class m,=4, bitangents 7:= 0, inflections y= 0. 


Each 4-space curve T'; on L is the projection on L from /; of the plane 
curve G;. 

The plane section of Z made by any plane of S; is the birational image of 
an elliptic quartic curve, the intersection of two quadrics of the binet. This 
plane section is of order 8 and genus 1. Its class equals the order of the tan- 


* T. R. Hollcroft, The general web of algebraic surfaces of order n and the involution defined by it, 
these Transactions, vol. 35 (1933), p. 868. 
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gent cone to L from a point, which is 16. The remaining characteristics of the 
plane section are obtained by Pliicker’s equations. The characteristics are: 


order m2. =8, class m,=16, genus ~.=1, nodes b,=20, 
cusps ¢,=0, bitangents 6.=80, inflections x, = 24. 


The prime section of Z made by any prime of S, is the birational image of 
a quadric of the binet and is, therefore, of order 8 and genus 0. The class of an 
S3 section equals the order of the tangent cone to L from a line, which is 12. 
The characteristics of a plane section of the S; section are the same as the 
characteristics of a plane section of L. 

Since the nodal curve of the prime section is of order 20, the nodal sur- 
face 6 of L is of order 20. This nodal surface has a pinch curve C; whose image 
in S; is the basis curve ¢ of the jacobian binet. The curves C; and ¢ are in 
(1, 1) correspondence. Since ¢ is of order 10 and genus 11, C; is of order 20 
and genus 11. The curve C; is cut by an S; in 20 points which are 7; pinch 
points of the nodal curve of the prime section. 

The remaining characteristics of the prime section of L are obtained from 
the above characteristics by means of the Cayley-Zeuthen equations. 

The characteristics of the prime section of L are: 


mz3= 8, mz =12, a3= a3 = 16, Ds=0, 


63 = 80, «ij = Cé3=7r3 = B= 73 = 0, 

b; = 20, = ks = 105, ts = 20, js = 20, 
bs = 22, Koh a= %, 

o3 = 32, = ps = 72, ps3 = 60, 

vz = 0, tg = 24, 

qi = 50, kj = 134. 


In the above, k; is the number of apparent double points of the nodal curve 
and q;, 73, kg are the reciprocals of the respective unaccented symbols al- 
ready defined. 

The remaining characteristics of the primal L will now be derived. 

Since a quadric cannot have two or more distinct nodes or a singular 
point of higher order than a node, L does not have tangent primes with 
contact at more than one distinct point or with higher contact at one point. 
This is also revealed by the characteristics of the tangent cones to L in that 
there are no stationary or bitangent primes to L from a point or from a line. 
Thus, for L, the orders of the bitangential surface, the parabolic surface and 
their associated curves are all zero as are also the numbers of tangent primes 
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satisfying four conditions whose contacts would occur at intersections of these 
surfaces and curves. 

Also, since c;=0 for the prime section, LZ has no cuspidal curve. 

A prime section Ly of the tangent cone to L from any point Pp» has 

¢ =10 conic tropes, i.e., ten planes, each tangent to Ly along a conic. Each 
conic trope corresponds uniquely to a composite quadric of the web Wo. The 
image of the plane a» of a conic trope of Ly is a composite quadric fo of Wo. 
The image of the axis of fo, which is also a line of Jo, is the contact conic c/ 
of the conic trope. 

The prime section of Z by the prime 7 determined by Po and a» corre- 
sponds to the composite quadric fy considered as a quadric of the binet. The 
prime 7; is tangent to L along a conic ¢ and intersects L in two rational quar- 
tic surfaces which are tangent to each other along co. The two quartic surfaces 
are the images respectively of the two planes of fo and co is the image of the 
axis of fy. 

The image of R, the locus of axes of composite quadrics of the binet, is 
the surface T on L. T is of order 20 and has the pinch curve C; of order 20 as 
a triple curve. T is a surface generated by the singly infinite non-linear sys- 
tem of conics which are in (1, 1) correspondence with the axes of composite 
quadrics of the binet. Through each point of S; pass ten primes, each of the 
nature of 7, described in the preceding paragraph. T counts doubly in the 
intersection of L and its hessian. 

The jacobian of the web of prime sections of Z from a point Pp is the 
contour surface Ao of order 16 of the tangent cone from P, to L. A» contains 
C; as a simple curve. Since S; contains ©‘ points , the contour surfaces A; 
form a binet on L for which C; is a simple curve. The jacobian of the web of 
A; associated with the points of any prime of S; consists of the surface T and 
the prime section of ZL made by that same prime. 7 is, then, common to the 
jacobians of all the 4 webs of A; of the binet of A; on L. T is the locus of 
contacts of the contour surfaces A;. 

From the characteristics of Z already found, the others are obtained by 
means of formulas for primals in four dimensions derived by Roth.* The 
characteristics of L, other than those of its cones and sections, are, there- 
fore, as follows: 

Order NV =8; rank a = 16; first class m =12, class w =4; order of nodal sur- 
face b, uo=20; order of tangent cone of 5, uw, =50; class of b, u,.=20; order 
apparent double curve of 6, k=105; number of apparent triple points of b 

*L. Roth, Some formulae for primals in four dimensions, Proceedings of the London Mathe- 
matical Society, (2), vol. 35 (1933), pp. 549-552, and vol. 39 (1935), pp. 334-338. 


t The order of the apparent double curve of a surface in S, is here defined as the order of the 
double curve of the projection of this surface on S3. 
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and of its apparent double curve, 7; = 140; order of triple curve C;, of b, =20; 
rank of C,, r,=60; class of immersion of C; in L, 4; =80; class of immersion 
of C,; in b, tj=140; number of quadruple points of C, and L (6-fold on 4), 
£=5; order of pinch curve C;, 7=20; rank of C;, r;=60; class of immersion 
of C; in L, 7; =40; class of immersion of C; in b, 7) =80; number of pinch points 
of b (actual intersections of C, and C;), 7=40; number of apparent pinch 
points of b (ceto of L), v»=20; order of curve C,, the locus of contacts of 
tangent primes from any point whose contacts lie on the nodal surface 3, 
p=60; order of surface T on L (T is the image of R in S;), T =20. 

7. Images in S; of L and its singularities. The image of L is S;. The images 
of the prime sections of L are the quadrics of the binet in $3. 

The birational image of the pinch curve C; (of order 20 and genus 11) 
of the nodal surface 6 of L is the basis curve ¢ (of order 10 and genus 11) of 
the binet of jacobian surfaces J; in $3. 

The image of the ruled surface R of order 10, the locus of axes of com- 
posite quadrics of the binet, is 7, a surface generated by conics of order 20 
on L. R contains ¢ as a triple curve and T contains C; as a triple curve. 

The image of the nodal surface 6 (of order 20) of L is a surface B of order 
10. B contains ¢ as a simple curve. B also contains the double curve C/, a 
curve of order 30 and the image of the triple curve C;. The surfaces } and B 
are in (1, 2) point correspondence. 

The curves ¢ and C/ in S; intersect in r=40 points, images of the 40 
intersections of C; and C, on b, which are actual pinch points of b. 

The surfaces B and R intersect in a curve of order 100 consisting of ¢ 
counted three times and a C7, the image of the curve of intersection of order 
140 (in addition to C;) of b and T on L. 

R and any J; intersect in a curve of order 40 consisting of ¢ counted three 
times and the ten lines of J;. Correspondingly, on L, T and any A; intersect 
in a curve of order 80, consisting of C; counted three times and ten conics, 
images of the ten lines of J;. 

B and any J; intersect in a curve of order 40 consisting of @ and a C30, 
corresponding respectively to C; and C, (of order p=60) and comprising the 
total intersection of b and the associated A; on L. C, is the locus of points on b 
at which primes through the point associated with the given J; are tangent 
to L. 

8. Singular quadrics of the binet. The only singularities a quadric may 
have are a node and a binode. One condition is necessary for the quadric to 
have a node, in which case the quadric becomes the nodal cone. Three condi- 
tions are necessary for the quadric to break up into two planes, i.e., be the 
planes and axis of a binode. 

The binet, therefore, contains * quadric cones, the locus of whose ver- 
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tices (nodes) is S;; and «1 composite quadrics, the locus of whose axes (line 
of nodes) is the ruled surface R of order 10 containing ¢ as a triple curve. 

9. Loci of contacts of quadrics of the binet. Every point of S; is a simple 
contact of the quadrics of a pencil of the binet. 

The images in S; of singular surfaces, curves and points of L are defined 
in §7. With the exception of R, these images are contact loci of the binet. 

The surface B is the locus of contacts of pencils of quadrics of the binet 
in each of which the quadrics have contact at two distinct points. B, the 
image of b, is of order 10 and contains ¢ as a simple curve and C/ as a double 
curve. The curve ¢ is the locus of contacts of pencils of quadrics such that 
in each pencil the quadrics have four-point contact at one point. C/ is the 
locus of contacts of pencils of quadrics in each of which the quadrics have 
contact at three distinct points. 

C/ and ¢ intersect in 40 points at each of which two of the three contacts 
of a pencil of quadrics coincide. The third contact associated with each such 
coincidence is on C/ but not on ¢. Then, in the binet, there are 40 pencils of 
quadrics in each of which the quadrics have one simple and one four-point 
contact. 

There are £=5 quadruple points of C,; and of L. To each of these corre- 
spond four distinct points on C/, which are nodes of C/, such that the quad- 
rics of a pencil have simple contact at each of these four points. Therefore, 
the binet of quadrics contains five pencils in each of which the quadrics have 
four distinct contacts. 

R and B intersect in ¢ counted three times and in a C7, the locus of con- 
tacts of pencils of quadrics with two contacts and such that one quadric of 
each pencil is composite and also such that the two planes of the composite 
quadric are the common tangent planes respectively of the quadrics at the 
two contacts. 

The binet has no locus of stationary contacts of quadrics and no locus 
(surface, curve, or set of points) of contacts that involve stationary contacts.* 
Every point of S;, however, is a stationary contact of a pencil of quadrics 
belonging to a web of quadrics of the binet. 


* A somewhat similar situation occurs in a net of conics. The net of conics contains nine pencils 
in each of which the conics osculate each other, but no pencils with pairs of contacts. 
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CONCERNING ESSENTIAL CONTINUA OF 
CONDENSATION* 


BY 
R. L. MOORE 


A collection G will be said to be of class 1 if (1) it is an upper semi-continu- 
ous collection of mutually exclusive continua, and (2) with respect to its ele- 
ments it is a continuum with no continuum of condensation. 

The subcontinuum K of the continuum M is said to be an essential con- 
tinuum of condensation of M provided it is true that (1) K is a continuum of 
condensation of M, and (2) if G is a collection of class 1 filling up M, then 
some continuum of G contains K. 


THEOREM 1. If the non-degenerate subcontinuum K of the compact con- 
tinuum M has no continuum of condensation and for every collection G of class 1 
filling up M there is a continuum of G that contains K, then K is a continuum 
of condensation of M. 


Proof. Suppose K is not a continuum of condensation of M. Then there 
exists a point set D which is a domain both with respect to M and to K. 
Since K has no continuum of condensation, D contains a freet segment with 
respect to K, that is to say, a segment ¢ of some arc lying in K such that no 
point of ¢ is a limit point of K —#, in other words, such that ¢ is a domain with 
respect to K. The point set ¢ is also a domain with respect to M. If M—t is 
a continuum, let G denote the collection whose elements are M—# and the 
points of ¢. If M—t is not connected, it is the sum of two mutually exclusive 
continua ga, and gz containing the endpoints A and B respectively of ¢. In 
this case, let G denote the collection whose elements are ga, gz and the points 
of ¢. In the first case G is a simple closed curve, and in the second case it is 
an arc with respect to its elements. In each case it is a collection of class 1 
and no continuum of G contains K. This involves a contradiction. 


THEOREM 2. If K is a subcontinuum of the compact continuum M, and for 
every collection G of class 1 filling up M there is a continuum of G that contains 
K, then K contains a continuum of condensation of M. 


Proof. Suppose K contains no continuum of condensation of M. Then it 


* Presented to the Society, January 2, 1936; received by the editors August 16, 1936. 
t Cf. R. L. Moore, Foundations of Point Set Theory, Colloquium Publications of the American 
Mathematical Society, vol. 13, 1932, p. 144. This book will be referred to as P.S.T. 
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contains no continuum of condensation of itself. Hence, by Theorem 1, K is 
itself a continuum of condensation of M. 


THEOREM 3. If the arc-wise connected continuum K is a subset of the compact 
continuum M, and for every collection G of class 1 filling up M there is a con- 
tinuum of G that contains K, then K contains a continuum of condensation of M 
of diameter equal to that of K. 


Theorem 3 is a consequence of Theorem 1 and the fact that no arc has a 
continuum of condensation. That it does not remain true on the omission of 
the stipulation that K be arc-wise connected may be seen from the following 
example. 

EXAMPLE 1. Let A, B, C, D, and E denote five points lying on a straight 
line in the order ABCDE and such that each of the straight line intervals 
AB, BC, CD, and DE is of length 1. Let Mi, Mz, and M; denote three inde- 
composable continua of diameter 1 containing the intervals BC, CD, and DE 
respectively and such that no proper subcontinuum of M;2 contains both C 
and D. Let M denote the point set which is the sum of the interval AB and 
the continua M,, M2, and M3. If Gis a collection of class 1 filling up M, some 
continuum of G contains the continuum M,+M.+M; and therefore is of di- 
ameter not less than 3. But there is no continuum of condensation of M of 
diameter as great as 2.. 


THEOREM 4. If the compact continuum M has no essential continuum of con- 
densation, then for every non-degenerate subcontinuum K of M there exists an 
upper semi-continuous collection G of mutually exclusive continua filling up M 
such that G is, with respect to its elements, either an arc or a simple closed curve 
and such that no continuum of the collection G contains K. 


Proof. By hypothesis and Theorem 2 there exists a collection H of class 1 
filling up M and such that no continuum of H contains K. Let W denote the 
collection whose elements are the continua of the collection H that intersect 
K. There exists a free segment / with respect to H such that every element of ¢ 
belongs to W. By an argument analogous to that used in a similar connec- 
tion in the above proof of Theorem 1, it may be shown that there exists an 
upper semi-continuous collection G of mutually exclusive continua filling up 
M such that G is either an arc or a simple closed curve with respect to its 
elements and such that every element of ¢ is an element of G. The continuum 
K is not a subset of any continuum of the collection G. 

NorarTion. If G is a collection of point sets, the notation G* will be used 
to denote the sum of all the point sets of the collection G. 


THEOREM 5. If M is a compact regular curve, n is a positive integer and, for 
each i less than or equal to n, A; and B; are points of M and A,4; is a point of 
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M and B,,4, is a subset of M and there exist collections H and K of class 1 filling 
up M and such that (1) if i is not greater than n, no continuum of H contains 
both A; and B;, and (2) the continuum of K that contains A,4: contains no point 
of Busi; then there exists a collection G of class 1 filling up M such that, if 
i<n+1, no continuum of G intersects both A; and B,. 


Proof. For each i not greater than m let a; denote the continuum of H con- 
taining A ;and let }; denote the one that contains B;. Let 2,4, denote the con- 
tinuum of H that contains A,4:. For each 7 less than or equal to 1, either a; or 
b; is distinct from a,4;. Let L denote the set of all continua x distinct from 
@n41 Such that, for some 7 not more than 2, x is identical either with a; or 
with 5;. There exists a finite set T of subsets of H such that (1) each element 
of T is a free segment with respect to H, that is to say, a segment ¢ of elements 
of H such that no element of ¢ is a limit element of H —#, (2) the set H —T is 
the sum of two mutually separated sets W, and W;2 of elements of H such that 
W, contains L and W, contains @,4:. There exists a set J’ of points such that 
(1) each point of the set 7’ is an element of H belonging to some segment of 
the set 7, (2) for each segment ¢ of the set T there is only one point of T’ 
which is an element of ¢. The set H—T’ is the sum of two mutually separated 
sets Q, and Q2 of elements of H such that W, and W, are subsets of Q; and Q2 
respectively. For each point P of the point set T’+Q+ let xp denote the con- 
tinuum of the collection K that contains P, and let gp denote the component 
of xp-(T’+Q) that contains P. Let G denote the collection whose elements 
are the elements of Q, and the continua gp for all points P of T’+Qs. 


THEOREM 6. If M is a compact regular curve, n is a positive integer and, for 
each 7 not greater than n, A; and B; are points of M and, for each such 1, there 
exists a collection H; of class 1 filling up M and such that no continuum of H; 
contains both A; and B;, then there exists a collection G of class 1 filling up M 
such that, if i<n, no continuum of G contains both A; and B;. 


Proof. Suppose m is a positive integer for which there exists a collection Gn 
of class 1 filling up M and such that, if i<m, no continuum of G,, contains 
both A; and B;. If m<n then, by hypothesis and Theorem 5, there exists a 
collection G,,.1 of class 1 filling up M such that, if 7<m-+1, no continuum of 
this collection contains both A; and B;. The conclusion of Theorem 6 follows 
by mathematical induction. 


THEOREM 7. If M is a compact regular curve and d is a positive number and 
for every collection G of class 1 filling up M there is some continuum of G of 
diameter greater than or equal to d, then M has an essential continuum of con- 
densation of diameter d. 
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Proof. Suppose 1 is a positive integer such that 1/n is <d. There exists a 
finite set K of points of M such that every subcontinuum of M of diameter 
equal to 1/(3m) contains at least one point of K. Suppose WN is a subcontinuum 
of M of diameter d. There exist two points A and B of N at a distance apart 
equal to d. There exist two subcontinua a and b of N containing A and B 
respectively and each of diameter 1/3n. The continua a and 6 contain points 
A’ and B’ belonging to K. The distance from A’ to B’ is greater than d—1/n. 
It follows that there exist finite sequences Aj, As, - - -,A; and Bi, Be, - --, B; 
such that (1) for each z less than 7, A; and B; are points of K at a distance 
apart greater than d—1/n, and (2) if N is a subcontinuum of M of diameter d, 
then, for some 7, A; and B; are points of NV. Hence, by hypothesis and Theo- 
rem 6, there exists a number m, such that if G is any collection of class 1 fill- 
ing up M, then some continuum of the collection G contains both A,,, and 
B,,,. Let H denote the set of all continua # such that / contains both An, 
and B,,, and belongs to some collection of class 1 filling up M. Let T denote 
the common part of all the continua of the set H. Suppose T contains no con- 
tinuum that contains both A,,, and B,,. Then T is the sum of two mutually 
exclusive closed point sets 7, and Tz containing A,,, and B,,, respectively. 
There exists a finite point set L that separates T, from T in M. Every con- 
tinuum of the set H contains both A,,, and B,,, and therefore some point of L. 
Hence, by Theorem 6, there exists a point of Z that belongs to every con- 
tinuum of H and therefore to T. This is impossible. Hence T contains a con- 
tinuum containing both A,,, and B,,,. Thus for every positive integer there 
exists a subcontinuum K,, of M of diameter greater than d—1/n and such 
that if G is any collection of class 1 filling up M, then some continuum of 
G contains K,. There exists an ascending sequence of positive integers 
M1, M2, NM3,°-~- such that the sequence K,,, Kn,, Kn,,--- has a sequential 
limiting set E. The point set E is a continuous curve of diameter d. If G is any 
collection of class 1 filling up M, some continuum of G contains E. There 
exist two points X and Y belonging to E and at a distance apart equal to d. 
There exists an arc XY lying in £. The arc XY is an essential continuum of 
condensation of M of diameter d. 

It is clear from Example 1 that Theorem 7 does not remain true if the re- 
quirement that M be a compact regular curve is replaced by the weaker re- 
quirement that it be a compact and webless* continuum. 


* The compact continuum M is said to be webdless provided it is true that if G, and G: are two 
upper semi-continuous collections of mutually exclusive continua filling up a subcontinuum of M 
and such that each of them is an acyclic continuous curve with respect to its elements, then there does 
not exist an uncountable subcollection H of G, such that no continuum of H is a subset of any con- 
tinuum of G: (cf. P.S.T., p. 355). 
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THEOREM 8. If M is a compact and webless continuum and there exists a 
positive number d such that, if G is any collection of class 1 filling up M, some 
continuum of G is of diameter more than d, then M has an essential continuum 
of condensation. 


Proof. Suppose M has no essential continuum of condensation. Then, by 
Theorem 36 of page 361 of P.S.T. together with Theorem 2 of the present 
paper, M is a regular curve. Hence, by Theorem 7, it has an essential con- 
tinuum of condensation of diameter d. 

In P.S.T., a subcontinuum K of a compact continuum M was called an 
essential continuum of condensation of M of type 1 if there exists a non- 
degenerate subcontinuum T of K such that, if G is a collection of class 1 
filling up M, then some continuum of G contains T; and the subcontinuum 
K of M was called an essential continuum of condensation of M of type 2 if 
there exist a point P of K and a point O of M distinct from P such that, if 
G is a collection of class 1 filling up M, then O belongs to the continuum of G 
that contains P. The first of these definitions is open to the objection* that 
an essential continuum of condensation of type 1 of a continuum M is not 
necessarily a continuum of condensation of M. However, by Theorem 2, 
every essential continuum of condensation of type 1 (in the sense of P.S.T.) 
of a compact continuum M contains a continuum which is a continuum of 
condensation of M and which is therefore an essential continuum of con- 
densation of M in the sense of the present treatment; and if an essential con- 
tinuum of condensation of type 1 of the compact continuum WM is itself a con- 
tinuum with no continuum of condensation, then it zs an essential continuum 
of condensation of M in the present sense. 

It is easy to see that there exists a compact continuum M containing a 
continuum K which is an essential continuum of condensation of M of type 2 
in the sense of P.S.T. but which does not contain more than one point of any 
continuum of condensation of M. However, by Theorem 8, if the compact 
and webless continuum M has an “essential continuum of condensation of 
type 2,” then it has an essential continuumof condensation in the present sense. 


THEOREM 9. If M is a compact continuum such that every non-degenerate 
subcontinuum of M contains uncountably many local separating pointst of M, 


* Cf. R. L. Moore, Fundamental Theorems of Point Set Theory, The Rice Institute Pamphlet, 
vol. XXIII (1936), p. 58. The word “non-degenerate” is to be omitted in the statement of Axiom 2 
on p. 3. 

t A point P is alocal separating point of M provided some neighborhood V of P exists such that 
M-V—P is separated between some pair of points belonging to the component of M- V which con- 
tains P. See G. T. Whyburn, Local separating points of continua, Monatshefte fiir Mathematik und 
Physik, vol. 36 (1929), p. 305, and Sets of local separating points of a continuum, Bulletin of the 
American Mathematical Society, vol. 39 (1933), p. 97. 
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and H and K are two mutually exclusive closed subsets of M, then there do not 
exist infinitely many mutually exclusive subcontinua of M each containing both 
a point of H and a point of K. 

Proof. Suppose there exists an infinite sequence a of mutually exclusive 
subcontinua of M each intersecting both H and K. There exists a subsequence 
6 of a converging to some continuum L that intersects both H and K. There 
exists a non-degenerate subcontinuum T of LZ containing no point of H+K. 
By hypothesis Z contains an uncountable set Q of local separating points of 
M belonging to 7. By a theorem of Whyburn’s,* there exists a point P of Q of 
Menger ordert 2 of M. There exists a domain D with respect to M containing 
P such that D contains no point of H or of K and such that 7, the boundary 
of D with respect to M, consists of only two points. Since P belongs to the 
sequential limiting set of 8, infinitely many continua of 6 contain points of D. 
But each of them contains points belonging to H+K and therefore to S—D. 
Hence each of them intersects y. But the continua of 8 are mutually exclusive 
and ¥ is a finite point set. This involves a contradiction. 


THEOREM 10. If AB is an arc lying in the compact continuum M and con- 
taining uncountably many local separating points of M, then there exists an open 
subset D of M containing AB such that there are uncountably many points each 
separating A from B in D.. 


Proof. By the above mentioned theorem of Whyburn’s there exists an un- 
countable subset K of AB—(A+B) such that every point of K is of Menger 
order 2 of M. Suppose P is a point of K. There exists an open subset Jp of M 
containing P such that (1) 7p contains neither A nor B, (2) the boundary of 
Tp consists of two points, (3) Jp—P is the sum of two connected and mutually 
separated point sets containing A p and Bp respectively of the boundary, with 
respect to M, of Jp such that Ap lies between A and P, and Bp lies between B 
and P, on the arc AB. There exist open subsets H4p and Hp of M containing 
AAp and BB» respectively and such that H4p and Hzp are mutually exclu- 
sive. The point set H4p+Jp+H pp is an open subset Tp of M containing AB, 
and P separates A from B in Tp. 

There exists a sequence D,, D2, D;,--- of open subsets of M closing 
down on AB. For each point P of K there exists a number mp such that D,, 
is a subset of Tp. The point set K is uncountable. Hence there exist a number 
m and an uncountable subset L of K such that, if P is any point whatsoever 


* G. T. Whyburn, Concerning the cut points of continua, these Transactions, vol. 30 (1928), p. 606. 
+ Cf. K. Menger, Grundzuge einer Theorie der Kurven, Mathematische Annalen, vol. 95 (1925), 
pp. 272 -306. 
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of L, np=m. For every point P of L, D,, is a subset of Tp and therefore P 
separates A from B in D,,. 


THEOREM 11. Jf every non-degenerate subcontinuum of the compact con- 
tinuum M contains uncountably many local separating points of M, then M has 
no essential continuum of condensation. 


Proof. Suppose K is a non-degenerate subcontinuum of M. By Theorem 9, 
and Theorem 8 of Chapter 2 of P.S.T., every subcontinuum of M is a continu- 
ous curve. Hence K contains an arc AB. By Theorem 10 there exists a domain 
D, with respect to M, containing AB and such that there are uncountably 
many points each separating A from B in D. Let N denote the set of all points 
that separate A from B in D. The point set N contains a perfect set.* Hence 
it contains a perfect point set H having no non-degenerate component. Let 
Q denote the set of all subcontinua g of AB such that (1) g does not con- 
tain more than two points of H, but (2) every subcontinuum of AB of which 
q is a proper subset contains more than two points of H. Let W denote the 
set of all components x of M—AB such that there are at least two continua 
of the set Q each containing a limit point of x. Each point set of the set W 
contains at least one point of M—D. Hence, by Theorem 9, W is a finite set. 
Furthermore if x is a point set of the set W, there do not exist infinitely many 
continua of the set Q each containing a limit point of x. Hence if L denotes 
the set of all continua g of Q such that qg contains a limit point of some point 
set of the set W, the set L is finite. Hence there exist two points E and F 
such that (1) EZ and F are both continua of the set Q, and (2) the interval 
EF of AB contains no limit point of any point set of the set W. Let T denote 
the set of all continua of the set Q which are subsets of EF. For each con- 
tinuum ¢ of the set T, let g: denote the component of M— (EF —?) that con- 
tains ¢. Let G, denote the set of all continua g;, for all continua ¢ of the set T 
except E and F. If gz+r is not a continuum, let G denote the collection 
whose elements are gz, gr and the elements of Gy. If Zz2+Z,r is a continuum C, 
let G denote the collection whose elements are C and the elements of G. In 
the first case G is an arc, and in the second case it is a simple closed curve, 
with respect to its elements. In neither case does any continuum of G contain 
the continuum K. Hence M has no essential continuum of condensation. 


THEOREM 12. If the compact and webless continuum M has no essential con- 
tinuum of condensation, then every non-degenerate subcontinuum of M contains 
uncountably many local separating points of M. 


Proof. Suppose K is a non-degenerate subcontinuum of M. By hypothesis 





* G. T. Whyburn, Cut points of connected sets and of continua, these Transactions, vol. 32 (1930), 
p. 151. 
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and Theorem 2 there exists a collection G of class 1 filling up M and such 
that no continuum of the collection G contains K. Let H denote the collection 
of all the continua of G that intersect K. There exists a free segment ¢ with 
respect to G whose elements belong to H. But there exists no uncountable 
set of mutually exclusive non-degenerate subcontinua of M. Hence uncount- 
ably many of the elements of ¢ are points of K. But clearly every point of K 
which is an element of ¢ is a local separating point of M. 

Theorem 12 does not remain true on the omission from its hypothesis of 
the requirement that M be webless. For a plane continuum consisting of a 
square together with its interior has no essential continuum of condensation 
and no one of its points separates it locally. 

Neither is it true that if the subcontinuum K of the compact and webless 
continuum M contains no essential continuum of condensation of M, then 
K contains uncountably many local separating points of M. Consider the 
following example. 

ExampPLe. In a Cartesian plane S let OX and OY denote the axes of co- 
ordinates. If h is a positive number and £ and F are points of OX such that 
Xz, the abscissa of E, is less than xr, the abscissa of F, then by the R-set 
of altitude h whose base is EF will be meant the continuous curve M described 
in Example 2 on page 347 of P.S.T. except that A, B, A’, and B’ denote 
(xz, h), (xr, h), E, and F, respectively, instead of (0, 1), (1, 1), (0, 0), and the 
point which was erroneously labelled (0,1) instead of (1,0) in the first sentence 
of the description of Example 1 on page 346. In accordance with this new mean- 
ing of the letters A, B, A’, and B’, Aj B{, A/ BJ, Aj Bj, - - - of course denote 
subintervals of EF. For each n, the interval A,B,’ will be called the nth 
Cantor interval associated with the R-set of altitude / whose base is EF. 

Let M, denote the R-set of altitude 1 whose base is the interval whose 
endpoints are (0, 0) and (1, 0). For each , let r;, denote the mth Cantor inter- 
val associated with M,, and let M,, denote the R-set of altitude 1/(n+2) 
whose base is rin. Let W; denote the collection of R-sets Mu, Miz, Mis, --- . 
For each m, let Minm denote the R-set of altitude 1/(m+2)(m+2) whose base 
is the mth Cantor interval associated with M,,. Let W2 denote the collec- 
tion of all R-sets Minm for all sensed pairs of positive integers n and m. This 
process may be continued indefinitely. Thus there exists an infinite sequence 
W,, We, Ws,--+- such that (1) for each k, W, is the collection of all R-sets 
M in,n,---nx for all sensed sets of k positive integers m, m2, - - - , mx, (2) for each 
k, and sensed set of k positive integers m1, m2, M3, - ~~ , Mk, Minjnyny-+-ngnay, 1S 
the R-set of altitude 1/(m,+2)(m2+2) - - - (wz41+2) whose base is the 
(n,+1)th Cantor interval associated with Min,n,---nz, (3) for each n, Mi, is as 
described above. 
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Let M denote the point set which is the sum of M, and all the R-sets of 
the collections W,, We, W;,---. Let K denote the straight line interval 
whose extremities are (0, 0) and (1, 0). The continuum K contains no local 
separating point of M. Nevertheless, though it is a continuum of condensa- 
tion of M, it contains no essential continuum of condensation of M. 


THEOREM 13. If M is a compact continuum and W is a set of collections of 
class 1 each filling up M, and G is the collection of all continua g such that, for 
some point P of M, g is the component containing P of the common part of all 
continua x such that x contains P and belongs to some collection of the set W, 
then G is itself a collection of class 1. 


Proof. The collection G is an upper semi-continuous collection of mutually 
exclusive continua. Suppose there exists a continuum K of elements of G 
which is an essential continuum of condensation of G. There exists a collection 
Q of the set W such that no continuum of the collection Q contains every con- 
tinuum of the set K. For each continuum g of the collection Q let ¢, denote 
the set of all continua of G which are subsets of g. Each set ¢, is a continuum 
of elements of G and the collection of all sets ¢, for all continua q of the collec- 
tion Q is an upper semi-continuous collection T of mutually exclusive con- 
tinua of elements of G. But, with respect to its elements, T is a continuum 
with no continuum of condensation and K is not a subset of any set of the 
collection T. This involves a contradiction. Hence G belongs to class 1. 

With the help of Theorem 13 the following theorem may be easily estab- 
lished. 

THEOREM 14. Jf Q is the collection of all continua that have no essential con- 
tinua of condensation, then every compact continuum has Q-atomic* subsets. 

DEFINITION.{ The continuum M is said to have property N if for every 
positive number ¢ there exists a finite set G of mutually exclusive non-degen- 
erate subcontinua of M such that every subcontinuum of M of diameter 
greater than e contains some continuum of the set G. 


THEOREM 15. If a compact continuum has property N, it is a regular curve. 


Proof. Suppose M is a compact continuum with property N. It is clear 


* If M is a continuum and Q is a topological collection of continua, then the subcontinuum K 
of M is said to be a Q-atomic subset of M provided there exists an upper semi-continuous collection G 
of mutually exclusive continua filling up M such that, with respect to its elements, G belongs to Q 
and such that (1) K is an element of G and (2) if H is any other upper semi-continuous collection of 
mutually exclusive continua filling up M such that H is, with respect to its elements, a continuum of 
the collection Q, then every continuum of the collection G is a subset of some continuum of the collec- 
tion H, or in other words, each continuum of Z is either an element of G or the sum of two or more ele- 
ments of G. (Cf. The Rice Institute Pamphlet, loc. cit.) 

t The Rice Institute Pamphlet, loc. cit. 
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that there do not exist a positive number d and infinitely many mutually ex- 
clusive subcontinua of M all of diameter greater than d. Hence M is a con- 
tinuous curve. Suppose A and B are two distinct points of M. There exists a 
finite set H of mutually exclusive non-degenerate subcontinua of M such that 
every subcontinuum of M of diameter greater than one half the distance from 
A to B contains some continuum of the set H. There exists a finite point set T 
such that each continuum of the set H contains only one point of T and each 
point of T belongs to some continuum of the set H and is distinct from A and 
from B. Every subcontinuum of M that contains A and B contains some con- 
tinuum of the set H and therefore some point of 7. Hence, since M is a con- 
tinuous curve, T separates A from B in M. Therefore M is a regular curve. 


THEOREM 16. In order that the regular curve M should fail to have property 
N it is necessary and sufficient that it should contain an arc AB such that every 
segment of AB contains an end point of an arc in M which has only its endpoints 


in common with AB. 


Proof. That this condition is sufficient was shown in The Rice Institute 
Pamphlet. The necessity will now be shown. Suppose the regular curve M 
does not have property NV. Then there exists a positive number e such that if 
H is any finite set of mutually exclusive non-degenerate subcontinua of M, 
there exists a subcontinuum of M with diameter more than e but containing 
no continuum of the set H. There exists, in M, an arc A,B, of diameter greater 
than e. There exists a finite set H; of mutually exclusive intervals of A,B, such 
that every interval of A,B, of diameter more than 1 contains an arc of the set 
H,. There exists in M an arc A2B, of diameter more than e and containing no 
arc of the set H,. There exists a set H2 of mutually exclusive intervals of A2Be 
such that every interval of A.B, of diameter more than 1/2 contains an arc 
of the set H2. Let K denote the set of all arcs of the set Hz which are not sub- 
sets of any arc of the set . For each arc k of the set K there exists an interval 
h, of k intersecting no arc of the set H;. Let K’ denote the set of all arcs /, 
for all arcs k of the set K, and let 7, denote the set of all arcs of H,; which 
contain no arc of Hs. Let H/ denote the set 7: +(H2—K)+K’. The set H/ 
is a finite set of mutually exclusive arcs. Hence there exists in M an arc A;B; 
of diameter more than e and containing no arc of the set H/. The arc A;B; 
contains no arc either of the set H, or of the set H2. This process may be 
continued indefinitely. It follows that there exist two infinite sequences 
A,B,, A2Be,--- and H,, H2,---~- such that, for each n, (1) A,B, is an arc, 
of diameter more than e, lying in M, (2) H, is a finite set of mutually ex- 
clusive intervals of A,B, such that every interval of A,B, of length more than 
1/n contains an interval of the set H,, (3) the arc An4:B,4: contains no in- 
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terval of any one of the sets Hi, He, - - - , H,. There exists an infinite sequence 
of positive integers m, 2, m3, - - - such that the sequence A,,B,,, An,Bn,, --- 
has a non-degenerate sequential limiting set K. Since M isa regular curve, the 
continuum K is a regular curve and therefore it contains an arc AB. Suppose 
E and F are two points of AB. There exist points Z,, E2, E;, Es, Es, and E, 
lying on AB in the order EE,E,E;E,E;E.F. There exist two mutually ex- 
clusive connected point sets D and R containing E; and Eg respectively and 
such that (1) D and R are both domains with respect to M, (2) D-(AB) isa 
subset of the segment of AB whose endpoints are EZ; and E, and R-(AB) isa 
subset of the one whose endpoints are E; and F. There exists a number 7 such 
that A,,B,, contains neither of the intervals E,£, and E,E; of AB but con- 
tains points X and Y belonging to D and R respectively and distinct from 
E; and E, respectively. There exist arcs XE; and YE, lying in D and R re- 
spectively. The continuum X£;+A,,B,,+YE£, contains an arc E;ZE, with 
endpoints at E; and E,. There exist points O; and O; lying respectively on the 
segments £,E, and E,E; of AB and such that E;ZE, contains neither O, 
nor O;. Let W denote the common part of E;ZE, and the point set which is the 
sum of the intervals AO; and O.B of AB. The point set W is closed and con- 
tains E,. Hence there is a first point of the set W in the order from E; to E, 
on E;ZE;,. Let L denote this point, and let Y denote the last point of the 
interval O,O, of AB in the order from E; to L on the interval E;L of E;ZEg. 
The interval YL of E;ZE, is an arc in M with one endpoint on the segment 
EF of AB and having only its endpoints in common with AB. 


THEOREM 17. Jf AB is an arc and, for each positive integer n, H,, is a finite 
set of points Xin, Xon,- +--+, Xm,n Lying on AB in the order indicated, X;, and 
Xm,n being A and B respectively, and H,, being a subset of Hy+:, and Q, ts a set 
of arcs XinZinXen, XonZonX3ny °° * 5 Xmg—1,nZmq—1,nXm,n ach having only its 
end points in common with AB, and every point of AB is a limit point of the point 
set obtained by adding together all the arcs of the sets Q:, Q2, Qs,--- and Misa 
regular curve containing that point set, then AB is an essential continuum of 
condensation of M. 


Theorem 17 may be established by an argument similar to that employed 
on pages 61 and 62 of vol. XXIII of The Rice Institute Pamphlet to prove 
that a certain straight line interval AB is an essential continuum of condensa- 
tion of a certain continuum M. 


THEOREM 18. If the compact and webless continuum M does not have prop- 
erty N, there exists an upper semi-continuous collection G of mutually exclusive 
continua filling up M such that, with respect to its elements, G is a continuum 
with an essential continuum of condensation. 
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Proof. Suppose M has no essential continuum of condensation. Then, by 
Theorem 36 of Chapter V of P.S.T., it is a regular curve. Hence, by Theorem 
16 of this paper and Theorem 7 of page 67 of vol. XXIII of The Rice Institute 
Pamphlet, there exists an arc AB lying in M such that if ¢ is any segment of 
AB and K is a closed subset of M —#, there is an arc lying in M and having in 
common with AB only its endpoints which belong to ¢. It easily follows that 
there exist two infinite sequences Hi, H2, H3,--- and Qi, Qs, Q3,--- such 
that, for each n, (1) H, isa set of 2” points Xi,, Xen, - - - , Xo",, lying on AB in 
the order indicated, (2) for each odd number # less than 2” there are only four 
points of the set H,4; between the points X;, and X;41,, of the set H,, (3) Q, 
is a set of arcs XinZinXon, X3nZonX in, XbnZanXen, °° * » X2"-1,nZ2"1,nX2",n Cach 
lying in M and having only its endpoints in common with AB and each of di- 
ameter less than 1/n. For each n, let J, denote the set of all points X such 
that X lies on AB between the endpoints of some arc of the set H,. The 
set J, is the sum of 2"-' segments of AB and /,4; is a subset of J,. Let 
T denote the common part of all the point sets of the infinite sequence 
Ih, In, Is,---. The point set T is closed, totally disconnected, and un- 
countable. For each point P of AB—T, let kp denote the component of 
AB-—T that contains P. Let K denote the set of all the point sets kp for all 
points P of AB—T. Let G denote the collection whose elements are the con- 
tinua of the collection K and the points of M that belong to no continuum 
of the collection K. Let L denote the collection whose elements are the con- 
tinua of G which are subsets of the arc AB and, for each m and 7 (<2"), 
let X/, denote the continuum of the collection G that contains X;,. For each 
n and odd number 7 less than 2”, let X{,ZinXts1,, denote the set whose 
elements are X/,, X ‘a1. and the points of XinZinXisi,n Which do not be- 
long to AB. For each n, let H,’ denote the collection whose elements are 
Xii, Xo, ,---, Xs,, and let Q,/ denote the collection whose elements are 
Xl ZinXon , Xae ZanXan y+ +, X*1,nZ2"1nX2",n. Let A’ and B’ denote the 
continua of G that contain A and B respectively. In the space whose “points” 
are the elements of G, (1) L is an arc A’B’ with endpoints at A’ and B’, 
(2) for each n, H,! is a set of points X,,’ , X2,/, - - - , X2*,, lying on A’B’ in the 
order indicated, Xi, and Xz,,, being A’ and B’ respectively, (3) H,’ is a sub- 
set of Hi4:, (4) Q,’ is a collection of arcs each having only its endpoints in 
common with A’B’ and, finally, G is a regular curve and each point of A’B’ 
is a limit point of the point set H/ +H +H; + -- - . It follows, by Theorem 
17, that A’B’ is an essential continuum of condensation of G. 
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CONCERNING CERTAIN TOPOLOGICALLY 
FLAT SPACES{ 


BY 
F. BURTON JONES 


In any space satisfying Axioms 0, 1, 2,3,4, and 5 of R. L. Moore’s Founda- 
tions of Point Set Theory} a large body of Plane Analysis Situs theorems holds 
true. Nevertheless, Moore has an example§ of a completely separable space 
satisfying these axioms which because of its “hilly” character is not homeo- 
morphic with a subset of a plane or a sphere. In this paper Axiom 5 is re- 
placed by an axiom, Axiom 5;*, which is not satisfied by spaces of this “hilly” 
character. As a result, any completely separable (or metric) space satisfying 
Axioms 0-4 and 5} is homeomorphic with a subset of a plane or a sphere. 
However, in the presence of Axioms 0-4 neither of the Axioms 5 and 5; 
follows from the other. 


Axiom 5,|| of Foundations suggests the following two axioms: 


Axiom 5}. If P is a point of region R, there exists in R a domain D con- 
taining P such that the boundary of D is compact.{ 


Axiom 5?. If P is a point of a region R, there exists in R a domain D con- 
taining P such that the boundary of D is connected.tt 


There is, however, a certain amount of similarity between these last two 
axioms. For suppose that a space satisfies Moore’s Axioms 0, 1, and 2 and 


{ Parts of this paper were presented to the Society on October 28, 1933, June 20, 1934, and 
February 23, 1935; received by the editors July 27, 1936. The author wishes to acknowledge his in- 
debtedness and appreciation to Professor R. L. Moore for much encouragement and many helpful 
suggestions during this investigation and for having stimulated his interest in mathematics. 

t American Mathematical Society Colloquium Publications, volume XIII, New York, 1932. 
Hereafter, in this paper, this book will be referred to as Foundations. 

§ This example of Moore’s, although unpublished, has been well known among his students for 
some four or five years. 

|| If P is a point of a region R, there exists a connected domain D containing P and bounded by 
a compact continuum 7 such that D+T is a subset of R. 

q A space satisfying Axiom 5! is said to be locally peripherally compact. 

tt A space satisfying Axiom 5? is said to be locally peripherally connected. 
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Axiom 5}. Then if P is a point of a region R, there exists a region R’ con- 
taining P and lying together with its boundary in R. And by Axiom 5; there 
exists in R’ a domain D’ containing P whose boundary 8 is compact. But 6 
may be covered by a finite collection D,, D2, Ds, - - - , D; of connected do- 
mains such that for each n, n <j, D, is a subset of R—P.{ Let D denote the 
component of R—}~D, which contains P. Thus the following theorem holds 
true and will be used hereafter as 


Axiom 5;*. If P is a point of a region R, there exists in R a domain D con- 
taining P whose boundary is a subset of the sum of a finite number of continua 
lying in R—D. 


In a sense Axiom 5;* is common to both Axioms 5; and 5 in that it 
follows as a theorem from either of them in the presence of Axioms 0, 1, and 2. 
Now let S denote a space satisfying Moore’s Axioms 0, 1, and 2. 


THEOREM A. If Axiom 5¥* holds true at each of two distinct points A and B 
of S and no point of S separates A from B, then there exists in S a simple closed 
curve J containing A and B.§ 


Proof. Let AB denote an arc from A to B.|| If R is a region containing A 
but not B, suppose that there exists no point O of AB-R such that no point X 
of the interval AO of AB separates A from O in R. Then there exists a se- 
quence a of points of AB which converge to A such that if X and Y are 
points of a and X follows Y in a, then X separates A from Y in R. Hence, 
for each point X of a except the first, R—X is the sum of two domains Ux 
and Vx such that Vx contains A and Ux contains every point of a preceding 
X in a. But no point separates A from B; so for each point X of a, there exists 


+ Axioms referred to are stated either in the text of this paper or in Foundations. 
Axiom 0. Every region is a point set. 


Axiom 1. There exists a sequence G,, Go, G3, + + - such that (1) for each n, G, is a collection of regions 
covering S; (2) for each n, Gn4; is a subcollection of Gn; (3) if Ris any region whatsoever, X is a point of 
R, and Y is a point of R either identical with X or not, then there exists a natural number m such that 
if g is any region belonging to the collection Gm and containing X then % is a subset of (R—Y)+X; 
(4) if Mi, M2, Mz,- ++ is a sequence of closed point sets such that, for each n, M, contains My4, and, 
for each n, there exists a region gp of the collection G, such that Myis a subset of Gn, then there is at least 
one point common to all the point sets of the sequence M,, M2, M3,---. 

Axiom 2. If P is a point of a region R there exists a non-degenerate connected domain containing P 
and lying wholly in R. 

t If M denotes a point set, M denotes the point set consisting of M and all the limit points of M. 

§ See Theorem 40 of Chapter II of Foundations and G. T. Whyburn, On the cyclic connectivity 
theorem, Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 429-433. 

|| Theorem 1 of Chapter II of Foundations: If A and B are distinct points of a connected domain D, 
there exists a simple continuous arc from A to B that lies wholly in D. 
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an arc from A to B lying in S—X, and in this arc there exists a segment PE 
lying in R such that AB-PE=P and E belongs to the boundary of R.f There- 
fore, if for no X of a is P identical with A, there exist a subsequence 
Xi, X2, X3,--- of a and a sequence P,E,, P2E2, P3E3, - - - of arcs such that 
for each n (1) AB-P,E,=Pr, (2) En belongs to the boundary of R, (3) P,En 

is a subset of R, and (4) Xn4: separates >. Pil ,E; from A in R. But (1), (2), 

and (3) lead to a contradiction of (4), for since there exists in R a domain D 
containing A whose boundary is a subset of the sum of a finite collection A 
of continua lying in R—D, there exists a continuum H of A lying in R—A 
such that H does not contain more than a finite number of the points 
Xi, Xe, X3,--- but for infinitely many values of n, H contains a point of 
P,,E,. Therefore, either there exists an arc PE which is a subset of an arc 
from A to B such that PE-AB=P=A, or if R is a region containing A but 
not B, there exists a point O of AB-R such that no point of the interval AO 
of AB separates A from O in R. 

Suppose the latter is true. Let Ri, Re, Rs, - - - be a monotonic sequence of 
regions closing down on A and O,, Os, O3, - - - be a sequence of points of AB 
such that, for each , (1) the interval AO, of AB is a subset of R,, (2) no 
point X of AO, separates A from O, in R,. For each n and each point X of 
AO,, there exists an arc Tz, lying in R, and having only its end points in 
common with AB such that the segment S., of AB between these end points 
contains X and is a subset of R,. For each n, there exists a finite collection 
of the segments S,, covering the arc On4:0n42 of AB. But each S.n+T2n is a 
simple closed curve lying in R,. Hence there exists a sequence J;, Jo, Js, - 
of simple closed curves such that (1) for each m, J, and Jn4: have at least two 
points in common, and (2) if R is a region containing A there exists a number 
5 such that if n>6, J, is a subset of R. By Theorem 35 of Chapter II of 
Foundations there exists in }-J, a simple closed curve J, containing A and a 
segment of AB. 

If, on the other hand, there exists an arc PE which is a subset of an arc 
PB from A to B such that PE-AB=P=A, then there exists in PB an arc 
PX, such that P and X;, are the only points PX, has in common with AB. 
But PX,+AX,(of AB) forms a simple closed curve containing A and some 
segment of AB. 

So in either case there exists a simple closed curve J, containing A and a 
segment OF of AB. 3. Likewise, there exists a simple closed curve J containing 
B and a segment VE of AB. Now for each point X of the interval FY of AB, 
there exists an arc T, such that T, has only its end points in common with 
AB, and the segment S, of AB lying between these end points contains X. 


t If AB is an arc with end points A and B, AB is used to denote AB—(A+B). 
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Some finite collection of these segments S, covers the arc FY. Since every 
S.+T, is a simple closed curve, there exists a sequence of simple closed curves 
J, =Ja, J2,- ++ ,Je=Je such that for each n, n<k, J, contains at least two 
points uf Jn4:1. By Theorem 35 of Chapter II of Foundations there exists in 
the sum of these simple closed curves a simple closed curve J containing A 


V HG: 
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The example indicated in Figure 1 is a subset of a plane with the shaded 
portions removed. Except for those points of the arc XAY different from A, 
the boundary points of these shaded portions are not removed. It will be easily 
seen that the result is a connected, connected im kleinen inner limiting sub- 
set of the plane and hence satisfies Axioms 0, 1, and 2. Also Axiom 5; is 
satisfied at every point except A. As a matter of fact, the space is locally 
compact at every point except A. It is also true in this space that if P is a 
point and R is a region containing A, there exists in R an arc (or a simple 
closed curve) separating A from P. The space contains no cut points. Yet 
there exists no simple closed curve containing A and B. 


{ This argument may be slightly modified to establish a proposition somewhat more general 
than Theorem A. 

TueoreM A’. If (1) S is a space satisfying R. L. Moore’s Axioms 0, 1, and 2, (2) neither of the 
distinct points A and B of S is a cut point nor a local end point of S, and (3) no point separates A from B 
in S, then A and B lie on a simple closed curve in S. (See G. T. Whyburn, The cyclic and higher connec- 
tivity of locally connected spaces, American Journal of Mathematics, vol. 53 (1931), pp. 427-442.) 

The modification may be outlined as follows: In the first paragraph of the proof, if A is not a 
local end point, [| Vx contains a point E’ distinct from A which belongs to the component of R that 
contains A. Let AE’ denote an arc from A to E’ in Rand let E’B denote an arc from E’ to B in S—A. 
Then A E’+E£’B contains an arc PE which is a subset of an arc from A to B such that PE-AB=P=A. 
This takes us up to the last sentence of the first paragraph of the proof, which remains unchanged 
from there on. 
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Suppose now that, in addition to Axioms 0-2, S satisfies R. L. Moore’s 
Axiom 4f and Axiom 5;*. 


THEOREM B. The space S is either acyclic or contains no cut point. 


Proof. Suppose that S contains a simple closed curve J. Then it is evident 
from Axiom 4 that S is connected. Suppose that some point X separates S. 
The point X does not belong to J, for it is clear from Axiom 4 that no point 
of a simple closed curve separates S. Let AX denote an arc with end points 
A and X such that AX-J=A. Let M denote the set of cut points of S that 
belong to AX and let B denote the first point of M in the order from A to X. 
The point B is a cut point of S. For if it is not, then B is a sequential limit 
point of a sequence B,, Bz, B;, - - - of M and at the same time lies on a simple 
closed curve C containing a segment of AX which contains B; hence, C con- 
tains points of the sequence B,, Bz, B3,--- which contradicts Axiom 4. But 
since the segment AB of AX contains no point of M, no point separates A 
from B in X and by Theorem A there exists a simple closed curve containing 
A and B which again contradicts Axiom 4. 

It is not the purpose of this paper to treat the acyclic case;{ so we shall 
at this point assume R. L. Moore’s Axiom 3.§ 


1. CONSEQUENCES OF Axioms 0—4 AND 5. 


THEOREM 1. Jf A and B are distinct points, there exists a simple closed curve 
containing A and B. 


THEOREM 2. Jf A and B are distinct points, there exists a simple closed curve 
separating A from B. 


Proof. There exists a simple closed curve J such that J is the sum of two 
arcs AXB and AYB. Since S—J is the sum of two connected domains J and 
E each having J for its boundary, there exist two arcs X,0,Y; and X,02Y2 
such that (1) the points X; and X2 lie on the segment AXB and the points 
Y, and FY; lie on the segment A YB, and (2) the segment X10,Y; is a subset of 
I and the segment X202/2 is a subset of E. The simple closed curve formed by 
the sum of the four arcs X10,V1, X202V2, X:X2(of AXB), and Y,Y2(of AYB) 
separates A from B in S. 


¢ If J is a simple closed curve, S—J is the sum of two mutually separated connected point sets 
such that J is the boundary of each of them. 

t Such a space if connected would be a Regular (Menger) Curve, and these curves have been 
studied considerably already. See Foundations for the definition and references on Regular (Menger) 
Curves. 

§ If O is a point, S—O is connected. 
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THEOREM 3. If P is a point not belonging to the closed and compact point 
set H, there exists a simple closed curve separating P from H. 


Proof. For each point X of H there exists a simple closed curve separating 
P from X. Since H is closed and compact, there exists a finite collection of 
simple closed curves J;, J2, - - - , J, such that if X is any point of H some one 
of them separates P from X. For each integer i, i<n, let T; denote an arc 
from J; to J; lying in S—P and let M denote the compact continuum 
IitJot+ » ++ +Jn4+Ti+T2+ ---+T,. The continuum M separates P from 
H —H-M. Now for each point X of M there is a simple closed curve separat- 
ing X from P. Let Cy, Cs, - - - , C; denote a finite collection of these whose 
interiors with respect to P as the point at infinity} cover M. By Theorem 13 
of Chapter III of Foundations, C}+C2+ - -- +C; contains a simple closed 
curve separating P from M and hence, separating P from H. 

With the help of Theorem 3, the arguments of R. L. Moore with slight 
modifications prove that a number of the theorems of Chapter IV of Founda- 
tions hold true in this space. Of these the following five theorems will be used. 


THEOREM 4. Jf the points A and B belong to different components of the 
closed and compact point set M, there exists a simple closed curve separating A 
from B and containing no point of M (Theorem 10 of Chapter IV of Founda- 
tions). 


THEOREM 5. /f a and B are two connected point sets and neither of the two 
mutually exclusive closed and compact point sets H and K separates a from B, 
then H+K does not separate a from B (Theorem 16). 


THEOREM 6. If the common part of the closed and compact point sets H and K 
is a continuum and neither H nor K separates the point A from the point B, 
then H+-K does not separate A from B (Theorem 18). 


THEOREM 7. No arc separates S (Theorem 19). 


THEOREM 8. If the points A and B are separated from each other by the closed 
and compact point set M then they are separated from each other by a continuum 
which is a subset of M and which contains no proper subset that separates A 
from B (Theorem 24). 


THEOREM 9. If the compact continuum K does not separate the point A from 
the point B and G is a finite collection of compact continua such that (1) the com- 
mon part of any two elements of G is a subset of K, and (2) if H is any element of 
G, H does not separate A from B and H -K is either connected or vacuous, then 
K+G* does not separate A from B. 


t For the definition of certain terms and phrases used without definition in this paper the reader 
is referred to Foundations. 
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Theorem 9 may be established by a finite number of applications of Theo- 
rems 5 and 6. 


THEOREM 10. Jf AXB is an arc and J is a simple closed curve separating 
A from B, then J+AXB contains a simple closed curve J, separating A from B 
such that J,- AX B is connected. 


Proof. Let A; and B, denote the first and last points respectively that the 
arc AXB has in common with J. Let AYB denote an arc from A to B not 
containing any point of the interval A,B, of AXB. Let G denote the col- 
lection of all simple closed curves C in J+AXB such that C-AXB is con- 
nected and C-AYB is not vacuous. The collection G is finite. Let K denote 
A,B,+(J —J-G*).¢ The point set K is a continuum containing no point of 
AYB; hence, K does not separate A from B. Since the common part of any 
two elements of G is a subset of K and the common part of K with an ele- 
ment of Gis connected, if no simple closed curve of the collection G separated 
A from B, then by Theorem 9, K+G* would not separate A from B. But 
K+G* contains J and separates A from B. Therefore some element J; of G 
separates A from B. 


DEFINITIONS. Suppose that P is a point of a domain Q, and A is a collec- 
tion of continua whose sum separates P from the boundary of Q such that 
each continuum of A lies in a component of Q—P whose boundary contains 
P but no component of Q—P contains more than one element of A. Then 
(1) A is said to be minimalt with respect to Q and P, (2) A is said to minimally 
separate P from the boundary of Q, and (3) if D is a domain containing P 
whose boundary is a subset of A*, A is said to surround D minimally with re- 
spect to Q and P. 


THEOREM 11. Jf A is a collection of continua which surrounds a connected 
domain D minimally with respect to a domain Q and a point P, then (a) each 
component of Q—P whose boundary contains P, contains one and only one ele- 
ment of A, and (b) no component of D—P has boundary points in more than one 
element of A. 


Proof. Consider (a). By definition, if C is a component of Q—P whose 
boundary contains P, then C contains not more than one element of A. But 
since S—P is connected, the boundary of C also contains a point of the 
boundary of Q; hence C must contain at least one element of A. Therefore C 
contains one and only one element of A. 


+ If G denotes a collection of point sets, G* will be used to denote the sum of the elements of G. 
t The term minimal is used here because if A were finite no collection of fewer elements would 
separate P from the boundary of Q. 
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Next consider (b). Suppose that there exists a component J of D—P which 
has boundary points in more than one element of A. Let C denote the com- 
ponent of Q—P which contains J. Then C contains more than one element of 
A. But since D is connected, the boundary of C contains P. This is a contra- 
diction of (a). 

THEOREM 12. If P is a point of a domain Q, not S, there exist in Q a finite 
collection A of continua and a connected domain D containing P such that A 
surrounds D minimally with respect to Q and P. 


Proof. Let D; denote a domain lying in Q and containing P whose bound- 
ary is a subset of the sum of the elements of a finite collection A, of continua 
lying in Q—D,. Let N denote the sum of all the continua of A; which lie in 
components of 0 —P whose boundaries contain P. If H and K are components 
of N lying in the same component C of Q—P, let T denote an arc in C from 
a point of H to a point of K. Let A denote the collection of all components of 
the point set obtained by adding N to the sum of the arcs T. The collection A 
minimally separates P from the boundary of Q. Let D denote the component 
of Q—A* which contains P. Then the boundary of D is a subset of A* and 
hence A surrounds D minimally with respect to Q and P. 


DEFINITION. If a domain is connected and contains one of the complemen- 
tary domains of each simple closed curve lying in it, then it is said to be 
simply connected. 


Derinition. If D is a connected domain and D contains one of the com- 
plementary domains of each simple closed curve lying in D, then D is said to 
be simply connected and D is said to be strongly simply connected. 


THEOREM 13. Space is simply connected. 


THEOREM 14. Jf D is a connected domain and there exist a collection A of 
continua, a domain Q, and a point P of D, such that A surrounds D minimally 
with respect to 0 and P, then D is simply connected. 


Proof. Suppose, on the contrary, that there exists in D a simple closed 
curve J such that neither of its complementary domains, J and E£, is a subset 
of D. Since J lies in D, both J and E contain points of D and, therefore, points 
of the boundary 8 of D. Let T denote an arc lying in S—P irreducible from 
8-I to8-E. The segment T intersects J and, hence, is a subset of D. Therefore 
T lies in Q—P and contains points of two different continua of A. This contra- 
dicts Theorem 11. 


THEOREM 15. If P is a point of a domain Q, there exists in Q a simply con- 
nected domain D containing P. 
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Theorem 15 is a consequence of Theorems 12, 13, and 14. 


THEOREM 16. Jf D is a connected domain, every component of S—D is 
strongly simply connected. 


Proof. Let C denote a component of S—D. Let J denote a simple closed 
curve lying in C, and let J denote the interior of J with respect to a point w 
of D. Suppose that X is a point of D and belongs to 7. Then X+1 is a con- 
nected point set containing w and a point of J but no point of J. This is a 
contradiction. 


THEOREM 17. If D is a complementary domain of a locally compact continu- 
ous curve M and P is a point of the boundary of D, then K=D+P is a con- 
nected, connected im kleinen inner limiting set. 


Proof. It is evident that K is a connected inner limiting set. It is further- 
more evident that K is connected im kleinen at every one of its points with 
the possible exception of P. Suppose that K is not connected im kleinen at P. 
Then there exists a simply connected domain Q containing P such that (1) 
the component C of Q-K that contains P is not open with respect to K at the 
point P, and (2) Q-M is compact. Hence there exists a sequence a of points 
of K converging to P such that each point of a belongs to some component of 
Q-K but not to C and no two points of a belong to the same component of 
Q-K. There exists a point O of K not belonging to Q, for otherwise 0-K =K 
would be connected and open with respect to K at P. For each point X of a 
let XO denote an arc from X to O lying in D, and let Y denote the first point 
in the order from X to O that XO has in common with the boundary of Q. 

Now let Q; denote a domain lying in Q and containing P such that (i, 
the boundary of Q;, is a subset of the sum of a finite collection A of continua 
lying in Q—Q,. For infinitely many points X of the sequence a the interval 
XY of the arc XO contains a point of some one of the continua of the finite 
collection A. Hence there exists a continuum H of A such that for infinitely 
many points X of a the arc XY contains a point of H. Now let Dy and Dp 
denote connected domains lying in Q and containing H and P respectively 
such that Dy: Dp =0. 

For each point X of a such that X lies in Dp and the arc XY contains 
some point of H, let TX denote an arc lying in Dp such that T belongs to M 
but the segment 7X is a subset of D, and let Z denote a point of XY -H. 
Now since Dy lies in Q and contains points of more that one component of 
Q-K, Dz contains some point of M. For each Z let ZW denote an arc lying in 
Dy such that the segment ZW is a subset of Q and W is a point of M. Thus 
for some infinite subsequence x1, %2, %3,--- of a there correspond sequences 
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of points Ti, Tz, T3,--- and Wi, We, W3,--- such that (1) the points 
r _ T;,--- belong to Dp-M, (2) the points Wi, W2, Ws,--- belong to 

M, (3) for each n n, T Xn tXn Z, +X,W,, contains an arc T,,W, lying in Q, 
pe (4) if m¥n, TnWn and T.Vi W,, are mutually exclusive and lie in different 
components of Q-K. Since M is a continuous curve, Q-M is compact and 
Du-Dp=0, there exist two mutually exclusive connected subsets dp and dy 
of Q- M which are open with respect to M such that for infinitely many values 
of m and in particular for the three different values a, b, and c of n, T, and W, 
lie in dp and dy respectively. Let 7,7, and T,7. denote arcs lying in dp and 
W.W, and W.W. denote arcs lying in dy. There exist three arcs AO,B, AO.B, 
and AO.B lying in T.T,+T.W.t+W.W,, T.T,.+T.WitW.Wi, and 
T.T.+T.W.+W.W. respectively and having only their end points A 
and B in common. By Theorem 5 of Chapter III of Foundations, the sum 
of one pair of these three arcs, say AO,B and AO-.B, forms a simple closed 
curve J lying in Q and whose interior 7 with respect to a point w of the 
boundary of Q contains the other segment, AOvB. Hence J contains the com- 
ponent C of Q- K which contains TW», for C contains no point of J. However, 
C has limit points in the boundary of Q. But since Q is simply connected, 
T is a subset of Q. This is a contradiction, and K is connected im kleinen at P. 


THEOREM 18. If D is a complementary domain of a locally compact continu- 
ous curve, and P is a pownt of the boundary of D, then P is accessible from D. 


Theorem 18 follows immediately from Theorems 1 and 10 of Foundations 
and Theorem 17. 


A number of the intuitive propositions of the plane concerning abutting 
and crossing arcs hold true. Although some of these will be used in arguments 
to follow, they will not be stated and the reader is referred to Chapter IV, 
Theorems 28-32, of Foundations for their precise statement and proof. Some 
of these proofs must be modified, however, to be valid for the set of axioms 
used here. 


THEOREM 19. An arc is accessible from both sides at any interior point. 


THEOREM 20. A ray separates space into at most two connected domains. 


Proof. Suppose, on the contrary, that there exists a ray PB such that 
S ~PB contains three components. There exist three arcs A,B,, A2B2, and 
A;B; no two of which contain points of the same component of S —PB 
such that (1) for each 7, (i=1, 2, 3), A,B;-PB=B,, and (2) B, belongs to 
the interval PB:, and B; to the interval PB;, of PB. By Theorems 7 and 9, 
M =A,B,+A2B:.+A;B;+PB; does not separate space. By Theorem 18 the 
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points A;, Az, and A; are accessible from S—M. Thus for each 7, i=1, 2, 3, 
there exists an arc A,B! lying in (S—_M)+A; and having only the point B/ in 
common with PB. For each i, i=1, 2, 3, let J; denote the simple closed 
curve composed of A;,B;, A,B/ and the interval B,;B; of PB, and let J; de- 
note that complementary domain of J; whose common part (if any) with PB 
is compact. Either (1) 7; contains A», or (2) J3 contains Ae, or (3) J: contains 
A,, or (4) J: contains A;. Any one of these four possibilities leads to a contra- 
diction. For instance, suppose that J; contains A». Since J,-PB is a subset of 
PB,, it is clear, by Theorems 9 and 18, that J,+A; contains an arc from A; to 
A; not intersecting PB. 


THEOREM 21. Jf the arc AB is a subset of the connected domain D and 
D—AB is connected, then D contains a simple closed curve separating A from B. 


Proof. Since the arc AB is accessible from both sides at an interior point O, 
there exist two arcs EO and FO abutting on AB from different sides such that 
neither EO nor FO has any point except O in common with the arc AB. The 
arcs EO and FO contain points E; and F,, respectively, such that the inter- 
vals £,0 and F,0 of EO and FO respectively lie in D. In D—AB there exists 
an arc £,F;, and in E,O+£,F,+ F,0 there exists a simple closed curve J 
which lies in D and separates A from B. 


THEOREM 22. If P is a point of a connected domain Q, then there exists a 
region R containing P such that if X is a point of R—P, X lies in a simple 
domain which together with its boundary is a subset of Q. 


Proof. If 0 is S, the theorem is evident from Theorem 2. Suppose that the 
boundary of Q is not vacuous and that the theorem is false. 

Then there exists a sequence a of points X of Q—P converging to P such 
that X does not lie in a simple domain which together with its boundary is a 
subset of Q. Let p denote a monotonic sequence of simply connected domains 
D closing down on P. Let D; denote an element of p lying in Q. It is clear from 
Axioms 3 and 5#* that Q,—P contains only a finite number of components. 
One of these components C; contains two points X; and X:2 of a. Let 7; de- 
note an arc from X, to X2 in C;. Let Dz denote the first element of p which 
follows D, and contains no point of 7;. One of the components of D.—P con- 
tains two points X; and X, of a and an arc T: from X; to X4. Let D; denote 
the first element of p not containing a point of 7;+-T2. Then D;—P contains 
an arc T; whose end points are points of a. This process may be continued. 
Thus there exists a sequence of mutually exclusive arcs 7, T2, T3, - - - con- 
verging to P such that for each n, T,, is a subset of D, —P and the end points 
of T,, are points of a. By the preceding theorem, for each n, T, separates Dy. 
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For each n, one of the components of D,—T, does not contain P and in this 
component there exists a segment W, having one end point in 7, and con- 
taining no point of 7:+72+ --- +7,4. By Theorems 7 and 9, P+7,+T:2 
+ ----+T, does not separate space. Hence there exists a segment W,’ lying 
in D,—(P+7,+T72+ ---+T7,) having one end point in W, and the other 
end point in the boundary of D,. For each let L, denote the component of 
D,—(P+7:+T2+ ---+T7,) which contains W,+W,/. Then for each n, T, 
separates L, from P in D,, and L,, contains points of both T, and the bound- 
ary of D,. By Axiom 5 there exists in D; a domain U which contains P and 
whose boundary is a subset of the sum of a finite number of continua lying 
in D,—U. There is a continuum H of this set which, for infinitely many values 
j of n, contains a point of L; while U contains T;. But if & is the smallest value 
of 7, P+H+)-L; is a connected point set in Di—T7; containing P and Ly. 
This is a contradiction. 

DerrnitTrions. If P is a point and there exists a sequence of simple domains 
closing down on P, then P is said to be a simple point. A non-simple point is 
said to be an edge point. 





FIGURE 2 


If from the plane of Figure 2 the shaded domains and their boundaries 
except for the points P are removed, the result is a space which satisfies 
Axioms 0-4 and 5;*. The points P are edge points while all other points are 
simple points. 

THEOREM 23. The set of simple points is everywhere dense. 


Proof. Suppose that R is a region. With the help of repeated applications 
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of Theorem 22 it may be shown that there exists a sequence D,, De, Ds, - - - 
of simple domains lying in R such that, for each n, (1) D, contains Dn41, and 
(2) D, lies in some region of the collection G, of Axiom 1. By (4) of Axiom 1, 
there is a point P common to Dy, Ds, Ds, - - - and hence, to Dy, Ds, Ds, - - - ; 
and by (3) of Axiom 1, P is the only common point. The point P is simple and 
lies in R. 


THEOREM 24. No completely separable point set contains uncountably many 
edge points. 

Proof. Let H denote the collection of all edge points belonging to a com- 
pletely separable point set M. If X is a point of H, there exists no sequence of 
simple domains closing down on X. Hence for each point X of H, there exists 
an integer m, such that no region of G,, of Axiom 1 contains a simple domain 
containing X. If H is uncountable, there exist an integer k and an uncount- 
able subset K of H, such that if X is a point of K, n.=k. Since M is completely 
separable, K has a point P of condensation. Let Q denote a connected domain 
containing P and lying in a region of G; of Axiom 1. By Theorem 22 there 
exists in Q a region R containing P such that every point X of R—P is con- 
tained in a simple domain lying in Q. This is clearly a contradiction. 


THEOREM 25. If M is a countable set of simple points, S—M is arc-wise 
connected. 


This theorem may be proved without using Axioms 4 and 5# by a modi- 
fication of R. L. Moore’s prooff of Theorem 1 of Chapter II of Foundations.t 
The kernel of this proof is the construction of a sequence Ci, C2, Cs,- - - of simple 
chains of connected domains from a point A to a point B such that for each n, 
C,* contains C,*,; and the common part of the point sets C*, C#*, C#,--- isan 
arc from A to B. Now for each n, C,* is a connected domain, and it is easy to 
see that no finite number of simple points disconnects a connected domain. 
Hence if (1) A and B are two distinct points of S—M, (2) M=Pi+P:2 
+.---+P,+---,and (3) for each m the chain C, is constructed so that C,* 
contains no point of P:+P2+ - -- +/P,, then the arc from A to B of Moore’s 
construction will not contain any point of M. 


THEOREM 26. If M is a countable set of simple points, S—M is cyclicly 
connected. 


Proof. If A and B are any two points of S— M, then by Theorem 25 there 
exists an arc AXB in S—M. With the help of Theorems 5, 7 and 17, and 


t Cf. J. R. Kline, Concerning the complement of a countable infinity of point sets of a certain type, 
Bulletin of the American Mathematical Society, vol. 23 (1917), pp. 290-292. 
t See footnote p. 54. 
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Theorem 9 of Chapter II of Foundations, one may show that S ~—AXB isa 
space satisfying Axioms 0, 1, 2, and 3. Hence by Theorem 25 there exists an 
arc AYB lying in S—(M+AXB). The sum of the two arcs, AXB and AYB, 
is a simple closed curve lying in S— M and containing A +B. 


THEOREM 27. No compact set of edge points separates two simple points from 
each other. 


Proof. Suppose that A and B are two simple points and that M is a com- 
pact set of edge points. Suppose that x is any fixed integer. Then there exists 
from A to B a simple chain of simple domains such that each element of the 
chain is a subset of some region of G, of Axiom 1. For suppose the contrary. 
Let H, denote the set of all points X such that there exists from A to X a 
chain of simple domains whose elements are each a subset of some region of 
G,,. Since A is a simple point, H,4 is a connected domain. This domain does 
not contain B, and its boundary 8 is a subset of M. Hence £ is a closed and 
compact point set which separates A from B. By Theorem 8 and Axiom 3, 
8 contains a non-degenerate continuum separating A from B. Hence M is 
uncountable, which contradicts Theorem 24. 

Now with the help of Theorem 9 of Chapter II of Foundations and Theo- 
rem 5 one may show that a simple domain is a space satisfying Axioms 0-4 
and 5;*, and that the complementary domain of a point is also such a space. 
Let M=P,+P2+P3;+ ---. Let Ci denote a simple chain of simple domains 
from A to B such that (1) each element of C; is a subset of some region of Gi, 
and (2) C* does not contain P;. Now the boundary of the domain C¥# is a 
closed and compact point set not separating A from B; so there exists a simple 
closed curve separating it from A+B (Theorem 3 in modification). Hence 
there exists in C# a simple domain D, containing A +B. Let C2 denote a sim- 
ple chain of simple domains from A to B such that if c is an element of Do, 
(1) € is a subset of some element of Cj, (2) ¢ is a subset of some region of Go, 
and (3) ¢c does not contain P:. This process may be continued, and by Theo- 
rem 80 of Chapter I of Foundations, C*#-C#-C#- --- is a continuum. Hence 
M does not separate A from B. 

As a matter of fact the above process may be carried out along the lines 
of the proof of Theorem 1 of Chapter II of Foundations, so as to show that 
S—M is arc-wise, and even cyclicly, connected. 

Nevertheless, a countable but non-compact set of edge points may sepa- 
rate two simple points from each other as is shown by the following example. 
Let space consist of all points of the number plane whose ordinates are not 
zero together with those whose ordinates are zero but whose abscissas are 
rational. If (X, Y) is a point whose ordinate Y is not zero, then for each integer 
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such that 1/n<| |, let V,(X, Y) denote the point set consisting of all points 
which lie at a distance less than 1/m from (X, Y). If (X, Y) is a point whose 
ordinate Y is zero and whose abscissa X is rational then for each integer n, 
let V,(X, Y) denote the point set consisting of (X, Y) together with all points 
which are interior to the isosceles triangles bounded by the lines whose equa- 
tions are y=1/n, y= —1/n, y=n(x—X), and y= —n(x—X). These point sets 
V,, shall be called regions, and for each integer , G, of Axiom 1 shall denote 
the collection of all of the point sets Vn4,, g=0, 1, 2,---. It can be shown 
that Axioms 0-4 and 5¥ hold true in this space. Furthermore, the space is 
completely separable and locally compact at all but a countable nowhere- 
dense set of points. Let M denote the set of all points whose abscissas are 
rational and whose ordinates are zero. Each point of M is an edge point. If A 
and B are points with positive and negative ordinates respectively, M sepa- 
rates A from B, and the point set H of the above argument consists of all 
points whose ordinates are positive. 


THEOREM 28. No compaci set of edge points separates space. 


Theorem 28 is a consequence of Theorems 23 and 27. 


Derinitions. If D; and Ds are domains such that D, contains De, and T 
is a segment lying in D,—Dz having one end point on the boundary of D; 
and the other on the boundary of Dz, then T is said to cross D,— D2. Further- 


more, if C is the component of D,—D: which contains T, then T is said to 
cross C. Also the arc T is said to cross D,; — Dz and to cross C. 


DerFmiti0n. If D, and D2 are domains such that D,; contains Ds, C is a 
component of D,—D», and T1, Tz, and 7 are segments crossing C, then if 
T. separates T, from 73 in C, Tis said to be between T, and 7; in C, and 7: is 
said to be between T, and T; in C. 


THEOREM 29. Suppose that D, and Dz are simply connected domains such 
that D, contains Dz but no simple domain lying in D, contains Dz, C is a com- 
ponent of D:—Ds, and T1, T2, and Ts are three mutually exclusive segments 
crossing C. Then one and only one of these segments is between the other two in C. 


Proof. That not more than one of these segments lies between the other 
two in C is an immediate consequence of a well known theorem. 

Suppose that no one of them is between the other two in C. Then either 
(1) C—(T1+72+7s) contains a component W which has limit points in each 
of the three segments, or (2) C—(T1+72+Ts) contains three mutually ex- 
clusive components Wi2, W13, and W2; having limit points in the segments 
indicated by their subscripts. 








68 F. B. JONES [July 


Case I. Suppose (1). holds. Then there exists in W three mutually exclu- 
sive segments AA, AAz, and AAs having a common end point A in W 
such that A;, As, and A; belong to Ti, T2, and 7; respectively. For each 2, 
i=1, 2,3, let O; and P; denote the end points of T; which belong to the bound- 
aries of D, and Dz» respectively. Since D2 is connected, there exist in 
Di—(T:+T2+Ts:+AA1+AA2+4As) three mutually exclusive segments 
BB, BBs, and BBs having a common end point B in D2 and having their 
other end points B,, Be, and B; in the intervals A,P; of 7:1, A2P2 of T2, and 
A;P; of T; respectively. If AB,B denotes AA,+A,B(of A,P,)+BB,, 
n=1, 2, 3, then the segments AB,B, AB.B, and AB;B are mutually ex- 
clusive. By Theorem 5 of Chapter III of Foundations, the sum of two of 
these arcs, say AB,B and AB;B, forms a simple closed curve J whose in- 
terior J with respect to O, contains the segment from A to B of the other 
one. Since D, is simply connected, J is a subset of D;. But T2 contains Bz 
and no point of J and is, therefore, a subset of 7. Hence J contains O2. This 
is a contradiction. a 

Case II. Suppose (2) holds. There exist segments A,Bs, B,As, and B,As 
lying in Wi3, W23, and Wy: respectively and having end points on the arcs 
T,, T2, and T; as indicated by the subscripts in the notation. The point set 
A,B;+A,B,(of 7:)+B,A2(of T2)+B2A;+A3B;(of T;) is a simple closed 
curve J lying in D,;—Dsz. Since D, is simply connected, one of the comple- 
mentary domains J of J is a subset of D,. The domain 7 either contains 
Dz or is a subset of D,—Ds2. By hypothesis D,; contains no simple domain 
containing Ds. Hence J is a subset of C—(T1+T72+Ts) and has limit points in 
each of the three segments T;, T2, and T3, which is Case I again. 

The reader can see that any collection of mutually exclusive segments 
crossing C would, in accordance with this notion of between, have a linear 
order in C. 


THEOREM 30. Suppose that D,, D2, and Ds are simply connected domains 
containing the point P such that (1) Ds contains D2, (2) Ds is surrounded 
minimally with respect to D, and P by a finite collection A of continua lying 
in D,—Ds, and (3) D; contains no simple domain containing P. Then if C is a 
component of D,—Dz, T is an arc crossing C, and J is a simple closed curve 
separating T from P, J contains two arcs T, and T, which cross C such that T 
is between them in C. 


Proof. Let R denote a connected domain lying in D,:—D,-J and contain- 
ing the end point A of T which is on the boundary of D2. Now in R+D, there 
exists an arc AP from A to P, such that J- AP is a subset of an interval A’P’ 
of AP lying in D2. By Theorem 10, J+AP contains a simple closed curve Ji 
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separating A from P such that J,-AP is connected; but J;-AP is a subset of 
A’P’ and is, therefore, a subset of D2. Since D, is simply connected but con- 
tains no simple domain containing P, J; contains a point O not belonging 
to D;. The point set J:—(J:-AP+0) is the sum of two mutually exclusive 
segments OX and OY, where X and Y belong to AP (and Y belongs to the 
interval XP of AP) and the arcs OX and OY abut on AP from different sides. 
Both OX and OY contain arcs which cross D;—D». Let T, denote the first 
interval of OX in the order from X to O that crosses D,— De, and let T; de- 
note the first interval of OY in the order from Y to O which crosses D,— Ds. 
Now C contains an element of A and if U denotes the component of D,—P 
which contains C, U has no point in common with any other component of 
D,—Dz because A is a minimal collection with respect to D, and P. Hence 
T, and T, cross C. Let X’ and Y’ denote the end points of 7, and 7, respec- 
tively which are on the boundary of D2. The intervals XX’ of OX and YY’ 
of OY lie in D,. 

Suppose that T is not between 7, and 7, in C. Then there exists an arc 7; 
in C irreducible from T, to T; not intersecting T. Let W denote the last point 
that OX has in common with 7;, and let Z denote the last point that OY has 
in common with 7). The intervals WX of OX and ZY of OY are subsets of 
T.+XX’ and T,+YY’ respectively, and hence, are subsets of D,; further- 
more, WX and ZY abut on AP from different sides. Now J2=Ji:-AP+WX 
+WZ (of T:)+ZY is a simple closed curve lying in D, not containing P, or a 
point of 7, or a point of the segment PY of AP. Since Dy is simply connected, 
one of the complementary domains J of J2 is a subset of D:. But since D,; does 
not contain a simple domain containing P, both P and T must be subsets of 
the other complementary domain E of Jz. Now AX contains an arc which 
abuts on J from the side opposite PY of AP, and since both A and PY are 
in D, AX must intersect Jz. Let A: and A2 denote the first and last points 
respectively that AX has in common with J». The segments AA, and A2X 
of AX lie in E and J respectively. The segment AX does not intersect J 1; SO 
AX-Jzis a subset of T;. Hence AA; and AoX abut on 7; from different sides. 
Let R’ denote a connected domain lying in D, and containing A but no point 
of 7:+7,.+T7;. Then in R’+D, there exists an arc FG irreducible from A A; to 
A2X. The simple closed curve J3=FG+GA2(of A2X)+A1A2(of 71) +AiF (of 
AA;) lies in D,, contains no point of T.+T7,, but crosses the arc 7;. Hence, 
T, and T, lie in different complementary domains of J;. This is impossible, 
for since D, is simply connected, one complementary domain of J; is a subset 
of Dy. 

THEOREM 31. In order that space be metric, it is necessary and sufficient that 
space be completely separable. 
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Proof. That a space satisfying Axioms 0 and 1 is metric if it is completely 
separable has been shown by R. L. Moore.} Hence, this space is metric if it 
is completely separable. 

It will now be shown that if space is metric, it is completely separable. 
Let P denote an edge point, and let R denote a region containing P but con- 
taining no simple domain containing P. Since R is not S, by Theorems 12, 
14, and 15, there exist in R three simply connected domains D,, D2, and D; 
such that Ds contains Ds, and D; is surrounded minimally with respect to D, 
and P by a collection A of continua lying in D:—D;. The domain D, contains 
no simple domain containing P. Let C denote a component of D;—Ds. 

Suppose that there are two mutually exclusive arcs 7; and T_, crossing C. 
Let a denote a well-ordered sequence (whose first element is 7) of all arcs T 
which cross C such that either (1) T is 7;, or (2) 7; lies between T_; and T 
in C. Let a’ denote a subsequence of a such that (1) the first element of a’ 
is 7, and (2) if an element 7 of a’ is not 7;, then T is the first element of a 
which neither intersects a preceding element of a’ nor lies between two pre- 
ceding elements of a’. Every element of a either intersects an element of a’ 
or lies between 7; and some element of a’, and between any element of a’ 
and the next following element in a’ there is no element of a’. 

The sequence a’ is countable. For suppose that a’ is uncountable. For 
each arc T of a’ let dr denote the distance from T to the next element of a’. 
There exist a number ¢ and an uncountable subsequence a of a’ such that 
if T belongs to a! , dr >e. Let T: denote the first element of a’ such that T is 
preceded in a’ by infinitely many elements of a/. Let L denote an arc from 
T, to T2 lying in C. Infinitely many elements of a/ are between 7; and 72 
in C and therefore intersect L. Consequently, there exists in C a connected 
domain D of diameter less than ¢«/2 which contains points of two different 
elements T and T’ of a/, such that T precedes T’ in a’. Then, the first ele- 
ment of a’ which follows T in a’ is either T’ or lies between T and T’ in C 
and intersects D, which is a contradiction. The same may be done for the 
collection of all arcs T such that T_, lies between T, and T in C. Hence there 
exists a countable collection G of arcs crossing C, such that any arc which 
crosses C either intersects an arc of G or lies between two arcs of G. This was 
on the assumption that there exist two mutually exclusive arcs crossing C. 
It is evident that G exists if this is not the case, for there exists at least one 
arc which crosses C. 

For each pair of arcs of G let L denote an arc in C which contains points 
of both of them, and let M, denote the sum of all these arcs together with the 
sum of the elements of G. Then if T is any arc which crosses C, T intersects 


t See Foundations, p. 464. 
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M.. Since each component C of D,—Dz contains an element of A, there are 
only a finite number of them. Hence M=)°M, is a closed and completely 
separable subset of D:—P which separates P from the boundary of D,. Let 
Q denote the component of D,—M which contains P. Then Q contains P and 
lies in R, and the boundary of Q is completely separable. Thus, if P is an edge 
point of a region R, there exists in R a domain containing P whose boundary 
is separable. This is also true if P is a simple point of a region R. Therefore, 
space is locally peripherally separable. By a theorem of the author’s such a 
connected, connected im kleinen metric space is completely separable. 


THEOREM 32. If space is completely separable and P is a point, there exists 
a sequence of simple domains Q, Qo, Qs,-- + bounded by simple closed curves 
Ji, Jo, Js, ++ + respectively, such that (1) for each n, Q,, contains Ons, and (2) if 
M is a closed and compact point set not containing P, there exists an integer n 
such that Qn does not contain a point of M. 


Proof. Let G denote the collection of all simple domains D such that D 
is a subset of S—P. By Theorem 2, G covers S—P, and since space is com- 
pletely separable, G contains a countable subcollection Di, Dz, D3, - - - which 
covers S—P. For each n let C, denote the boundary of D,. Let J; denote the 
boundary of a simple domain containing P. For each n, n=2, let J, denote a 
simple closed curve separating P from the closed and compact point set 
CitCet - ++ +CaatJitJe+ +--+ +Jn1, and let Q, denote the comple- 
mentary domain of J, which contains P. Then Q;, Qe, Qs, --- is the required 
sequence of simple domains. For if M is any closed and compact point set, 
there exists an integer k such that Di+D2.+ ---+D; covers M. Hence, if 
n>k, Qn contains no point of M. 


DEFINITION. Suppose that D is a connected domain. If there exist a collec- 
tion A of open curves, a simply connected domain Q, and a point P of D, 
such that (1) Q contains no simple domain containing P, and (2) A surrounds 
D minimally with respect to Q and P, then D is said to be pseudo-simple, and 
in particular, D is said to be pseudo-simple with respect to Q and P. 


THEOREM 33. If space is completely separable and D, is a simply connected 
domain containing an edge point P but containing no simple domain contain- 
ing P, then D, contains a domain D which is pseudo-simple with respect to D, 
and P. 


Proof. Let D2 and D; denote simply connected domains containing P such 
that (1) D; contains De, and (2) D; is surrounded minimally with respect to D, 


1 A theorem concerning locally peripherally separable spaces, Bulletin of the American Mathe- 
matical Society, vol. 41 (1935), pp. 437-439. 
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and P by a finite collection A’ of continua lying in D,—D;. By Theorem 32 
there exists a sequence of simple domains Q;, Q2, Q3, - - - bounded by simple 
closed curves J/:, J2, J3, - - - respectively, such that (1) for each m, Q, contains 
Ons, and (2) if M is a closed and compact subset of S—P, there exists an 
integer m such that Q, contains no point of M. Let C denote a component of 
D,—Daz, and let G denote the collection of all arcs JT such that T crosses C 
and for some n is a subset of J,. If T and 7” are arcs of G, T-T’ =0. Since 
D, is simply connected but contains no simple domain containing P, for each 
n, J, contains a point of S—D,. Furthermore, let AP denote an arc lying in 
D, and in the component of D,—P which contains C; then there exists an 
integer m such that Q,, does not contain A; so if m>m, J, contains a point 
of the segment AP anda point of S—D,, and therefore contains at least two 
arcs of G. However for each n, J,, contains at most a finite number of arcs of G. 
Hence G is countably infinite. Furthermore, suppose that L is an arc lying in 
C from one arc of G to another arc of G. There exists an integer m2 such that 
if n>m2, 0, contains no point of L. Hence, between any two arcs of G there 
are only a finite number of arcs of G. Each arc of G is between some two arcs 
of G. For, if T is an arc of G, there exists an integer such that J, separates 
T from P. By Theorem 30, J, contains two arcs which cross C such that T 
is between them in C. 

Let a denote a well-ordered sequence whose elements are the elements 
of G. Let N; and N,» denote the first two elements of a. Let N2 denote the 
first element of a such that N; is between No and Nz in C. Let N_, de- 
note the first element of a such that No is between N_, and JN, in C. This 
process may be continued. The sequences Ni, Ne, N3,---, Nu,--- and 
No, Ns, N-2,---, N-«,-++ may or may not be simple sequences, but 
since each is countable, the first contains a simple countable subsequence 
T,, Tz, Ts, - +--+ running through it and the second contains a simple count- 
able subsequence To, T_1, T_2, - - - running through it, such that if T is any 
arc crossing C, there exists an integer m such that T is between 7, and T_, 
in C, and such that the linear order of these arcs in C is the same as the order 
in the sequences. 

Since C contains one and only one of the continua of A’ and by Theorem 
31 space is metric, there exists in C a connected domain C’ such that (1) C’ 
contains this element of A’, and (2) C’ is a subset of C. For each pair of con- 
secutive integers (positive or negative), a and b with a<J, let U, denote an 
arc irreducible from T, to T, lying in C’, and let M, denote the interval of T, 
between the end points of U, and U,_; in T,. The point set >. M, is closed, 
since each M, is for some m a closed subset of C-J,, for each m J, contains 
only a finite number of the arcs of G, and the limiting set of Ji, J2, Js, --- is 
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the point P. Also }-U, is closed; for suppose that O is a limit point of the set 
>U., not belonging to it. The point O belongs to C’ and therefore, to C. There 
exist a connected domain V lying in C and containing O but not intersecting 
more than one of the simple closed curves J, J2, Js, - - - , and an infinite col- 
lection H of segments U, such that if 0, is a segment of H, U, intersects V. 
Hence, V +H is a connected subset of C not intersecting more than one of 
the arcs Ti, T2, T3,---, To, T-1, T-2,--- , but having limit points in infi- 
nitely many of them. This is a contradiction. So L=)>(M.+U.) is closed 
and is, because of its method of construction, an open curve. 

Now suppose that T is any arc crossing C. There exists an integer m such 
that T lies between T,, and T_, in C. Hence T intersects that interval of L 
which is irreducible from JT, to T_,. Furthermore, if this process is carried 
out in each component of D,— Dz and A denotes the collection of open curves 
so obtained, A* separates P from the boundary of D,, and since no component 
of D,—P contains more than one element of A’, no component contains more 
than one element of A. Hence, A is minimal with respect to D, and P. 

Let D denote the component of S—A* which contains P. The domain D 
is pseudo-simple with respect to D, and P. 


THEOREM 34. If L is an element of a collection of open curves which sur- 
rounds a pseudo-simple domain D minimally with respect to a simply connected 
domain Q and a point P, and C is the component of D—P whose boundary con- 
tains a point of L, then no ray of L separates C from the boundary of Qin S—P. 


Proof. Suppose the contrary is true. Then Z contains a ray BBs such 
that B, belongs to C and B,B2+P separates C from 8, the boundary of Q. 
By Theorem 18, C+P+B8, contains an arc PB, from P to B;. The ray 
PB:=PB,+B,B2 separates C—C-PB, from 8, and by Theorem 20, S— PB: 
is the sum of two connected domains J and E where J contains C—C- PB: 
and is a subset of Q and E contains 6. Let EF; and £2F2 denote two arcs in C 
which abut on PB, from different sides. The points E; and E; both belong 
to C—C-PB, and, hence, to J. Therefore J contains an arc £,E, from E, to E., 
and £,E.+£,Fi+FiF2(of PB:)+£2F: contains a simple closed curve lying in 
Q one of whose complementary domains lies in Q and contains P. This is a 
contradiction. 


THEOREM 35. If L is an element of a collection A of open curves which sur- 
rounds a pseudo-simple domain D minimally with respect to a simply connected 
domain Q and a point P, then no two segments lying in D abut on L from differ- 
ent sides. 


t Two segments abut on a ray or open curve from different sides provided the ray or open curve 
contains an arc on which the segments abut from different sides. 
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Proof. Suppose, on the contrary, that D contains two mutually exclusive 
segments which abut on L from different sides. It follows, using Theorem 
11(b), that there exist an arc A,A2 and two segments, A,B, and A,Bz, all lying 
in the same component C of D—P, such that the segments A,B and AsBe 
abut on LZ from different sides and the point set J = A,B,+B,B.(of L)+AcBe 
+A, is a simple closed curve lying in Q. One of the complementary domains 
of J is a subset of Q. Hence, L contains two rays, B,Be and B.B,, whose com- 
mon part is the arc B,B, one of which has the property that it together with P 
separates C from the boundary of Q. This is a contradiction of the preceding 
theorem. 


THEOREM 36. If D is a pseudo-simple domain with respect to a simply con- 
nected domain Q and a point P, B is the boundary of D, and J is a simple closed 
curve lying in D such that J -B is connected, then one of the complementary do- 
mains of J is a subset of D. 


Proof. Let A denote a collection of open curves which surrounds D mini- 
mally with respect to Q and P, let L denote the element of A which contains 
J -B, and let C denote the component of D—P which contains J-(D—P). By 
Theorems 7 and 9, J-8+P does not separate space, and there exists an arc T 
from a point of L—J-L to a point on the boundary of Q which contains no 
point of J. One of the complementary domains J of J is a subset of Q. There- 
fore, J contains no point of T and, with the help of Theorem 35, it may be 
shown that J contains no point of L. But J does not contain P.t Hence, since 
I contains points of C, J is a subset of C and, consequently, of D. 


THEOREM 37. If D is a pseudo-simple domain, L is an element of a collec- 
tion A of open curves which surrounds D minimally with respect to a simply 
connected domain Q and a point P, and OX and O'X’ are arcs lying in S—D 
except for their end points X and X’ which lie on L, then the arcs OX and O'X' 
abut on L from the same side. 


Proof. With the help of Theorems 11(b) and 34 it can be shown that there 
exists an arc FF’ lying in D except for the end points F and F’, which lie on L, 
such that the interval FF’ of L contains X and X’ as interior points. Then 
by Theorem 36, J =FF’+FF’(of L) is a simple closed curved one of whose 
complementary domains is a subset of D. The other complementary domain 
of J contains the segments OX and O'X’. Hence, the arcs approach FF’ of L 
and, therefore, L from the same side. 


THEOREM 38. If D is a pseudo-simple domain with respect to a simply con- 
nected domain Q and a point P, and OX and O'X’ are arcs which have their 


t From the definition of a pseudo-simple domain, Q contains no simple domain containing P. 
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end points X and X’ in an element L of a collection A of open curves which sur- 
rounds D, but have no other points in common with the boundary of D, and ap- 
proach L from different sides, then one of these arcs lies in D and the other lies 
in S—D. 

Theorem 38 is a consequence of Theorems 35 and 37. 


THEOREM 39. If A is a collection of open curves which surrounds a pseudo- 
simple domain minimally with respect to a simply connected domain Q and a 
point P, then the boundary of D is A*, and every point of A* is accessible from D. 


Proof. Let X denote a point of an open curve L of A, and let AXB denote 
an interval of A containing - X as an interior point. By Theorem 19 there exist 
two segments, EX and E'X, which abut on AXB at X from different sides. 
The segments, EX and E'X, contain segments, FX and F’X, respectively, 
which abut on LZ from different sides and do not contain P or any point of 
the boundary of D except X. By Theorem 38 one of the latter two segments 
is a subset of D. 


THEOREM 40. If X is a point of the component L of the boundary B of a 
domain D which is pseudo-simple with respect to a simply connected domain Q 
and a point P, and M is a closed and compact point set not containing X, there 
exists a simple closed curve lying in S—(D+M) whose common part with B is 
an interval of L containing X as an interior point, and whose interior with re- 
spect to P contains no point of M. 


Proof. Let XP denote an arc from X to P lying in D+-X, and let J de- 
note a simple closed curve separating X from P such that J: XP is a con- 
nected subset of D. The curve J contains a point of S—D. Let O denote the 
first point that XP has in common with J, and let AOB denote the interval 
of J containing O and lying in D except for its end points A and B which 
lie on L. The interval AB of L contains X because one of the complementary 
domains of the simple closed curve AOB+AB i is a subset of D and since it 
can not contain P, it must contain the segment OX of XP. Let AZB denote 
the arc of J such that J=AXB+AZB. In the order A, Z, B, let Ay denote 


the last point that AZB has in common with the ray XA of L, and let B, de- 
note the next point that AZB has in common with £ if it is not in L. Let LZ; 
denote the component of 6 containing B,, and let A, denote the last point 
that AZB has in common with J). Let B; denote the next point that AZB has 
in common with £ if it is not in L, let Lz denote the open curve of 6 containing 
Bz, and let Az denote the last point that AZB has in common with L2. This 
process can be continued (for a finite number of steps) until for some integer 
n the next point that AZB has in common with 6 following A, is a point By of 
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L. Since Ao precedes By in AZB, By belongs to the ray AB of L. Let J, denote 
the simple closed curve A oX Bo(of L) +A oB,(of AZB)+A,B,(of L;)+AB2(of 
AZB)+ --+ +AnB,(of AZB)+A,B,(of L,)+A,Bo(of AZB). (See Figure 
3.) It is clear that if B, exists, J; lies in S—D, because by Theorem 11(b) any 





FIGURE 3 


segment lying in D having its end points in different components of 8 contains 
P,and J; does not contain P. Now in case J; = AoXB,(of L) +A By(of AZB), 
suppose that A Bo lies in D. Then J; lies in D and B-J; is connected; so by 
Theorem 36 one of the complementary domains J of J; is a subset of D. Let 
P’X denote an arc lying in J except for X which is on the boundary of J. 
Now J does not contain P and J; does not intersect PX +P; hence, J does 
not contain PX, and therefore PX and P’X abut on AXB from different 
sides. But since both PX and P’X lie in D, this contradicts Theorem 35. 
Thus in either case J; is a subset of S—D. By Theorem 16 one of the com- 
plementary domains /, of J; is a subset of S—D and is the interior of J; with 
respect to P. Let X’ denote a point of J:—J,-L, and let Jz denote a simple 
closed curve separating X from P+M+X’. Let J; denote the interior of J2 
with respect to P. By Theorem 11 of Chapter III of Foundations, J,+J:2 con- 
tains a simple closed curve J; such that (1) J, the interior of J; with respect 
to P, is a subset both of J, and of J2, and (2) J3-Z is an arc containing X as 
an interior point. Let A’X’B’ denote an arc lying in J; except for points A’ 
and B’ which belong to J;- A(X and J3- BX respectively. Then J,= A’XB’ (of 
L)+A‘X’B’ is a simple closed curve lying in S—(D+M) whose interior with 
respect to P is a subset of 7; and hence, contains no point of M. Furthermore, 
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the common part of J, with 8 is the arc A’XB’ which is an interval of L 
containing X as an interior point. 


TueoreM 41. If D is a pseudo-simple domain, then S—D is connected. 


Proof. The boundary 8 of D is the sum of a finite number of mutually 
exclusive open curves J, Lz, --- , L;. By Theorem 40 there exists, for each 
point X of 8, a simple closed curve Jx such that Jx is a subset of S—D and 
Jx-8 is for some n Sj an interval Tx of L, containing X as an interior point. 
Let Jx denote the complementary domain of Jx which does not contain D. 
By Theorem 16, Jx is a subset of S—D. Now for each n, n <j, let D, =>-Ix 
for X on L,. All the segments Jy — Tx for X on L, lie in S—D and abut on L,, 
from the same side. Hence the domains /x overlap, so that D, is a connected 
subset of S—D. Furthermore, if T is any arc in S—D which abuts on L, at a 
point X, it abuts on L, from the same side as Jxy —Tx, and hence, contains 
points of Jy and D,. So for each nj, only one component of S —D has 
boundary points on L,. 

Now suppose that S—D is not connected. Then there exist two mutually 
exclusive domains H and K such that S-D=H+K. Since space is con- 
nected, both H and K have boundary points in 8, but for no n, n Sj, does L, 
contain boundary points of both H and K. Hence 8-H and 8-K are mutually 
exclusive closed point sets. Let AB denote an arc in S—FP irreducible from 
B-H to B-K. Now since each D,, n<j, belongs either to H or to K, 
8=8-H+8-K; so AB contains only two points A and B of 8, and these 
points belong to different open curves of the collection LZ, Ls, - - - , L;. There- 
fore, since AB does not contain P, the segment AB lies in S—D, and hence, 
contains a point of J, and a point of Jz. But, since 74 and J, belong to H 
and K respectively, this is a contradiction. 


THEOREM 42. Every pseudo-simple domain is strongly simply connected. 
This theorem is a consequence of Theorems 16 and 41. 


DeriniTion. A domain D is said to be internally simple provided that for 
each point X of D there exists a simple domain containing X and lying to- 
gether with its boundary in D. 


THEOREM 43. If Dis a pseudo-simple domain with respect to a simply con- 
nected domain Q and a point P, then each component of D—P is internally 
simple. 

Proof. Let U denote a component of D—P, and let X denote a point of U. 
Let AP denote an arc from A to P lying except for P in U. By Theorems 2 
and 10 there exists a simple closed curve J crossing XP. If J intersects the 
boundary of D, then J contains an arc AYB crossing XP and lying except 
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for the points A and B of L in D. Let J; denote the simple closed curve 
AB(of L)+AYB. One of the complementary domains of J; is a subset of D 
and contains X. Let Jx denote a simple closed curve separating J; +P 
‘from X. If J does not intersect the boundary of D, let Jx denote J. Then, 
one of the complementary domains Jx of Jx contains X, and Jxy+Jx is a 
subset of U. Hence, U is internally simple. 


Tueorem 44. If D is a pseudo-simple domain, S—D is internally simple. 


Proof. The domain D is pseudo-simple with respect to a domain Q and a 
point P. Let A denote the collection of mutually exclusive open curves whose 
sum is the boundary of D, and let Z denote an element of A. Let X denote a 
point of S—D, and let AX denote an arc irreducible from L to X and con- 
taining no point of A*—L. Suppose that S—(D+AX) is the sum of two 
mutually exclusive domains H and K. Because no arc separates space, both 
H and K have boundary points in A*. Furthermore, because of Theorem 40 no 
element of A—L contains points of both A*- H and A*-K, nor does either of 
the rays of L from A contain points of both A*- H and A*-K. Let AP denote 
an arc in D+A from A to P. Since AX+AP does not separate space, there 
exists an arc T irreducible from A*-H to A*-K in S—(AX+AP). Now the 
segment T is a subset of S —D, for if T were a subset of D, it would have one 
end on one ray of L from A and the other end on the other ray from A with- 
out intersecting AP, which by Theorems 35 and 36 is impossible. But it is 
also impossible for T to lie in S—D, for in this case H and K would have 
boundary points in the same open curve of A. Hence, S—(D+AX) is con- 
nected. 

Let EYF denote an arc lying except for Y in S—(D+AX) and crossing 
AX at the point Y. Since S—(D+AX) is connected, there exists an arc 
EZF lying in it from E to F. The sum of the arcs, EYF and EZF, contains a 
simple closed curve J crossing AX at the point Y whose interior with respect 
to P is a simple domain J containing X such that J+J is a subset of S—D. 


THEOREM 45. Jf D, and Dz are pseudo-simple domains with respect to do- 
mains Q, and Q2 and a point P respectively, Q2 is a subset of D,, and C is a com- 
ponent of D:—Ds, then C is an internally simple, strongly simply connected 
domain. 

Proof. The component C is strongly simply connected; for if a simple 
closed curve J is a subset of C, then by Theorems 16 and 41 the interior J 
of J with respect to P is a subset of both D, and S—Dn. 

If X is a point of C, then by Theorems 43 and 44 there exist two simple 
domains, J, and Js, each containing X such that T, and J are subsets of D,; —P 
and S—D, respectively. By Theorem 12 of Chapter III of Foundations, I;-I: 
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contains a simple domain Jx which contains X and whose boundary is a sub- 
set of the sum of the boundaries of J; and J2.f Therefore, Jx is a subset of C, 
and C is internally simple. 


THEOREM 46. Jf D is an internally simple, simply connected domain and 
AB is an arc lying in D except for its end points which belong to the boundary 
of D, then D—D-AB is the sum of two mutually exclusive, internally simple, 
simply connected domains, each having AB on its boundary. 


Proof. For each point X of AB let Ix denote a simple domain containing 
X such that Tx is a subset of D. Let Jx denote the boundary of Jx and let C 
denote a simple closed curve separating X from A+B+Jx. By Theorem 10, 
C+AB contains a simple closed curve C’ separating X from A+B+Jx, 
whose common part with AB is the sum of two continua. Let A’XB’ denote 
the interval of AB containing X such that A’XB’-C’=A’+B’. One of the 
complementary domains I’ of C’ is a subset of D and contains the segment 
A’XB’. The point set J ’_4'XB’ is the sum of two simple domains J x; and 
Ix2, one on one side of AB and the other on the other side of AB. Now if the 
subscripts 1 and 2 are so used so that all the domains Jx; for X on AB are 
on the same side of AB and all the domains J x: are on the other side of AB, 
D,=dIn and D;=)Ixz are two connected domains which are subsets of D. 
Now each point O of D—AB may be joined to a point of AB by an arc OE 
lying in D— AB except for its one end point E, and OE must intersect either 
D, or Dz. If for each 1, i=1, 2, H; denotes the set of all points O such that the 
segment OE intersects Di, then H, and Hz are connected domains and 
A,+H2:=D—- —AB. But if D is simply connected, no arc segment lying in 
D can abut on AB from different sides since neither A nor B belongs to D. 
Hence H, and H; are mutually exclusive, and AB belongs to the boundary of 
each of them. 

Now suppose that J is a simple closed curve lying in H;. One of the com- 
plementary domains J of J is a subset of D. Therefore, J contains no point of 
AB. But J has limit points in H,, namely, the points of J, and hence contains 
points of H,. Consequently J is a subset of Hi, and therefore H, is simply 
connected. Likewise, H2 is simply connected. 

Let X denote a point of H,. Since D is internally simple, there exists a 
simple domain Jy containing X and lying together with its boundary J; 
in D. By Theorem 3 there exists a simple closed curve Jx separating X from 
Jx +AB. The curve Jx is a subset of Hi, and hence one of its complementary 
domains J is a subset of H,; and contains X. Consequently, H; is internally 
simple and likewise H; is internally simple. 


t The notation here does not correspond to that of Theorem 12 of Chapter III of Foundations. 











80 F. B. JONES |July 


THEOREM 47. If D is an internally simple, simply connected domain, B is 
the boundary of D, J is a simple closed curve lying in D, and AB is an arc ir- 
reducible from J to the boundary of D, then D—(J +AB) is the sum of two 
mutually exclusive, internally simple, simply connected domains, one having J 
for its boundary, and the other having for its boundary J+AB+8. 


Theorem 47 may be established by methods similar to those used in prov- 
ing Theorem 46. 


THEOREM 48. If D is a pseudo-simple domain and AB is an arc lying in 
S—D except for the points A and B which lie on the boundary of D, then 
S—(D+AB) is the sum of two connected domains whose boundaries have as 
their common part the arc AB. 


Proof. From Theorems 16, 41, 44, and 46, S—(D+AB) is the sum of two 
connected domains whose boundaries contain AB in their common part. And 
if 8 denotes the boundary of D, it is clear from Theorems 38 and 40 that this 
common part cannot contain a point of 8—(A+B). 


THEOREM 49. If under the hypothesis of Theorem 45, AXB is an arc lying 
in C except for the points A and B which lie on the boundary of C, then C —~AXB 
is the sum of two connected domains whose boundaries have as their common part 
the arc AXB. 

Theorem 49 may be proved by an argument similar to that of the preced- 
ing theorem if we use Theorems 45 and 46 and a theorem similar to Theorem 
40 and established in a similar manner. 

DEFINITION. Suppose that X,, X2, X3, and X, are points of 8, the bound- 
ary of a pseudo-simple domain. Then X,+X; is said to ordinally separate X2 
from X;, on § if there exists a simple closed curve J whose common part with 
B is X,+X3 and which separates X2 from X,. 


THEOREM 50. Suppose that D is a pseudo-simple domain, B is the boundary 
of D, and X1, X2, X3, and X, are four distinct points of B. Then one pair of them 
ordinally separates the other two on B; and if X, +X; ordinally separates X2 from 
X, on B, then (1) X2+X, ordinally separates X; from X; on B, (2) every simple 
closed curve J containing a point of D and S—D such that J-B=X,+X;3 sepa- 
rates X2 from X4, but (3) Xi1+X2 does not ordinally separate X3 from X4 on B. 


Proof. Let X,A X2 and X,BX;2 denote arcs lying except for X; and X2 in D 
and S—D respectively. Suppose that J’ =X,A X.+X,BX; does not separate 
X; from X,4. Now let AX; and BX; denote arcs lying except for X3; in D and 
S—D respectively, such that AX;-J’=A and BX;-J’=B. With respect to 
X,, the interior of the simple closed curves formed by one pair of the three 
arcs AX,B, AX2B, and AX;B contains the other arc segment. Hence, one 
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pair of the points X,, X2, X3, and X, ordinally separates the other two on £. 

Suppose that X,+X; ordinally separates X2 from X, on 8. Then there 
exists by a construction similar to that of the above paragraph two arcs 
X.AX;, and X2BX, lying except for X2 and X; in D and S—D respectively 
whose sum is a simple closed curve separating X, from X;. If J is a simple 
closed curve containing a point of D and a point of S—D whose com- 
mon part with 6 is Xi:+X3, then J is the sum of two arcs X,A’X; and 
X,B’X; lying except for X; and X; in D and S—D respectively. Let C de- 
note the simple closed curve X2AX,+X2BX;,. By a double application of 
Theorem 10, C+X,A’X3+X,B’X; contains a simple closed curve C’ whose 
common part with X,A’X; is connected and whose common part with X,B’X3 
is also connected and which separates X2 from X,. It is clear now that J sepa- 
rates X2 from X4. 

Now suppose that X,+X;2 ordinally separates X3 from X,on 8. Then there 
would exist a simple closed curve, having the properties of J in the preceding 
paragraph, which does not separate X2 from X,. This is impossible if X,+X3 
ordinally separates X2 from X,. | 

Arguments of a similar nature show that if order on 8 is interpreted by 
the notion of ordinal separation, then we have 


THEOREM 51. If 8 is the boundary of a pseudo-simple domain, the points 
of B have a cyclic order which preserves the ordinary order on any open curve 
component of B. 


THEOREM 52. Suppose that D, and D: are pseudo-simple domains with re- 
spect to domains Q,; and Q2 and a point P respectively, Q2 is a subset of D,, Xi, 
Xe, X3, and X4, and Y;, Yo, Ys, and Y, are the end points of four mutually ex- 
clusive arcs T:, Tz, Ts, and T, which cross D,—Dz. Then if X:+ Xs ordinally 
separates Xo from X4 on B,, the boundary of D,, then Y,+-Y2 ordinally separates 
Y2 from Y4 on Be, the boundary of D2, and conversely. 


Proof. Let X:A X2 denote an arc lying except for the points X; and X; in 
S—D,, and let Y,BY; denote an arc lying except for the points Y; and V3 
in D2. Let J denote the simple closed curve 71+Xi14AX3+73+YiBY;3. Since 
X,+X; ordinally separates X2 from X, on (1, J separates X2 from X,. But J 
does not intersect JT, or T, and hence, J separates Y2 from Y,. Therefore, 
Y,+Y:2 ordinally separates Y2 from Y, on f:. Likewise, the converse is true. 


2. CONSEQUENCES OF Axioms 0—4, 5;* AND 7 


Axiom 7. The set of all points is completely separable.t 


{ This axiom is numbered 7 because it is so numbered in Foundations. See Foundations, p. 412. 
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The purpose of this section is to outline an argument showing that a 
space satisfying Axioms 0-4, 5*, and 7 is a subset of a space satisfying 
Axioms 0-4, 5*, and 7 which contains no edge points. Considerable detail 
will be left to the reader, and notation introduced in a definition, when used 
subsequently without explanation, will be understood to have the significance 
given it in the definition. 

DEFINITION. Suppose that P is an edge point. Suppose, furthermore, that 
there exist for each ”, a pseudo-simple domain D, containing D,,1 whose 
boundary £, is the sum of a finite number of open curves, Lm, Lnz, - - +, Laan, 
and for each m and q, gS4qn, two sequences of mutually exclusive arcs, 
Tinay T2nay*** and T_4,nq, T-2,nq, °° *, crossing D,—D,4: such that, de- 
noting Tm,nq°Bn ANd Tming* Bust BY Xm.nqg ANd Vm ng respectively, 

(0) for each n, D, is pseudo-simple with respect to P and a domain Q, 
which is a subset of a region of G, of Axiom 1, which is in turn a subset of 
Dia, Do=S; 

(1) for each m, Lng contains X m,ng; 

(2) for each n, the points X1,n1, Xe,n1,°°° 5° °°, X-2,n2, X—1,n2, X1,n2, 
Bes « ** 5 ** 4+ *%¢ de, Bets Mes Meats **<5** *s De 
X_1,n1 have on 8, the cyclic order indicated ;f 

(3) for each Vn ng, there exists an integer r, r2q, such that Xm,cnstr 


= | 
(4) for each m and q, g Sn, neither of the sequences, T1,n¢, T2,ng, °° * and 
T_i,nq, T'-2,nq,*** has a sequential limit set. Let Ws denote the point set 


consisting of P together with all the sets L,,, and Tm,ng. Such a set, Ws, is said 
to be a radial web skeleton about P. 


THEOREM 53. Jf R is a region containing an edge point P, R contains a 
radial web skeleton about P. 


Theorem 53 may be proved with the help of Theorems 15, 18, 32, 33, 45, 
and 52 and a method similar to that of Theorem 33. 

DEFINITION AND NOTATION. Suppose that Ws is a radial web skeleton 
about an edge point P. For each m and g, ¢g Sqn, Lng of Ws is the sum of two 
rays L*, and L;, having only one point in common and containing X1,n¢, 
Xeinq, °° * aNd X_i,ng, X~2,ng, °° * respectively. Such rays are said to be rays 
on B, and to have the cyclic order of the points X,,.,. The point set Ws is 
said to connect pk to Lins1yr if T1,ng contains points of both of them. Likewise, 
Ws is said to connect L,, to Liny1r if T-1,ng contains points of both of them. 


7 When an integral subscript letter is followed by a comma, its range is both the positive and 
negative integers. 

t This order is selected arbitrarily on (; : then it is transferred from A, to 2, from Bz, to B3,- ++ by 
the arcs Tn,ng using Theorem 52. 
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THEOREM 54. Suppose that Ws is a radial web skeleton about an edge point 


P, and Ws connects Ly, to Ling1yr and Lyy to Lonstye. Then if g' =q+1, r’=r+1, 
and conversely. 


FiGurRE 4 


Proof. Suppose on the contrary, for instance, that 7,1. contains a point 
of Li and of L3 while 7_:,12 contains a point of Ly and of Lz. Since 


Ti,:1.+T-1,2+P does not separate space, there exists an arc T from Lx to fp; 
of Ws lying except for its end points in D,—De. Let T-8;=X and T-f2.=Y. 
Since Y is between Yi, and Y_1,12 on Be, X is between Xi,11 and X_1,12 on 6; 
by Theorem 52. Hence X is either on the subray of Zi, from Xj,1 or on the 
subray of Ly2 from X_1,12. Suppose the former, and a similar argument will 
apply to the other case. Since the sequence of arcs T1,1, T2,, 73,1, - - - has 
no sequential limit set, there is some one of them, 7,11, which has no point 
in common with T such that Xm, is between X and X_;,12 on §;. But Van 
belongs to Lz; and is not between Y and Y_1,2 on (2, which contradicts 
Theorem 52. 

A similar argument will show the converse to be true; that is, if r’=r+1, 
then g’=q+1. 

DEFINITION. Suppose that Ws is a radial web skeleton. Then Ly, and 
Liat) Of Ws are said to be adjacent rays on Bn. 


THEOREM 55. Suppose that Ws is a radial web skeleton. Then Ws connects 
each pair of adjacent rays on B, to a pair of adjacent rays on By+:, and if Ws 


Tt When g=gn, g+1 is to be interpreted as 1. 
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connects either of a pair of adjacent rays on B,, to a ray on B,-1, then Ws connects 
this pair to a pair of adjacent rays on By-1. 


Notation. If Ws is a radial web skeleton, let C,,, denote the component of 
D,—Dn4: whose boundary £,, contains L,, of Ws. 


THEOREM 56. If Ws is a radial web skeleton, then Bnq-Bn41 is the sum of a 
finite collection Hq of consecutive rays on 8,4: consisting of two extreme rays, 
Lingtyg Ond Lingyg’, Gq’, and all other rays on Basi between Linx: and 
Lingiyg3 and Livy, and Ling1yy are the only rays of Hq which are connected by 
.Ws to rays of Bn. 


THEOREM 57. If Ws is a radial web skeleton and n and q are integers such 
that neither Ly, nor Licq+1) of Ws is connected to a ray on Bn_1 by Ws, then there 
exists a sequence of mutually exclusive arcs Uyng, Ung, Ustna,--~ Tt such 
that (1) for each m, m>0, Umng is an arc from Xmnqg tO X—m,n(q+1) lying 
except for these two points in Dn+—D,, Do=S, and (2) the sequence has no 
sequential limit set. 


Proof. Let C denote the component of D,_1—D, whose boundary con- 
tains Ly, +Licqi1, and let L denote C-8,1.t Let G denote the collection of 
all simple domains which lie together with their boundaries in C. By Theo- 
rems 44 and 45, G covers C. Since space is completely separable, G contains 
a countable subcollection J;, J2, Js, - - - covering C. For each integer m, m>0, 
let M,, denote an arc irreducible from J,, the boundary of J,, to L lying 
except for one end point in C. By Theorem 47, C—C-(Jn+M,,) is the sum 
of two connected domains, J,, and £,,, where the boundary of £,, consists of 
J m+M » together with the boundary of C. For each m, let U'njn.; denote an arc 
from X m,ng tO X—m,n(q+1) lying except for these end points in £,,. By Theorem 
49, U'ntng) Separates C into two internally simple, simply connected domains. 
One of these domains V» has for its boundary U‘,nq plus the subray of Lz, 
from Xm,nq and the subray of Li¢g41) from X_m,n¢¢41), and contains no point 
of Im. If the arcs U‘ntng) are mutually exclusive, then they form the sequence 
Urtngi, Ustag, Ustna,***- If this is not the case, let Uitng =Uitag and 
V,=V/i, and suppose that Uijng)-U2nq is not vacuous. Let A,B; and A2B: 
denote intervals of U1n¢) and U2, respectively which lie in C and contain 
U itn): U2tng» By Theorems 10 and 45 and Theorem 13 of Chapter III of 
Foundations, there exists a simple closed curve J lying in C and separating 
A,B,+A2Bz from Xo,ng+X~—2,n(g41) Such that the common part of J with each 
of the intervals A2Xo,n, and BeX_2,n¢q41) Of Usted is connected. Now since 


t This notation, [ng], is used to restrict n and g to values for which the hypothesis of Theorem 57 


is satisfied. 
t When n=1, C-{n_1 is to be interpreted as a point of L,,. 
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pi and | are subsets of V; and contain no points of Vz , J con- 
tains an arc AB lying in V;- Vz except for A and B irreducible from A2X2,,, to 
BoX _2,n(q41)- Let Vain =AB+AXoe.ng of A2Xe,ng+BX~2,n¢ 941) of BoX _2.n¢941), 
and let V2 denote the component of V;— Uetng) Which has the subray of Lx, 
from X2,nq and the subray of Ln(q41) from X~_2,n¢¢41) on its boundary. The do- 
main V2 is a subset of V;- Vz . This process may be continued and the required 
sequence of arcs constructed, for it is clear that since Vi> V2>V3> --- and 
Vi-V2-Vs- - - - =0, the sequence of arcs has no sequential limit set. 
Notation and construction. Now on a radial web skeleton it is possible 
to construct what will be called a radial web. Let Ws denote a radial web 
skeleton about an edge point P. For each integer triplet, m (positive or nega- 
tive), 7 >0, and 0<qq,, there exists a continuous reversible transformation 
of the point set Tn,ng—Vm,ng Of Ws into the number set 1/n2=¢>1/(n+1). 


FiGcureE 5 


Let X‘n,nq denote the point of 7n,.g Whose transform is the number ¢. Then, 
of course, Ximnqg=X%%q. Let p denote a countable set of numbers everywhere 
dense on 0<¢<1 and containing all the reciprocals of positive integers ex- 
cept 1. For each pair of positive integers, m and g, g<qn, and for each ¢ of p 
such that 1/n=t>1/(n+1), let L’,, denote an open curve lying in C,, such 
that (1) Li,=Ln, if t=1/m, (2) Li, intersects Tm,ng in the point X‘,,,,, and 
(3) if ¢ and ¢’ are different numbers of p, L.,- Lig =0. Since p is countable, 
these open curves may be constructed one at a time by the use of Theorem 18 
and repeated applications of Theorem 46. 

For each pair of integers, m and g, n>0 and q<q,, such that L;, is not 
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connected by Ws to a ray on 8,1, there exists by Theorem 57 a sequence 
Uttng, Urna, Ustna, * > * Of mutually exclusive arcs such that (1) for each m, 
m>0, U ming is an arc from Xmng to X—m,n(¢+1) lying except for these points 
in D,-1—D,, Do=S, and (2) the sequence has no sequential limit set. For each 
tof p, let 8'=>0% Ln. The point set W consisting of Ws together with all the 
point sets Bt and Unng is called a radial web about P, and Ws is said to be 
the skeleton of W. 

Notation and definition. If Xm,,_ is a point of a ray on 8, of the skeleton 
Ws of the radial web W which is not connected to a ray on Bn. by Ws, let 
Nm.tnq denote P+>>”_ Tm,rp,, Where p,=q and for r>n, p, is the integer such 
that Xm,.rp,=V m,(r-1)p,-,- For each [ng] and m, m>0, let Jmtnq denote the 
simple closed curve N m,{ngj + U mtnq +N —m.{ncq+1}, aNd let I ming] denote the com- 
plementary domain of J mtn Which contains J m+41tnq —P.f For each ¢ of p, let 
U'‘ntnq denote the interval of Jmtngj—P which is irreducible from one com- 
ponent of 8‘ to another component of 8‘ with ¢<1/n. 

For each pair of values, ¢’ and ¢’’ of p, t’>t’’, let B'xtnq denote the point 
set consisting of the interval of Nmtnq between 6” and B*’, when both ?’ 
and ¢’’ are less than 1/n, together with the rays of 8“ and B*” from the end 
points of this interval which intersect Nmiitng. It is clear that —- 
separates space into two mutually exclusive connected domains, one of 
which, J‘ntng), is a Subset of Imag, is the sum of an infinite number of 
simple domains, and has a for its complete boundary. For each m, 
m>0, let Rirtng denote I'n.tnq +lem.tnces}- The boundary, Bertng, Of Retina 


“ne 


is Bir tng) +B m.tncasy)- Let Ping denote the collection of all domains Riitng, 
where t’’ <t<t’. The collection P{,.; will be hereinafter referred to as an ideal 
point.t The set of ideal points, >°,P{nq, will be called the spur Ning and 


> Ning Will be called the cluster at P or about P. 

THEOREM 58. For each [nq], the sequence Jin, Jone; Jang, °° has P for 
its sequential limit set and Iyngq\-Iotnqg-Tatng, °° * =0. 

THEOREM 59. For each m,W —W->- tna ming is @ closed and compact point 
Set. 

THeorEM 60. If Ping is an ideal point and M is a compact point set, there 
exists a number 5 and an integer m, such that if 0<t' —t'’ <5,m>~m, and Riving 
belongs to Ping, then Rining contains no point of M. 

THEOREM 61. Jf tis a number of p and M is a compact point set, there exists 
a number m such that if m>m, then for no [nq] does U'ntng contain a point of M. 


+ The point sets Umng) may intersect the sets 8‘ in more than one point. 
t This is analogous to a method used by R. L. Moore to define point in terms of piece. See R. L. 
Moore, A set of axioms for plane analysis situs, Fundamenta Mathematicae, vol. 25 (1935), pp. 13-28. 
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Notation and construction. By Theorem 24 the set of edge points may be 
put into a simple countable sequence P;, P2, P3,---. Let Wi, We, Ws, - - - 
and, for each integer 7, Ri;, Ro;, Rsj,--- and D,;, Ds;, Ds;,--- denote se- 
quences of point sets such that (1) for each » and /, R,,; is a region of G,,; of 
Axiom 1, (2) for each n and j, D,; is a pseudo-simple domain with respect to 
P; and a simply connected domain Q,, lying with its boundary in R,,;, and 
D,,; contains Rn+1);, (3) for each j, W; is a radial web about P; whose skeleton 
is constructed on the domains, D,;, Ds;, Ds;, - - - , and lies in Ri;, (4) if j’>j 
and Rj, contains a point of D,;, then Ri; is a subset of R,;, and (5) for each 
integer j’, there exists an integer m such that if 7<j’, then R,; contains no 
point of >otnaZmtnq Of W;. Let G denote a countable collection of simple 
domains such that if X is a simple point of S and R is a region containing X, 
some domain of G contains X and lies together with its boundary in R. For 
each integer 7, let H; denote the collection of all the domains D such that 
either (1’) D is a simple domain of G which is a subset of a region of G; of 
Axiom 1, or (2’) for some pair of integers m and j, n+j2i, D is a pseudo- 
simple domain D,,;, or (3’) for some triplet of integers, m, , and g, and some 
pair of numbers, ¢’ and ¢’’, of p, with mi and 0<?’—#’’ <1/i, D=Riin, of 
W ; for some j. 


DEFINITION. If for some i and j, D is a domain of H; and Pin. is an ideal 
point defined from W;, then D is said to inclose Ping provided that some do- 


main of P{,. together with its boundary is a subset of D. 


DeEFIniTI0N. Let S’ be a space in which point is to be interpreted as mean- 
ing either a point of S or one of the ideal points defined by W; for some /, 
and in which region is to be interpreted as meaning a point set g’ consisting 
of the points of some domain D of H;, for some 7, together with the ideal 
points which D incloses. A point of S’ which is also a point of S will be called 
an “ordinary” point and a point of S’ which is not a point of S will be called 
an “ideal” point. Regions in S’ will be referred to as G’-regions. 

From here on the space to be considered is S’. 


THEOREM 63. In S, point and limit point are unchanged by the above defini- 
tion of point and region in S’. 

THEOREM 64. Every point of S’ is a limit point of S. 

THEOREM 65. If g’ is a G’-region, then 2’ =g'-S. 


THEOREM 66. If J is a simple closed curve of “ordinary” points, then S’—J 
is the sum of two mutually exclusive connected domains each having J for its 
complete boundary. 
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Proof. The point set S—J is the sum of two mutually separate connected 
sets H and K. Let H’'=H—H.-J and K’=K—K-J. Suppose that H’ has a 
point A in common with K’. The point A is an “ideal” point Pin. By 
Theorem 60 there exists a number #, such that if m>m, and Rone belongs 
to Ping, then Rninq-S contains no point of J. But Rx{, contains points 
of both H and K. Hence, Ioasa +Batne is a subset of H, say, and 
| aso fn tocesti is a subset of K. By Theorem 61 there exists a 
number #2 such that if m> ie, then U',:,,) does not intersect J. But for 
each m, U'nin) intersects both Bx tng and Ben tnces, t/’ <t<t’, which leads 
to a contradiction when m is greater than both m, and mz. Hence, H’ and K’ 
have no point in common. Since H and K are connected and have J on 
their respective boundaries, H’ and K’ are connected and have J for their 
respective boundaries. By Theorem 64, S’=J+H’+K’. 


THeorEM 67. If Ping belongs to the cluster of “ideal” points about the 
point P;, and g’ is a G'-region containing the point Ping such that g’-S is 
not a domain of Ping, then z’-S contains P;. 


Proof. Suppose that g’-S is not a domain of P{,, but contains a domain R 
of P{,) and 2’-S does not contain P;. 

Case I. If g’- S isof type (1’),f its boundary J separates R from P;. There- 
fore, infinitely many of tlie simple closed curves Jing, Jeng, Jang, °° * Of Wy 
would intersect J. But since J is a compact subset of S, the sequential limit 
set of Jitna, Jena, Jaina, °° * Of W; would contain points of S other than P;,, 
contrary to Theorem 58. 

Case II. If g’-S is of type (2’) and its boundary was used in the construc- 
tion of the web W;,, then 7’ is not 7 and one may see, from Theorem 58 and a 
method similar to that of Theorem 40, that the boundary of g’-S and a finite 
number of the arcs of the type U'njng) of W; contains a simple closed curve J 
lying in S and separating g’-S, and hence R, from P;. This leads to a contra- 
diction as in Case I. 

Case III. If g’-S is of type (3’), there exists an integer 7’, such that 7’ is 
not j and g’-S was defined using the web W;. Hence, P; is not P; and the 
boundary of g’.S together with one of the simple closed curves of the type 
J ming Of Wj contains a simple closed curve J lying in S and separating g’-S, 
and hence R, from P;. This leads to a contradiction as in Case I. 


DEFINITION. For each i, let G/ denote the collection of all G’-regions g’ 
of S’ such that D=g’-S is an element of H;. The region g’ is said to be defined 


by or obtained from D. 


+ See Notation and construction, p. 87. 
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THEOREM 68. If Ping is an “ideal” point, there exists an integer k such 
that no region of G; contains Ping except those regions of Gi defined from do- 
mains belonging to Ping. 


Proof. Let P; denote the edge point P such that the cluster about P con- 
tains Pn. Let % denote an integer such that ¢>1/#. There exists an integer 
m such that if 7 is an integer greater than m and R is a region in S of G; of 
Axiom 1 which contains P;, then R is a subset of Dg in S. Suppose that g’ 
is a region of G/ , i>, of the type (1’) or (2’) which contains P{,.;.} Then 
by Theorem 67, z’-S contains P;. But g’-S is a subset of a region R of G; of 
Axiom 1. Hence, R contains P; and points not belonging to Dj, which is a 
contradiction. Likewise, if j= m and jj, no region of type (3’) obtained from 
a domain of an “ideal” point of the cluster about P; contains Pin. because 
each such domain together with its boundary in S is a subset of a region of G; 
of Axiom 1 with 7>m. Now by Theorem 58, for each integer 7, 7 <<m andj ¥j, 
there exists an integer m; such that for m>#i;, > {noi mtnq defined from W; 
does not contain P;. Then if g’ is a region of type (3’) of G/, i>m;, defined 
by W;, z’-S does not contain P;. Hence, by Theorem 67, R does not contain 
Ping. Let k denote an integer greater than m and for each j, j<m and jj, 
greater than m;. Thus, if 7>k and g’ is a region of G/ which contains Plael 
then g’ was obtained from a domain of P{,,;, for no two regions of type (3’) 
defined by W; containing points of different spurs of the cluster about P; have 
a point in common. 


THEOREM 69. The space S’ satisfies Axiom 1. 


Proof. It can be shown with the help of Theorems 67 and 68 that S’ satis- 
fies parts (1), (2), and (3) of Axiom 1.{ Considerable argument is required 
but is left to the reader. 

It will now be shown that part (4) of Axiom 1 is satisfied. Suppose that 
M,, M2, M;,--- is a sequence of closed subsets of S’ such that for each 7, 
M ; contains M;,, and is a subset of a region g/ of G/. 

Case I. Suppose that for infinitely many values of i, g,’ is of type (1’) 
or (2’). Suppose for simplicity that this is true for all integers 7. Then for 
each i, K;= (2, -S)- (@ -S) - - - (g/ -S) is a non-vacuous point set closed with 
respect to S such that K; contains K,4;. But for each 7, 2/ -S, and hence Ki, 
is a subset of a region R; of G; of Axiom 1. By Axiom 1 for S, there exists a 
point P of S which for each z belongs to K;. Hence in S’, P belongs to the 


¢ See Notation and construction, p. 87. 
t See footnote p. 54. The role of the collections G,, G2, G;,- +--+ is now to be taken by the 
collections G{ , G?, G3, --°- 
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sequential limit set of Mi, Mz, M;,--- and therefore for each i, P belongs 
to M ie 

Case II. If Case I does not occur, then there exists an integer j such that 
for infinitely many values of i, g/ is a G’-region of type (3’) defined by the 
web W;; for otherwise infinitely many of these regions of type (3’) could be 
replaced by regions of type (2’) satisfying the above conditions. Suppose 
for simplicity that for each i, g/ is of type (3’) and defined by W3. Since no 
two regions of type (3’) defined by W; which have a point in common contain 
points of different spurs of the cluster about P;, there exist for each 7, integers 
m,n, and g, and numbers #’ and t’’, 0<#’’ <¢’ <1, such that (1) Ret.) defined 
from W; is g’ -S, (2) [nq] does not vary with 7, and (3) m— and (¢’—#’’) 
—0, as i, Since for each 7, g/ contains points of g/ , there exists a num- 
ber ¢, 0<¢<1, such that as i>, t/t and t’’—>t. Hence P{,q is common to 
My, Mz, Ms, ---. 

THEOREM 70. Every G’-region is a simple domain. 


THEOREM 71. The space S’ satisfies Axioms 2, 3, 5i*, and 7 and contains no 
edge points. 

Theorem 71 is a consequence of Theorems 64, 69, and 70 and the fact that 
the collection of all G’-regions is countable. 


THEOREM 72. If J is a simple closed curve of “ordinary” points, I is one 
of its complementary domains, the points A and B separate the points C and D 
on J, and AXB is an arc of “ordinary” points such that AXB is a subset of I, 
then I—AXB is the sum of two simple domains I, and Iz such that the boundary 
of I, is the simple closed curve ACB(of J)+AXB and the boundary of I: is the 
simple closed curve ADB(of J) +AXB. 


Proof. Since the theorem holds for S, it can be shown to hold for S’ with 
the help of Theorem 66. 


THEOREM 73. Theorem 72 remains true when the segment AXB contains 
just one “ideal” point. 


Proof. Suppose for simplicity of notation that X is the “ideal” point of 
the segment AXB. Let W; denote the web used in the definition of the do- 
mains of X, and let Nj». denote the spur which contains X. A number of 
cases occur depending upon where the edge point P; is. Only one of these 
cases will be treated. The others may be dealt with in a somewhat similar 
but more complicated manner. 

Suppose that P; does not belong to J/+AXB. Let Jitng, Jang, Jana, * ** 
denote the sequence of simple closed curves in W; which has as its sequential 
limit set P;+N {nx}. It can be shown by using Theorem 10 that there exists a 
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sequence Ci, C2, C3,--+- of simple closed curves whose sequential limit set 
is P;+N {nq such that for each k, (1) there is an integer m, m2k, so that Cy 
is a subset of J mings +AXB, (2) Cy AX is an arc AZ AZ’ and C;-BX is an 
arc B/ Bi’, (3) the components of C, —C;,-AXB are two segments, Ax’X,.B/ 
and A’ Y,Bz’, which approach the rays AX and BX in X from different 
sides but Ag X,.Bé and Av41Xi41Biy1 approach these rays from the same 
side, and (4) the common part of C; and Ci4: is at most P;, C; separating 
Cie41—Cryi°C; from J. For each k, let I, and 2, denote respectively the com- 
plementary domains of AA; (of AX)+A/X.Bi +BBi (of BX)+ACB or 
AA{' (of AX)+Ad'Y.Bi'+BBi' (of BX)+ACB and AA/(of AX) 
+A X,.B.'+BBi (of BX)+ADB or AAd'+Az'Y.Bi'+BBi' (of BX) 
+ADB which are subsets of J. Let J; denote Ju+Jiz+lis+ --- together 
with the limit points of this set which do not belong to J+AXB, and let J 
denote J2:+J22+J2s3+ --- together with the limit points of this set which do 
not belong to J+AXB. These point sets, J; and J2, can be shown to be do- 
mains satisfying the conclusions of Theorem 72. 


THEOREM 74. Theorem 72 remains true if the arc AXB contains only a 
finite number of “ideal” points. 


Proof. The method of proof will be that of mathematical induction. Theo- 
rem 73 shows that Theorem 74 holds true when the number of “ideal” points 


is one. We shall suppose that the theorem holds for 7—1 or less points and 
show that it holds for 7 points. Suppose that AXB-(S’—S)=Z,+Z2+ --- 
+Z;. Let Ning} denote a spur containing one of these “ideal” points, and let 
Z, denote that one of them on Nj, which is farthest in N,,.. from its end 
point. Now the argument of Theorem 73 may be applied, Z, playing the role 
of X. 


THEOREM 75. If J is a simple closed curve containing only a finite number 
of “ideal” points, then S'—J is the sum of two mutually exclusive connected do- 
mains each having J for its boundary. 


Proof. Let O denote an ordinary simple point of J, and let R denote a 
simple domain whose boundary contains no “ideal” points such that R-J isa 
subset of an arc in J of “ordinary” points. Let ACB denote an arc of “ordi- 
nary” points in R which has only the two points A and B in common with J 
and such that an arc ADB of J is a subset of R. It is now easy to see that, 
with the help of Theorem 74, Theorem 75 may be established. 


THEOREM 76. Theorem 72 remains true regardless of the composition of the 
arc AXB. 


Proof. By slight modifications of the arguments of R. L. Moore a number 
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of the theorems of Chapter III of Foundations can be shown to hold true in S’ 
if the simple closed curves involved contain at most a finite number of “ideal” 
points.f In particular Theorem 13 of Chapter III of Foundations holds true 
in S’ for simple closed curves which contain at most a finite number of “ideal” 
points. Theorem 76 may then be established in the following manner. 

Since the boundaries of G’-regions are simple closed curves containing 
at most a finite number of “ideal” points, it is easy to see that there exist 
two sequences of mutually exclusive arcs Aj X,B/, Ad X2B/, Aj X3Bs,--- 
and Aj’ Y,B/’, Az’ Y2Bs', Aj’ Y;Bz’,--- such that (1) for each & the seg- 
ments A? X,B/ and A’ Y;Bx’ are subsets of J, contain at most a finite num- 
ber of “ideal” points and the points A, B/ , A/’, and B’ belong to segments 
AC, BC, AD, and BD of J respectively, (2) for each k, the complementary 
domain of Af X,.Béi +A AA’ (of J) + Bi BBf’ (0fJ) +A f' V.Bi' which isa 
subset of J contains the segment of AXB and the corresponding com- 
plementary domain of 4/4:X.uBiytAdpAAt(of J)+ Bi BBy(of J) 
+A ii Vis:Biys, and (3) the sequential limit set of either of these two se- 
quences of arcs is AXB. If for each k, J: and J2, denote respectively the 
complementary domains of A/CB;/ (of J)+A/XB;/ and A?'DB;’ (of J) 
+A;'YVB;’ which are subsets of J, then J;=)-J,, and J2=)> J», satisfy the 
conclusions of Theorem 72. 

Now as in Theorem 75 it is possible to establish 


THEOREM 77. If J is a simple closed curve containing an arc of “ordinary” 
points, then S’—J is the sum of two mutually exclusive connected domains each 
having J for its boundary. 


With the help of Theorem 77 and methods similar to those in Foundations 
it can be shown that Theorem 74 remains true when the simple closed curve J 
is of any nature, provided it contains an arc of “ordinary” points. With this 
in mind, it is easy to see that Theorem 76 remains true when J is of any 
nature, provided it contains an arc of “ordinary” points. Then as in Theorem 
74 it is possible to establish 


THEOREM 78. If J is a simple closed curve, S’—J is the sum of two mutually 
exclusive connected domains each having J for its boundary. 
THEOREM 79. The space S’ satisfies Axiom 4. 


THEOREM 80. The space S is homeomorphic with a subset of a space S’ 
which satisfies Axioms 0-4, 5** and 7 and contains no edge points. 


7 It may be helpful for the reader to note that an arc in S’ may be approximated by an arc in S’ 
which contains at most a finite number of “ideal” points since a G’-region has at most two “ideal” 
points in its boundary. 
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THEOREM 81. The space S is homeomorphic with a subset of a plane or a 
sphere. 


Proof. J. H. Roberts} has shown that S’ of Theorem 80 is homeomorphic 
with a subset of a plane or a sphere. 
Some of the preceding results will now be summarized for metric spaces 


THEOREM 82. A locally connected, complete metric space in which the Jordan 
Curve Theorem{ is satisfied non-vacuously and in which Axiom 5¥* holds true, 
is a cyclicly connected subset of a plane (if not compact) or a sphere (if compact). 


Proof. A locally connected complete metric space satisfies Axioms 0, 1, 
and 2. And such a space in which Axiom 5;* holds true satisfies Axioms 4 and 3 
if the Jordan Curve Theorem holds true non-vacuously (Theorem B). Axiom 
7 holds true in such a space by Theorem 31. Thus Theorem 82 follows from 
Theorem 81. 

THEOREM 83. A locally connected, locally peripherally connected, complete 
metric space in which the Jordan Curve Theorem is non-vacuously satisfied is a 
cyclicly connected subset of a plane or a sphere.§ 


THEOREM 84. A locally connected, locally peripherally compact, complete 
metric space in which the Jordan Curve Theorem is non-vacuously satisfied is a 
cyclicly connected subset of a plane or a sphere. 


{ J. H. Roberts, Concerning compact continua in certain spaces of R. L. Moore, Bulletin of the 
American Mathematical Society, vol. 39 (1933), pp. 615-621. 

t Axiom 4. 

§ See p. 53. 
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THE GEOMETRY OF ISOGONAL AND 
EQUI-TANGENTIAL SERIES* 


BY 
EDWARD KASNER 


INTRODUCTION 


We begin by considering certain simple operations on the lineal elements 
of the plane. A turn T, converts each element into one having the same point 
and a direction making a fixed angle a with the original direction. By a slide 
S;, the line of the element remains the same and the point moves along the 
line a fixed distance k. These transformations together generate a continuous 
group of three parameters G;.t We call any transformation of this group a 
whirl. The only contact transformations in this group are the dilatations. 

We note that the group of whirls and the group of rigid motions are 
isomorphic, and that the two groups are commutative, together generating 
an interesting six-parameter group which will be studied elsewhere. This is a 
sub-group of the fifteen-parameter element group converting turbines into 
turbines, which I introduced in 1911, itself an extension of Lie’s ten-parame- 
ter contact group of higher circular geometry. 

We define ~! elements to be a series of elements. By applying a turn T, 
to the elements of a union, we obtain a series of elements which we call an 
isogonal series. When a slide S; is applied to the elements of a union, the re- 
sulting series is called an equi-tangential series. (Finally the result of applying 
a whirl to the elements of a union is defined to be a whirl series. See a forth- 
coming Columbia dissertation by J. De Cicco, whom I wish to thank for 
verifying the calculations of the present paper.) 

An element transformation is a correspondence between the elements of 
the plane. Any element transformation which transforms every union into a 
union is a contact transformation. We shall show that amy element transfor- 
mation which carries every isogonal series into an isogonal series must be the 
product of a conformal point transformation by a turn. Dually, any element 
transformation which transforms every equi-tangential series into an equi- 

* Presented to the Society, September 9, 1930; received by the editors December 16, 1936. 

t See Kasner, The group of turns and slides and the geometry of turbines, American Journal of 
Mathematics, vol. 33 (1911), pp. 193-202. This theory has recently been extended to spherical ge- 
ometry (in an elegant synthetic treatment) by K. Strubecker, Jahresbericht der Deutschen Mathe- 
matiker Vereinigung, vol. 44 (1934), pp. 184-198, who uses the term turbine-rotation for whirl. The 


fact that G; can be generalized to any surface of constant curvature (but probably not to variable 
curvature) was noted in my paper, p. 193. 
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tangential series must be the product of an equi-long line transformation by 
a magnification by a slide. 

For the analytic representation of an element, it will be found convenient 
to use two systems of coordinates called the cartesian and the hessian co- 
ordinate systems respectively. The cartesian coordinates of an element E are 
of course (x, y, p), where # is the slope of the line and (z, y) are the gartesian 
coordinates of the point. The hessian coordinates of the element £ are 
(u, v, w), where v is the perpendicular distance from the origin to the line 
of the element £, u is the angle between the perpendicular and the initial 
line, and w is the distance from the foot of the perpendicular to the point 
of the element E£. 

A full discussion of the hessian system is given in Scheffer’s fundamental 
paper (Mathematische Annalen, vol. 60 (1905)). The line (w, v) and the dis- 
tance w are oriented. 

If a general element transformation 


X= o(x, y; p), Y = (x, yy p), P= x(x, ¥; p) 


is not a contact transformation it is known that it will convert exactly «? 
unions into unions.* If it converts more than ?, it must be a contact trans- 
formation, and thus convert all union into unions. Extensions of this theo- 
rem, involving * and ‘series of elements are found in the present paper. 
(See the five main theorems in italics.) In particular, it is shown that a gen- 
eral element transformation converts «4 isogonal series into isogonal series; 
if more than 4 arise, then all are preserved, and the resulting group of 
transformations is compounded of conformal (point) transformations and 
turns. The dual result for equi-tangential series is also valid, but demands 
an independent proof. There is no automatic principal of duality connecting 
the two theories, but only a rough analogy. 
The equations of the turn T, in cartesian coordinates are 


X = «x, Y=y, 0 =6+a, 


where @ denotes the inclination of the element; and hence the equations of 
any isogonal series are 


y = y(x), arctan p = arctan y’(x) + arctan a, 


where a is the constant angle. 
The equations of the slide S; in hessian coordinates are 


U=4u, V = 2, W=w+k, 


*See Kasner, The general transformation theory of differential elements, American Journal of 
Mathematics, vol. 32 (1910), p. 393. 
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and hence the equations of any equi-tangential series are 
v= v(u), w=v(u) +k, 


where k is the constant distance. 

A turbine is a special case of both isogonal series and equi-tangential series 
where the base curve is a circle. All whirls convert turbines into turbines. 
The total group of turbines involves fifteen parameters. Lie’s ten-parameter 
group converts circles into turbines. 

Part I. ISOGONAL SERIES AND THE CONFORMAL GROUP 


We now prove our theorems about element transformations. 


THEOREM 1. Under any element transformation there exists a three-parame- 
ter family of unions which are carried into isogonal series. Any element trans- 
formation which carries every union into an isogonal series must be the product 
of a contact transformation by a turn. 


By the element transformation 
X = $(x,y,p), Y=vW(x,9,p), P=x(x, 9, p), 
the elements of a union* 
y= yx), p= y(x), 
become the elements 
X= ¢(x, 9,9), VY=v¥(x,y,9'), P=x(x, 9,9’). 


If this series is an isogonal series, then we must have 


dy 
(1) arctan x = arctan a + constant. 


Differentiating (1) with respect to x, we obtain 











dy dx dy \? 
d| dx dx dx 
(2) — = 1 
dx| dd 1 + x? do 
dx } dx 


Now let f denote the fraction, involving x, y, y’, y’’, 


* This representation omits point-unions, but we can verify the validity of our main theorems 
by a separate discussion without difficulty. 
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dy 
dx vet yi ty" 
de bz t+ y'by + y"by 
dx 
Then from (2) and (3), we obtain 
af _ xet xy t Ky 
dx 1+ x? 
The equation (4) is a differential equation in y and the highest order of y 


in this equation is the third order. For the coefficient of y’’’ in the expanded 
equation is given by 





(3) fe 





(4) [1+ f/]. 


(2 + yoy) by — (We + v'a)ov’, 


which, in general, is not zero. Thus, it follows that this differential equation 
has three parameters in its complete solution and therefore there exists a 
three-parameter family of unions which by the given element transformation 
are carried into isogonal series. 

We now determine all the element transformations which carry every 
union into an isogonal series. Then the condition (4) where f is given by (3) 
must hold for every union. Thus (4) must be an identity in x, y, y’, y’’, y’’’. 
The coefficient of y’’’ must then be zero, so that 


(5) (2 + yyw — (Wz + v'W)dy = 0. 
Again (5) must be an identity in x, y, y’. Hence 
(6) vet Phy ™ Vo 
o:+ poy dp 
From (6) we obtain 

Vet bet Wy vet WW Ww 4 
_ : ne - P = — = Xa, 9, 9’). 

dct Voy ty by br: t+ by dy 
To determine X, substitute it into equation (4) so that 

Ret Why + hy Xe Xe tM 
1+» ‘+ 


This is an identity. Hence 





(7) 





ry Xv’ Ag+ y’dy X2+ y'Xy 
=> ’ = ° 
1+” 14x 1+ 14% 
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From these two equations, it follows immediately, that 


(8) arc tan A = arc tanx +a, (a constant). 
From (6), (7), and (8) we obtain 

ot Me = Ye = tan (arc tan x + a). 

ob: + poy Pp 


From (9), we obtain our result. So Theorem 1 is proved. 
We next study the transformation of isogonal series into isogonal series. 


(9) 


THEOREM 2. Under any element transformation there exists a four-parameter 
family of isogonal series which are carried into isogonal series. If more than ~* 
such series exist then all «* isogonal series exist. Any element transformation 
which carries every isogonal series into an isogonal series must be the product of a 
conformal point transformation by a turn. These transformations form a group. 


The proof is rather complicated and will occupy the next three pages. 
Systems of partial differential equations appear, which fortunately can be 
integrated in finite form. 

Under any element transformation, the elements of an isogonal series 


y = y(x), arc tan p = arc tan y’(x) + arc tan k, 


become the series 
X = $(x, y, p), Y = (x, y, p), P = x(x, y, p). 
Now if this series is an isogonal series, we must have 
dy dx dy )? 
d| dx dx dx 
(10) — = 1 
dx| do 1+ x? do 
dx dx 


Let f again denote the fraction 

dy 

dz vet yt P's 
dd b+ yout Poy 
dx 





(11) j= 


Since arc tan y’ =arc tan p—arc tan k, we have from (11) 


_ (1+ kp e+ (D — Hy + (1+ FP)P'Ye 
(1+ kp)o. + (p — Boy + (1+ kP)P > 





(12) f 
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From (10) we obtain 













ax 
df dx 
(13) mice th 









Equation (13) is a differential equation in y, and the highest order of y 
in this equation is the third order. For the coefficient of y’’’ is the coefficient 


of p”’ 
(1+ kp)[{(1 + kp)os + (p — k)du}vn — [C1 + kpde + (p — AW} oo), 


multiplied by the coefficient of y’’’ in p’’. Since the coefficient of y’”’ in p’”’ in 
general is not zero, it follows that the coefficient of y’’’ in (13) in general is 
not zero. Therefore the complete solution of (13) will contain three constants 
of integration and the constant & of the original isogonal series. Thus, we see 
that there exists a four-parameter family of isogonal series which transform 
into isogonal series. This proves the first part of our theorem. 

We now determine all the element transformations which carry every 
isogonal series into an isogonal series. Since a union is a special type of 
isogonal series, it follows that any element transformation which changes 
every isogonal series into an isogonal series must be the product of a contact 
transformation by a turn. Then from the group properties of the set of turn 
transformations, it follows that the contact transformation must carry every 
isogonal series into an isogonal series. Hence, we must find all the contact 
transformations which transform every isogonal series into an isogonal series. 

We shall show that the contact transformation must be a point transfor- 
mation. If this were not the case, then we should have 



















Vet Ply _ We 
oz + poy op 


where ¢,0, and ¥,~0. Now equation (13) must be an identity in x, y, p, p’, 
p”’ and k. Hence the coefficient of p’’ must be zero so that 


(1+ kp)[{(1 + kp)bs + (p — kov}v> — [1 + kbs + (o — AW} oo] = 0. 
Since 1+p0, we obtain 

(14) [62 + Pov¥n — (We + Pdv)dn] + k[ (O62 — dy)bn — (d¥2 — Wu)by] = 0. 
Since (14) is an identity in k, we have 

(2 + Pour — (Wz + ply)o, = 9, 


and therefore we obtain 


X = ¢(x, y; ?); Y = (2, y; p), P= x(x, y; p) = 











(pbs “i dy) Vp = (py: ted Vu)bp = 0, 
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Vo _ Ve _ ¥e. 
bz by dp 
But (15) makes the jacobian of the transformation vanish. This means that 
the only contact transformations of the desired type are point transforma- 


tions. 
We now find all the point transformations 


(15) 


pa vet My 
dz + poy 


X = (x, y), Y = (x, y), 


which carry every isogonal series into an isogonal series. Then the equation 
(13) must be an identity where 
_ vet bby a (1+ kp)vz + (p — ky 

bo: + poy (1+ kp)o. + (p — k)dy 





(16) x 


In (13) we then can set the coefficient of p’ equal to zero so that 


[(1+kp)be+(p— k)dy](kvet+ vy) — [(1+ kp) vet (p— k)vy] (hoz +oy) 
[(1+kp)b.+(p—k)oy]? 
Xp [1 {Orne a . |. 
(1+kp)o.t+(p—k)dy 





(17) 


+x? 





From (16) and (17) we obtain 


[(1+kp)b.+(p—k) oy] [Ave +x] — [(1+kp)ve+(p— bk) by ](kbe t+ oy) 
[(1+kp)b.+(p—k)oby]?+ [(1+kp)ve+(p— ky]? 
_ (b+ Pby)vy— Wet Pv) by 
(a+ Pb,)?*+ Vet bvy)? 








which, upon simplification, becomes 


[(de+ Pby) + k( pbe— oy) |(Rv2+Vy) — [Wet py) + b( db2—Wy) |(kb2+oy) 
[(o.+Pdby) + h(pb:—$u) 2+ [Yat pry) + k(p¥e—Wy) |? 
7 bWy—Vaby 
(b+ hby)?*+ (Wet Phy)? 


Since (18) is an identity in k, we can set the coefficient of k? equal to zero so 
that 





(18) 





Vz( poz = dy) — oz( py: ie vy) 7 oy = Vrby 
(pb: — dy)? + (pte -- W)? (2 + Poy)? + We + Pry)? 
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and thus we obtain 
— Poby + oy - oy — Vxby 
(Pb: — $1)? + (bbe — Wy)? (be + Poy)* + We + Br)? 
Since the jacobian ¢.,—¥.6,~0, we have 
(20) (oz + pdy)? + (We + phv)® = (pbs — by)? + (phe — Wy)?. 
Now (20) is an identity in p so that we have 
P+ =o +, deby + Vay = 0. 


These equations are then equivalent to the Cauchy-Riemann equations (to- 
gether with the conjugate equations) 
gy = + vz, oz = FW. 


Hence the point transformation is conformal. 
The sufficiency of our result is obvious so that Theorem 2 is completely 
proved. 


(19) 





Part II. EQUI-TANGENTIAL SERIES AND THE EQUI-LONG GROUP 


THEOREM 3. Under any element transformation there exists a three-parame- 
ter family of unions which are carried into equi-tangential series. Any element 
transformation which carries every union into an equi-tangential series must be 
the product of a contact transformation by a slide. 


By any element transformation 
U = $(u, v, w), V = yY(u, 2, w), W = x(u, v, w), 
the elements of a union* 
v = v(u), w=v'(u), 
become the elements 
U = $(u, v, v’), V = ¥(u, v, 0’), W = x(u, 2, v’). 


If this series is an equi-tangential series, then 


x= yas + constant, 
do 


and hence we obtain 


* We are assuming that the union is not a straight line union. The final results are, however, true 
in all cases. 
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<(= + vr + v Po i ) = 0 
du du + voy + vd * ; 


Now (21) is a differential equation in v and the highest order of v is the 
third order. For the coefficient of v’”’ is 


(bu + vv) Wo = (Wu + v'Pr)ov, 


which in general is not zero. Hence the complete solution of the differential 
equation (21) contains three constants of integration, and therefore it is seen 
that there exists a three-parameter family of unions which are transformed 
into equi-tangential series. Jf more than «~* unions of this kind exist, then all 
co” unions must be of this kind. 

We now determine all the element transformations which carry every 
union into an equi-tangential series. Then (21) must be an identity in w, 2, 
v’, v’’, v’’’. Thus the coefficient of v’’’ in (21) must be zero. That is, 


(ou + v'dv)Wor = (Yu + vPro = 0. 
This is an identity. Hence 





(21) 


vat wr de 


(22) = 
out Wp, ow 
Then we obtain 
Wu + vp» + vp Vu + vp» Yo , 

- = = = X(u, v, v’). 
bu + voy + v ‘by pu + vd» dv’ 


To determine X, substitute it into (21) and we obtain 





(23) 


ae ee 
du oo 


This immediately yields the result 

(24) A(u, v, w) = x(u, v, w) + a, (a constant) . 
From (22), (23), and (24) we obtain 

Yu t Wy 

du + wo» 


Interpreting equations (25), we obtain Theorem 3. 


(25) 


THEOREM 4. Under any element transformation there exists a four-parameter 
family of equi-tangential series which are carried into equi-tangential series. Any 
element transformation which carries every equi-tangential series into an equi- 
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tangential series must be the product of an equi-long transformation (every two 
collinear elements are transformed into collinear elements in such a way that the 
distance between them is preserved), by a magnification by a slide. These trans- 
formations form a group. 

We observe that this group is generated by ¢hree partial groups (the 
infinite equi-long group depending on arbitrary functions of u+jv, where 
j’=0, slides, and magnifications); and is thus larger than the dual group 
of Theorem 2 which is generated by two partial groups (conformal and turns). 

We proceed now to the rather long proof of Theorem 4. By any element 
transformation, the equi-tangential series 


v= v(u), w= (u) +k, 
becomes the series 
U = ¢(u, v, w), V = ¥(u, v, w), W = x(u, v, w). 
Now if this series is an equi-tangential series, then we must have 
@ (": tvfo + wo _ ) 
du\ou + 0'6. + w'ow 





=0, 
and hence 


(26) 





d C + (w _ kh)» + w'Pw ) 
— —x)=0. 


du pu + (w sor k)d» + w'dw 


The equation (26) is a differential equation in v and the highest order of » 
in (26) is the third order. For the coefficient of v’’’ is 


[du + (w = k)b» Ww = [Yu + (w aad kW» low, 


which in general is not zero. Therefore the complete solution of (26) contains 
three constants of integration and the constant k of the original equi-tan- 
gential series. Thus, it is seen that there exists a four-parameter family of 
equi-tangential series which are transformed into equi-tangential series. 

We now determine all the element transformations which carry every 
equi-tangential series into an equi-tangential series. Since a union is a special 
type of equi-tangential series, it follows that any element transformation 
which carries every equi-tangential series into an equi-tangential series must, 
by Theorem 3, be the product of a contact transformation by a slide. From 
this it follows that we must find all contact transformations by which every 
equi-tangential series corresponds to an equi-tangential series. 

We shall show that the contact transformation is a line transformation. 
If this were not the case, then 





104 EDWARD KASNER [July 


Yut wr ve 


U= o(u, vy, w), V= v(u, v, w), W= x(u, v, w) = — ’ 
du + Wo » Pw 


where ¢,, #0 and ¥#0. The equation (26) now must be an identity in wu, 2, 
w, k, w’, w’’. Hence the coefficient of w’’ must be zero 


(27) [ou + (w — k)b ow — [vu + (w — below = 0. 
Since (27) is an identity, we have 

(bu + Wo) Yw — (Wut wr)dv = 9, drbw — Vib = 0, 
and hence 
du Ov Ow 
te We Ve 


But (28) makes the jacobian of the transformation vanish. This means that 
the only possible contact transformations of the desired kind are line trans- 
formations. 

Let us now suppose that our contact transformation has the properties 
just stated. Its equations are 


(28) 


one 


U= o(u, 2), V= v(u, »), W 
ou + Woy 


Then (26) becomes 





(29) 


x|=0, 


duLdy + (w— kb. 
where 


_ vat he 


(30) x= 
gu + why 
Since (29) is an identity, the coefficient of w’ is zero 


[bu + (w eee k)bv lve — [vu + (w = kh)» |b» 
[ou + (w — kd]? 





= Xu- 


Simplifying this last equation and taking account of (30), we have 


ou» = Vubr = du v at Wud ; 
[tu + (w— k)d.]? (du + wo)? 





Since ou — Wud, ~0, we then obtain 
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(31) [ou + (w — k)do]? = [bu + wo.]?. 
Now (31) is an identity. Hence 


so that we have 
(32) o = F(u). 
Substituting (32) into (29) we obtain 


oR EE) A 


(33) 
du F’(u) F’(u) 





Now (33) is an identity. Hence the coefficient of & must be zero: 


d we | 
du F'(u) y 


? 


and therefore 

(34) F’(u) [You + o'Yow] — WoF’"(u) = 0. 
The equation (34) is an identity. Hence 

(35) F'(u)bou — Wo" (u) = 0, = F'(u)boo = 0. 
From equations (32) and (35) we obtain 


U = F(u), 

V = mF’ (u) + G(u), 

F’(u) — G'(u) 
F'(u) | F'(u)- 


(36) 





W = mw + mv 


where F(u) and G(u) are functions of u only and where m is a constant. This 
transformation is the product of an equi-long line transformation by a mag- 
nification. 

The sufficiency of the result is obvious so that our Theorem 4 is com- 
pletely proved. 

From Theorems 2 and 4 we easily obtain the following result: 


THEOREM 5. Any element transformation which carries every isogonal se- 
ries into an tsogonal series and every equi-tangential series into an equi-tangential 
series must be the product of a rigid motion by a magnification. We thus obtain 
the similitude group. 
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In conclusion we remark that the family of ©* unions converted into 
unions by an arbitrary element transformation is of entirely general char- 
acter; but that the three-parameter and four-parameter manifolds considered 
in Theorems 1-4 are of special character. The geometric properties of these 
manifolds will be considered elsewhere. See abstracts in the Bulletin of the 
American Mathematical Society, vol. 36 (1930), pp. 353 and 487. 


CotumsiA UNIVERSITY, 
New York, N. Y. 





STOCHASTIC PROCESSES DEPENDING ON A 
CONTINUOUS PARAMETER* 


BY 
J. L. DOOB 


Stochastic processes depending on a continuous parameter have been de- 
fined in various ways. A definition frequently given is in terms of a physical 
system or other entity which depends on the parameter ¢ (time) and whose 
state is specified by the position of a point Q=Q(¢) varying in some space in 
accordance with a given probability law. The probability that Q will be in 
given point sets at given times is specified, or, if the process is a Markoff proc- 
ess, the probability that Q will be in a given point set at time ¢+6 (6>0) 
if it was in a given position at time ¢ is specified. Bachelier (I, II, III)t was 
the first to study these processes. His work was pioneering, and without any 
attempt at rigor. Most investigations have studied the particular case of 
Markoff processesf{ or else what are called below differential processes; that 
is, those in which the changes of Q(#) in non-overlapping intervals are inde- 
pendent in the usual probability sense. § 

If Q represents the state of a physical system, the combination of the 
physical system and the probability relations is to be taken as the stochastic 
process. This, however, is not a mathematical definition, but a concretization 
of an unstated mathematical definition. Sometimes Q(T) is simply described 
as a function varying in accordance with a given law of probability.|| Khint- 
chine (II) defined a stochastic process as a one-parameter family of chance 
variables. If Q varies on the x-axis, the probability relations of such a process 
are determined by specifying the probability of any set of inequalities of the 
form 


* Presented to the Society, September 1, 1936; received by the editors August 23, 1936. 

{ Roman numerals refer to the bibliography at the end of the paper. This bibliography does not 
pretend to completeness. It refers only to those papers on probability which are fairly closely related 
to this one. 

t¢ Cf. Hostinsky (I), Khintchine (III, pp. 24-59), Kolmogoroff (IV). Hostinsky has an extended 
bibliography, including references to papers on the diffusion problem which leads to a study of 
Markoff processes. Many papers have also been written studying Markoff processes in which Q=(Q(t) 
can have only a finite number of positions. These have not studied the specific difficulties of definition, 
many of which do not arise in this special case, so specific references will not be given. 

§ Bachelier (I, II, III); Khintchine (III, pp. 68-75); Kolmogoroff (I, II); Lévy (II, III, and 
several papers in the Paris Comptes Rendus whose results are given in II); Wiener (I, Chapters 9 
and 10, and several earlier papers whose results are given in I). 

|| Finetti (I, 11). 
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(0.1) «(t;) < Aj, j = 1,---,#, 


where Ai, - - - , A, is any set of numbers and h, - - - , ¢, any set of values of 
the (time) parameter.} This definition is not complete enough for the follow- 
ing reason. In many investigations it is necessary to examine the actual paths 
Q=(Q(2) as to their continuity, etc.{ The probability that the paths are con- 
tinuous cannot be defined, however, in terms of the elementary probabilities 
of the inequalities (0.1).§ It is necessary, therefore, to define a stochastic 
process in a way which will make it possible to study such classes of paths as 
continuous paths. In this paper such a definition is proposed, and proofs are 
given for some new theorems and for some old ones whose earlier proofs (and 
formulations) have presupposed such a definition. Proofs which would merely 
be rephrasings of earlier ones have been omitted. Only the case where Q varies 
on the x-axis and where the parameter ¢ varies from — © to + © is consid- 
ered. The method in more general cases would be the same. 

The point of view is that in which probability becomes (mathematically) 
a study of Lebesgue and more general measures on suitable spaces. This point 
of view was developed fully from an abstract standpoint by Kolmogoroff (V).|| 
It was applied (not in all cases in work based on Kolmogorofi’s) by Doob 
(I, II, III), Hopf (I), Kac and Steinhaus (II, III), Khintchine (I), Lévy (IV, 
esp. pp. 84-88) ,Lomnicki and Ulam (IT) to discrete stochastic processes (those 
in which the parameter ¢ runs through integral values only) by choosing a 
suitable space of infinitely many dimensions. Essentially the same space had 
been used earlier by Steinhaus (II) and Wiener (I), and has been used re- 
cently by Jessen (I). 

1. Definitions. Let 2* be the space of all functions x(é) defined over 
—«0<t<+o.If{t, --- ,t,}isany finite set of t-values,andif — 0 <a;<b;< 
+o,j7=1,---,m, the set of elements of 0* satisfying 


(1.1) a; < x(t;) < b;, jzi1,---,n, 


¢ Since a chance variable, mathematically, is merely a measurable function ¢(w) defined on 
some sort of space 2 on which a measure is defined, this definition presumably means that we have 
given a one-parameter family of measurable functions ¢;(w) all defined on the same space ©, and that 
the 2-measure of the w-set, where the inequalities 

$1;(w) <j, j=1,- “en 
are satisfied, is specified. Cf. Doob (1). 

t Kolmogoroff (II, p. 868); Lévy (II, III); Wiener (I). 

§ Cf. Khintchine (III, pp. 68-69). If the space in which Q varies is the real axis, and if J is an 
interval on the ¢-axis, not even the probability that L.U.B.:.;x(¢) SM can be defined, for any number 
M. Cf. Kolmogoroff (V, p. 26). 

|| Cf. also earlier papers of Cantelli (I), Lomnicki (I), Steinhaus (I). 
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will be called a neighborhood. If xo(#) is an element of such a neighborhood, 
the neighborhood will be called a neighborhood of xo(¢). The topological char- 
acteristics of the space 2*, induced by this definition of neighborhood, have 
been investigated by Tychonoff.j Kolmogoroff (V, pp. 24-30) has shown that 
a measure function P*(A*) which is non-negative and completely additive, 
and satisfies P*(Q*) =1, can be defined on the sets of the Borel system of sets 
determined by the neighborhoods.{ The set function is determined by its 
values on the neighborhoods (1.1) and the only requirement is that, for 
ti, ---, t, fixed, P*(A*) should become a non-negative, completely additive 
function defined on the sets of the Borel system over the neighborhoods (1.1), 
taking on the value 1 for the whole space.§ The sets on which P* is defined 
will be called P*-measurable. If M* is any subset of 0*, its exterior P*-meas- 
ure, P*(M*), is defined as the greatest lower bound of P*(A*) for all P*-meas- 
urable sets A* containing M*. It is readily seen that P*(M*) is the greatest 
lower bound of P*(A*) for all sets A* > M* which are finite or denumerable 
sums of neighborhoods. 


THEOREM 1.1. Let Q be a subset of Q*. A necessary and sufficient condition 
that A*Q2=A*Q imply that P*(A*) = P*(As*) for every pair of P*-measurable sets 
Ax, A# of Q* is that P*(Q) =1. 

The condition is sufficient. For if P*(Q) =1, and if A*Q=A*Q, 

(1.2) (A* — A*-A#)O = 0. 

Then 

(1.3) O*> (A* — A*-A#) + 

implies 

(1.4) 12 P*(A* — A*-A#*) + P*(Q) = P*(A*) — P*(AS- AH) + 1, 
or 

(1.5) P*(A*) = P*(A*-AS). 


Interchanging As, As*, 
(1.5’) P*(Ag*) = P*(A*-As*), 


+ Mathematische Annalen, vol. 111 (1935), pp. 762-766. 

t The Borel system of sets determined by any collection of sets is the smailest collection of sets 
which includes the given collection and which contains the sets DY An, [An when it contains the 
sets {A,,}. We shall suppose also that P*(A*) is defined for any set differing from a set A* in the Borel 
system by a subset of a set in the system for which P* vanishes: P*(A;*) = P*(A*). 

§ This set function is merely a measure in n-dimensional Euclidean space with coordinates 


x(h), Pie x(tn). 
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so that P*(A#*) = P*(A?). 

The condition is necessary. For if A*-Q=A:*-Q2 implies that P*(A,*) 
= P*(A*), let Ai* be a P*-measurable set containing ©. It is sufficient to 
show that then P*(A;*) =1 necessarily. If Ax* = 0%*, 


(1.6) A*-0* = AF-2=Q, 


so that P*(A*) = P*(As*) =1, as was to be proved. 

This theorem makes possible the following definition. 

DEFINITION. Let Q be a subset of 2* of exterior P*-measure 1. If A is a sub- 
set of 2 of the form A=A*-Q, where A* is P*-measurable, a set function P(A) is 
defined by P(A) = P*(A*). The topological space Q together with the measure func- 
tion thus defined, will be called a stochastic process. 


The sets A on which P(A) is defined will be called P-measurable. Explicit 
examples of stochastic processes are given below. 

DEFINITION. Q will be called quasi-separable if for any open interval I, and 
for any number k, the set of elements in Q at which 


L.U.B. x(t) Sk (G.L.B. x(t) = k), 
tel 


tel 


is the same as the set of elemenis at which 
L.U.B. x(t,) Sk (G.L.B. x(t,) = k), 
na=1 


n2=1 


for some sequence {tn} of points in I. 


The conditions require that certain non-denumerable products of closed 
sets [J ur{x(é) Sk} t or []ur{x(t) =k} be equivalent to denumerable partial 
products, and thus imply less than separability. A stochastic process will be 
called quasi-separable whenever the space & of the process is quasi-separable. 


THEOREM 1.2. Let x*(t), xx(t) be the upper and lower limiting functions of 
x(t),§ respectively. Then the process is quasi-separable if and only if there is an 
everywhere dense sequence of points {r,} such that if y*(t) (yx(t)) is the upper 
(lower) limiting function of x(r;),|| 


(1.7) x*(t) = y*(t), %y(t) = y(t). 


{ Strictly speaking, the stochastic process should be defined as the physical system or other 
entity whose changing is represented by the mathematical formulation of the definition, but it seems 
wiser to use the term stochastic process both for the mathematical formulation and for the concretiza- 
tion it represents, than to introduce more terminology. 

t The set of elements satisfying conditions C will be denoted by {C}. 

§ x*(¢)=limn..L.U.B.}-<imx(r), x«(t)=limn.eG.L.B.)7~2.<1/n x(7). 

| 9*(2) = lin scL.U.B.jry—t1cim x(7j),  Ye(t)=limn..G.L.B.|r;—~1<1m *(7)). 
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The condition is certainly sufficient for quasi-separability. The sequence 
{t,} of the definition can be taken as the subsequence of {7,} consisting of 
the points of {r,} in 7. Conversely suppose that 2 is quasi-separable. 

According to the quasi-separability hypothesis, to each open interval J, 
and to each number & correspond two sequences of points in J. Let {r,} be 
the set of all such points for all rational values of k and for all open intervals J 
with rational endpoints. This sequence {r,} is evidently everywhere dense 
and has the property that the least upper bound of x(#) (an element of ®) 
in any interval J with rational endpoints is the same as that of x(é) for ¢ 
running through the values of {r,} in J. This statement is still true even if I 
is not restricted to have rational endpoints, since any interval can be ex- 
pressed as the sum of such intervals. The first identity (1.7) then follows at 
once from the definitions of the functions concerned, and the second identity 
is proved in the same way. 















THEOREM 1.3. If for some real number X, X,—d implies 






(1.8) P{ lim x(A,) = x(d)} = 1, 


no 





then if {sn} is a denumerable set with d as a limit point, 


(1.9) P{lim x(S,) = a(d) } = 1, 


Snr 










It is sufficient to prove that the upper and lower limiting functions of 
x(s,) at \ are both x(A), on an Q-set of P-measure 1. The proof will be given 
for the upper limiting function x,*(s). Unless 


(1.10) xe(d) S x(d) 







with probability 1—i.e., on an Q-set of P-measure 1, there is a number 7, a 
positive number e, and a P-measurable set A of positive measure, such that 








(1.11) w(A)<r<rte< ies. x(s;), 2=1,2,--:, 
sj—A| <1/n 
on A. Let m, uw, ---, be the points of {s;} in |¢—-A| <1/n, arranged in 
any order. Then on A, 
(1.12) uA) <r<r+te < L.U.B. x(ux), a =1,2,-- 





j21 









Now 
(1.13) L.U.B. x(uj{")) = lim max [«(uy),--- , x(u™)], 
j21 


ar) 





so there is an integer v, so large that 
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(1.14) max «(u{™) > L.U.B. x(us) —e>r 
GS"n j21 

on a subset A, of A of P-measure at least P(A)(1—2-"-). If m,---, ,,®, 

uy, +++ ,U,%, +++ arerenamed Aj, Ae, - - - respectively, \,—A and 

(1.15) lim sup «(An) 2 r > x(A) 

on Ao=[I,An, where P(Ao) =3P(A) >0, contradicting the hypothesis of the 

theorem. Then x*(A) S$x(A) with probability 1, i.e., on a set of P-measure 1. 

The inequality x.*(A) =~(A) with probability 1 follows at once from the hy- 

potheses, so x.*(A) =«(A) with probability 1, as was to be proved. 


Corotiary. If for some real number d, \,—d implies (1.8) on a quasi- 
separable process, x(t) is continuous at d, with probability 1. 


Since the process is quasi-separable, there is an everywhere dense se- 
quence {r,} such that the upper and lower limiting functions of x() at d are 
the same as those of x(t) when we consider x(t) defined only at the points 
{r,}. By the theorem the latter limiting functions are both (A), with proba- 
bility 1. 

2. Measurability of stochastic processes. In the applications of the the- 
ory of stochastic processes, P*-measure is usually prescribed on *, and the 
first problem becomes that of finding the subspace 2, P*(Q) =1, whose ele- 
ments are as simple as possible, e.g., measurable, monotone, etc. As an intro- 
ductory example we prove the following theorem. 


THEOREM 2.1. Let P*-measure be so defined that there is a number M with 
the property that for each value of t 
(2.1) P*{| x(t)| < M} =1. 


Then if Q is the subspace of Q* consisting of those elements of Q* for which 
| x(t) | <M, —~ <t<+o, P*(Q) =1, and Qis the space of a stochastic process. 


Let I* => re be a sum of neighborhoods, and suppose that I'*>Q. 
If t, 4, --- are the é-values used in defining I'*, '*, - - - , and if A* is the 
P*-measurable set determined by | «(¢;)| <M,j21, 


(2.2) P*(A*) = 1. 


If xo(é)eA*, there is an element x,(¢) in @ such that a:(¢;) =x0(t,), 721. For 
some », x;(é)eI’*. Since I'* is defined by inequalities on x(#) at certain of the 
numbers hy, fz, - - - , x:(¢)eT'* implies that xo(¢)eI’*. Therefore 


(2.3) A*cI*, 
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so P*(I*) =1. Thus any sum of neighborhoods which includes 2 has P*-meas- 
ure 1, implying that P*(Q) =1. 

The space of all pairs {r, x(¢)}, the direct product of the r-axis with Q, 
will be denoted by T XQ. If measure is defined on the r-axis as Lebesgue 
measure, measure can be defined on the product space in the usual way, 
being determined by the fact that the measure of the direct product of a 
7-measurable set and a P-measurable set is the product of their measures. f 
A set in T XQ is measurable (i.e., its measure is defined) if and only if it is 
the intersection of T XQ with a set measurable in T X0%*. 


DEFINITION. A stochastic process will be called measurable if the T XQ set 
of elements {r, x(t)} for which x(r)>k is measurable in T XQ for every real 
number k, i.e., if x(r) is a measurable function on T XQ. 


This implies, by Fubini’s theorem,f{ that the element x(é) of Q is a Le- 
besgue measurable function, with probability 1. 


THEOREM 2.2. The space Q* is never the space of a measurable stochastic 
process. 


If 2* were the space of some measurable stochastic process, x(#) would 
be Lebesgue measurable, with probability 1, in terms of P*-measure. It is 
therefore sufficient to show that if A* is the set of elements of 2* which are 
not Lebesgue measurable, P*(A*) =1, however P*-measure is defined. Let 
i => re be a sum of neighborhoods covering A*. Then we must show that 
P*(T*) =1. Let th, #,--- be the set of t-values involved in defining I*. If 
x(t) is any element of 0*, there is a non-measurable function x,(#), an ele- 
ment of A*, such that x(¢;) =xo(t;), 7 =1, 2, - - - . We need only take any non- 
measurable function and redefine it, if necessary, at ‘=, #,--- . Since 
T'*>A* contains the element x,(é), it must also contain xo(#). Therefore 
T* =0*: P*(I'*) =1, as was to be proved. 

We shall need the following lemma on measurable functions. 


Lema 2.1. Let f(r, v) be a Lebesgue measurable function defined in the 
strip 0 <v<1 of the (r, v)-plane. Define $,(t) by: 


(2.4) on(t) = k2-" if (k—1)2-"<t< kd. 


Then there is a number c and a sequence of integers {a,} such that f[n(t) +c, v] 
is a measurable function in the strip 0 <v <1 of the (t, v)-plane and that 


7 A treatment of measure functions in product spaces can be found in S. Saks, Théorie de 
VP Intégrale, Warsaw, 1933, pp. 257-263. 

t The importance of Fubini’s theorem in work of this kind was stressed by P. Lévy (V). Cf. also 
the investigations of J. von Neumann on flows, Annals of Mathematics, vol. 33 (1932), pp. 587-642; 
esp. pp. 588-589. 
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(2.5) lim f|a,(t) + ¢, 0] = f(t +c, ») 


n—-2 


almost everywhere in the strip. 


(i) Consider the function f[¢,(é)+s, v], defined in the 3-dimensional 
(s, t, v)-region 0<v<1. We show first that this function is Lebesgue measurable 
in the (s, t, v)-region. It is sufficient to show that if Z,,,, is a measurable plane 
point set on the (x, v)-plane, and if 


[on(t) +s, vJeEu, (4 = pn(t) +5) 


determines the (s, ¢, v)-set E,,:,., then £,,:,, is measurable. If E,,, is a rec- 
tangle, E,,:,, is certainly measurable, as the direct product of an (s, ¢) Borel 
set with a v-interval. Then if £,,, is any Borel set E, ,,, is measurable. Sup- 
pose that E, ,, is a Borel set of measure 0. It has just been shown that E£, ,;.,, is 
measurable, and we shall show the additional fact that it is of zero measure. 
The intersection of E,,, with a line v=const. is almost always of measure 0, 
and it is sufficient to show that the intersection of E,,,,, with a line »=const. 
is almost always of measure 0. To show this it is sufficient to show that the 
(s, t)-set E,,, determined by ¢,(¢)+seE, is of measure 0 if it is measurable 
and if E,, is of measure 0. This is certainly true since the intersection of E, 
with a line ¢=const. is congruent to E, and so has the same measure. Thus if 
E,,,, isa Borel set, E,,:,. is measurable, and has measure 0 if E, ,, has measure 
0. If E..,. is any measurable set of zero measure, it can be enclosed in a Borel 
set of zero measure, so in this case E, ,;,, is still measurable. Since any measur- 
able set E,,, differs from some Borel set by at most a set of measure 0, if 
E,,,. is measurable, E, ,;,, is also measurable, as was to be proved. 

(ii) For (t, v) fixed, f[¢,(é) +s, 2] is a measurable function of s (except 
possibly for a (¢, v)-set of measure 0) so by a theorem of Auerbachf if {an} 
is any sequence of integers, there is a subsequence {8,} with the property 
that 
(2.6) lim f[¢s,(2) + s, vo] = f(t +s, 2) 

0 
for almost all s. Let J, be any finite s-interval, € any positive number, and let 
£,(t, v) be the s-measure of the subset of J, where 


{ Fundamenta Mathematicae, vol. XI (1928), pp. 196-197. Auerbach’s theorem states that if 
F(x) is a Lebesgue measurable function of x and if {,} is a sequence of numbers converging to 0, 
there is a subsequence { ma, } with the property that F (x-+12,,) F(x) almost everywhere on the x-axis. 
This can be restated in terms of convergence in measure: F(x-+-h) converges in measure to F(x) on 
any finite interval as h—-0. (Convergence in measure was defined and discussed by F. Riesz, Paris 
Comptes Rendus, vol. 148 (1909), pp. 1303-1309.) 
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(2.7) | flon() + s, 2] — flt+s,»)| Be. 


Then £,(¢, v) is defined almost everywhere in the (?, v)-strip 0 <v <1, is uni- 
formly bounded by the length of J,, and converges to 0 with 1/n.7 If R;.,, is 
the (t, v)-rectangle [t)<t<t, 0<v<1], the integral 


f £,(t, v)dtdv 
Riv 


which represents the (s, ¢, v)-measure of the (s, ¢, v)-set where (2.7) is true, 
restricting (s, é) to [seI,, t0<<t<t], converges to 0 with 1/n. This implies that 
f[¢.(é) +s, v] converges in measure to f(t+s, v) on the (s, ¢, v)-set I, X R:,» de- 
termined by seJ,, (t, v)€R:,». There is then a sequence of integers {a,} such 
that f[¢.,(¢) +s, »] converges almost everywhere on J,XR;,, to f(t+s, v). By 
a familiar use of the diagonal process, there is a subsequence {a,} of {an} 
such that 
lim f[¢.,() + s, 0] = f(t +s, 2) 

almost everywhere on the (s, #, v)-set determined by 0<v<1. Then except 
for an s-set of zero measure f[¢,,() +s, v] converges (s fixed) to f(t+s, v) 
almost everywhere on the (t, v)-strip 0<v<1. The number c of the theorem 
can be taken as any number not on this exceptional s-set. 


THEOREM 2.3. If P*-measure is so defined that a constant c and a sequence 
of integers {an} exist for which 


(2.8) P* {lim x[c + ¢0,(t)] = x(¢ +4} = It 


for almost all t, there is a space 2¢ Q* which is the space of a measurable stochas- 
lic process. 

Conversely, if there is a measurable stochastic process with space 2c, 
the corresponding P*-measure must satisfy the above condition. 


Suppose that the given P*-measure satisfies the condition of the theorem. 
It will simplify the notation without restricting generality, if we assume that 
c=0. If x(é)eQ*, we define x‘ (2), x (é) by 


«(#) = lim inf x[¢.,(4], 


no 


(2.9) x)(#) = lim sup «[¢a,(t) }. 


no 


t Cf. the preceding note. 
} The function ¢,(#) is defined by (2.4). 
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The functions x(é), x[¢,(é) ], «(#), «“(d) determine functions x(r), x[¢,(7) ], 
x®(r), x)(r) on TX2*. The function x[¢.,,(7) ] is readily seen to be measur- 
able on T X*, n=1, 2, - - - , so the functions x‘®(7), x“)(7) are also measur- 
able on T X*. If tis not in an exceptional set S of measure 0, 


(2.10) P*{ x(t) = x(t) = 2@)} = 1. 
Let © be the set of all elements x(t) eQ* satisfying 
(2.11) x(t) S x(t) S x (8) 


for all values of ¢ not in S for which x‘ (1) < +, x(t) >— ©, and otherwise 
unrestricted. We shall show that P*(Q)=1 by showing that if I'* => rs 
is a sum of neighborhoods covering 2, P*(I'*) =1 necessarily. Let hy, te, - - - 
be the values of ¢ used in defining I'*, of which f,,, ta,,--- are not in S,f 
and let A*be the 2*-set determined by 


(2.12) «(ta ,) = x(ta;) — %(ta,), j _ 1, me? **s 

By (2.10), P*(A*) =1. If xo(¢) is an element of A*, let x:(¢) be an element of 2* 
equal to xo(t) at 4, &,--- and att¢=k2-", fork=0, +1,---,m=1,2,---, 
and otherwise restricted only by 

(2.13) w(t) = x(t) S x(t) S x(t) = x2) 


at the values of ¢¢S where xo (t)<<+0, x(t) >—o. Then x,(é)eQ: for 
t=k2-*, x (t) =a, (2) =x, (2) by the definition of the functions x‘ (#), x(t) 
so that (2.11) is satisfied; at ¢=t.,, ta,, + - - , (2.12) implies (2.11); and for all 
other values of #, (2.13) implies (2.11) (the qualifying conditions on the two 
are identical). Since x,(¢)«I'* there is an integer v such that x,(¢)eI'* and since 
ai(t;) =xo(t;), 7=1, 2,---, this means that xo(f)eI'* : A*cI*, P*(I*) =1, 
as was to be proved. 

The space 2 is thus of exterior P*-measure 1 and so the space of a stochas- 
tic process, which we shall now show is measurable. The functions x*(r), 
x‘*)(r) are measurable on T X* and therefore on T XQ. For fixed 7 =¢ they 
are equal, with probability 1, by (2.10), except for a ¢-set of measure 0, so 
they are equal to each other almost everywhere on T XQ. Since for fixed 
7 =t¢S they are equal to x(t) with probability 1, they are finite valued almost 
everywhere on TX. The function «(r) on T XQ then satisfies 


(2.11’) xO(r) S x(r) S x(r) 


almost everywhere on T XQ and is therefore equal to x‘ (r) =x‘ (7) almost 
everywhere on T XQ, proving the measurability of the process. 


t The set {f.,,} may be empty. 
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Conversely, if P*-measure is so defined that there is a measurable stochas- 
tic process with space 2. ¢ 0*, the function x(7) is a measurable function on 
T XQ. We apply Lemma 2.1 to this function (7) defined on {r, x(é)} space 
T XQ, finding that there is a number c and a sequence of integers {a,} such 
that 
P{lim «[c + ¢.,(é)] = x(c +4} = 1, 
equivalent to (2.8) because of the definition of P-measure.{ 

The condition of the theorem is in unwieldy form, but has the advantage 
of being both necessary and sufficient for the existence of a measurable 
stochastic process. The following theorem gives a necessary condition and a 
sufficient condition in more usable form. 


THEOREM 2.4. (i) Let P*-measure be so defined that there is a space 2 Q* 
which is the space of a measurable stochastic process. Then if «>0 


(2.14) P*{ | x(¢+ h) — x()| >} 


is a measurable function of t (h fixed) which converges in measure to 0 on every 
finite t-interval, as h-0. 

(ii) If P*-measure is so defined that for every positive € (2.14) converges to 0 
for almost all values of t, as h-0, there is a subspace Q¢ Q* which is the space 
of a measurable stochastic process. 


If P*-measure is so defined that the P*-measure of a neighborhood (and 
so of any P*-measurable set) is independent of translations of the ¢-axis, the 
conditions (i) and (ii) become identical and the resulting condition is then 
both necessary and sufficient. 

We first prove (i). By hypothesis x(7) is a measurable function of {7, x(¢)}. 
Then | x(7+) —x(r)| is measurable, so by Fubini’s theorem 


(2.14’) P{| «(t+ h) — x(t)| >e} 


is a measurable function of ¢. The function of (2.14) is equal to this function 
for all ¢, h, and is therefore also measurable in ¢. The element x(t) of Q is 
measurable, with probability 1. Applying the theorem of Auerbach as in the 
proof of Lemma 2.1, if J is any finite ¢-interval, «(¢+) converges in measure 
on I to x(t) as h-0; i.e., if [x(#), #] is the Lebesgue measure of the ¢-subset 
of IJ where |x(t+h)—x(t)| >e, € is bounded by the length of J and con- 
verges to 0 with 4. The measure of the T XQ-set (restricting 7 to J), where 
| x(r-+h) —2x(r)| >e, is 

+ The lemma was stated, for convenience, for a function f(r, v) defined on (7, v)-space, but the 
proof holds for this case also, with no essential change. 
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(2.15) f ele, hlaP,t 


which converges to 0 with 4. The measure of this set can also be expressed as 


(2.16) Jr | a(t + h) — x(t)| > e}dt, 


and the convergence of this integral to 0 with h, remembering the identity 
of (2.14) and (2.14’), is equivalent to the statement of the theorem. 

Next we prove (ii). We shall show that P*-measure satisfies the condition 
of Theorem 2.3 with c=0 if (ii) of the present theorem is satisfied. 

Consider the function x[¢,(é) ], inducing the function x[¢,(r) ] on TXQ*. 
The latter function is measurable on T X *. The hypotheses of (ii) imply that 
«[@.(é)] (¢ fixed) converges (to x(t)) in measure almost everywhere on the 
t-axis, and by the device used in the proof of the first part of this theorem, 
this means that x[¢,(r) ] converges in measure on T X%* for 7 restricted to 
any finite interval 7. There is then a sequence of integers {a,} such that 
x[a,(7) ] converges almost everywhere on J X*, and by the diagonal pro- 
cedure, a subsequence {a,} of {a,} can be obtained for which x[¢,,(r) ] con- 
verges almost everywhere on T X2*. By Fubini’s theorem, x[¢.,(é) ] (¢ fixed) 
converges with probability 1, necessarily to x(#), for almost all values of ¢, 
as was to be proved. 


THEOREM 2.5. Let P*-measure be so defined that t,—t implies 


(2.17) P*{lim x(t,) = x(t)} = 1, 


for all values of t except possibly those in a set S of measure 0. Then 

(i) there is a measurable stochastic process with space Q, whose elements x(t) 
are continuous almost everywhere on the t-axis, with probability 1, and x(t) is 
continuous at t=to with probability 1, for almost all values of to; 

(ii) every quasi-separable stochastic process with space 2 < Q* is measurable, 
and its elements fulfill the regularity conditions of (i); 

(iii) if the exceptional t-set S is empty, and if there is an everywhere dense 
denumerable set {r,} with the property that 


(2.18) lim P*{L.U.B. | x(r)| < k} = 1, 


for every finite interval I, a quasi-separable process with space 2¢ XO exists (to 
which (ii) can then be applied) .t 


t The integral of a P-measurable function f[x(¢)] over a P-measurable set A will be denoted by 


Saf{x@ ]aP. 
t Cf. Lévy (II, p. 345). 
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First we prove (i). By Theorem 2.4, (ii) there is a measurable process with 
space 2, whose elements x(#) satisfy (2.11’) almost everywhere on T XQ. Let 
#n(t), (xn(t)) be defined as L.U.B. x(r;) (G.L.B. x(r;)) for all numbers 7; of 
the form u2~ (u=0, +1,---,v=1,2,---) in the interval 

k-1 k+1 
< 


2.19 <r< 
(2.19) re os 


? 


where k is determined by 


k+1 
(2.20) —<s 4 . 


t 
a* a 


Then £,(r), x,(7) are measurable on T X@. Define #(#), x(#) by 


£(t) = lim Z,(é), a(t) = lim Xn(t) ; 
The functions £(#), x(#) are respectively the upper limiting function of x‘*)(#) 
and the lower limiting function of x‘ (#). The functions #(r), (7) are measur- 
able on T XQ and satisfy 


(2.11’’) a(t) S x(r) S x(r) S x (7) S Zr) 


almost everywhere on T XQ. If x*(#), x«(#) are respectively the upper and 
lower limiting functions of x(#), (2.11’’) implies 


(2.11) x(t) S %(7) S x(r) S x*(r) S Hr) 


almost everywhere on T XQ. Applying Theorem 1.3, if ¢¢S, there is equality 
of the extremes in (2.11’’’) for 7 =#, with probability 1. Then there is equality 
almost everywhere on T XQ. The equality of x*(#), x»(¢) at to is the condition 
of continuity at to. Applying Fubini’s theorem, we have the statement (i) of 
Theorem 2.5. 

We now prove (ii). If P*-measure has the property described, and if Q 
is the space of a quasi-separable process, let {r,} be a sequence of numbers 
with the properties described in Theorem 1.2. Let £(#), x(#) be defined as in (i), 
in terms of the values of x(#) at the points {r,}, which no longer have the 
special form prescribed there. Then if x(t) «Q, x(t), #(¢) are its lower and upper 
limiting functions respectively, whose equality is the condition of continuity. 
We have on Q 


(2.21) x(t) S x(t) S #2) 


for all values of ¢. Now for fixed 7, x(r), #(r) are equal with probability 1 
(except for reS), applying Theorem 1.3 to the present stochastic process. 
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Then by Fubini’s theorem, x(7r) = #(r) almost everywhere on T XQ, so x(7), 
equal to a measurable function almost everywhere on T XQ, is itself measur- 
able on that space. The process with space 2 is thus measurable, and the con- 
tinuity properties of the elements x(t) are deduced by applying Fubini’s 
theorem, as in the proof of (i). 

Finally we consider (iii). Suppose that the conditions of (iii) are satisfied. 
Form the functions x(t), #(¢) as in (i), using the sequence {r,} with the prop- 
erties described in the statement of (iii). Let 2 be the space of all elements 
x(t) satisfying (2.21) for every value of ¢. We shall show that P*(Q) =1 by 
showing that if I'* => I is a sum of neighborhoods covering 2, P*(I'*) =1 
necessarily. Let 4;, 42, - - - be the values of ¢ used in defining I*, and let -. be 
the 2*-set determined by 

L.U.B. | x(r;)| S k. 


Irj|<n 


The set 


oo oe 


Bog = Il p> ie 


n=1 k=l 


then has P*-measure 1. It consists of the elements x(¢) which are bounded 
functions (considered defined only at the points {#;}) on every finite interval. 


Let A* be the subset of As for which 
x(t;) = x(t;) = &(t;) \ , 
7° 1, 2, : 
x(r;) = x(r;) = £(r;) 


The set A* also has P*-measure 1. If xo(é)eA*, let x:(é) be an element of 0* 
equal to xo(#) at the points {#;} and {r;} and otherwise restricted only by 


X(t) = xo(t) S mi(t) S Zot) = H(2). 


Then x:(é)eQ ¢ I*. Since x;(é)eI* there is an integer v such that x:(é)eI'*, and 
since x:(t;) =xo(t;), 7 21, this means that xo(t;)eI'*:A* c I'*: P*(I'*) =1, as was 
to be proved. The sequence {7,} can be used as the sequence of #-values re- 
quired by the condition of quasi-separability (cf. Theorem 1.2). 


THEOREM 2.6. Suppose that P*-measure is so defined that for every number t 
and positive number 6, 
(2.22) P*{x(t+ 6) — x(t) > 0} = 1. 


There is then a finite or denumerable sequence of points d,, d2,--- such that 
if Q is the set of all elements x(t) of Q* which are monotone non-decreasing func- 
ions and continuous on the right, except possibly at dy, de, - - - , P*(Q) =1: Qis 
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the space of a quasi-separable measurable stochastic process. If to~d,, do, - - - 
x(t) in Q is continuous at ty with probability 1.7 
(i) Let h, te, --- be any sequence of numbers. If t;>+#;, 


(2.23) P*{ x(t) = x(ts)} = 1. 


Since the set of all pairs (¢;, ¢,) is denumerable, x(#), considered as defined only 
at 4, #,--- is monotone non-decreasing, with probability 1 (in terms of 
P*-measure). 

(ii) Evidently if e>0 and if a<b, 


(2.24) P*{x(b) — x(a) = €} 


is monotone non-decreasing in b for fixed a and in —a for fixed b. Then if 
a<t<b and if a—+#t, b—t the expression (2.24) converges to a limit which is 
unaltered if a, b are restricted to run through rational values. Let S(e, 7) be 
the ¢-set for which this limit is at least 7 >0. Let A* be the subset of * con- 
sisting of the elements x(#) which are monotone non-decreasing when con- 
sidered only for rational ¢-values. By (i), P*(A*) =1. If toe S(€, n), x(r) (r ra- 
tional) has a jump of magnitude ¢ at é, if x(#) is in some set M* of P*-measure 
at least ». The set S(e, n) has only a finite number of points in common with 
any finite interval 7: otherwise, if tjJ-S(e, n), 7=1, 2,---, there is a 
P*-measurable set M* of P*-measure at least 7 each element of which is in 
infinitely many of the sets M#*,f and if «(é)eM*, x(r) has infinitely many 
jumps in J of magnitude e, an impossibility. The set S(e, 7) is therefore at 
most denumerably infinite, and the set {d;} of the theorem is the sum of the 
sets S(1/m, 1/n), m,n=1,2,---. 

(iii) We show that P*(Q) =1 by showing that if I'* => I.* is any sum of 
neighborhoods covering 2, P*(I'*)=1. Let ti, &,--- be any everywhere 
dense sequence which includes the sequence {d,} and those values of ¢ used 
in defining the neighborhoods of I*, and let A* be the subset of 2* consisting 
of those elements x(#) which, when considered defined only at hi, f, ---, 
are monotone non-decreasing. By (i), P*(A*) =1. If x(#)eA*, x(¢) (considered 
defined only at h, #,---) is either continuous on the right at ¢; or has a 
jump there. If 1;#d,, v=1, 2, - - - , the first case is true, with probability 1. 
Then if Ag is the subset of 2* consisting of those elements x(#) which are 
continuous on the right (considered defined only at ,, f, - - - ) at each point 
th, &, -- + notin the set {d,}, P*(Ad*) = P*(A*) =1. If xo(¢)eA¢ define x,(é) by 

¢ This does not mean that x(#) in © is continuous except at di, dz, - - - . The probability that x(¢) 
is continuous at any given point é) may be 1 for every value of to, although at the same time the proba- 
bility that x(#) is continuous in an interval is less than 1. An example of this is given below. The last 


statement of Theorem 2.6 implies that the condition on P*-measure of Theorem 2.5 is satisfied. 
t The set M* can be defined as] [y_, oy Mé. 
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x(t) = lim xo(t,)f if ¢ ¥ ¢;, j=i1,2,---, 
(2.25) ais 
wi(tj) = xo(t;), j=1,2,---. 
Then x;(¢) is monotone non-decreasing and continuous on the right, except 
perhaps at ¢=d;,7=1, 2, -- - , so x:(#)eQ. For some v, x(é)eI'*. Since I’ is de- 
fined by inequalities on x(é) at certain of the numbers h, fy, - - - , x:(é)eI'* im- 
plies that xo(#)eI'*. Therefore Ay ¢ I'*: P*(I'*) =1, P*(Q) =1. 
(iv) The numbers {?,} required in the definition of quasi-separability (cf. 
§1) can be taken as the rational numbers in the interval. The process is there- 
fore quasi-separable. Let t) be any value of ¢ not in the sequence {d,}. Then 
lim x(t,) = x(to + 0), 
inh ty 
if x(#)eQ, and at the same time x(é,) converges in measure on © to x(to), so 
x(t,) converges to x(to) =x(to+0) with probability 1. Similarly 


lim x(t,) = x(to — 0) = x(to) 
tat by 


with probability 1, and we can say in general that if t,—%, 


(2.26) P*{ lim x(t,) = x(to.)} = P{ lim x(t.) = x(to)} = 1. 


no no 


The P*-measure thus satisfies the condition (ii) of Theorem 2.5, and the 
process is therefore measurable. We have proved that 


(2.27) X(to + 0) = %(to — 0) = x(t) 


on 2 with probability 1, if ts~d1, de, - - - , completing the proof of the theo- 
rem. 

The following examplet of a stochastic process of the type just discussed 
has no point d,, and so x(é) is continuous, with probability 1 at every value 
of t. If h<h4+bi:5h<--- St,<t,+6,, and if ,---, v, are any positive 
integers or 0, we define P*-measure by 


P*{x(0) = 0} = 1, 


(2.28) - 


P{x(t +5) — xt) = 5, f= 1,---, a} = TL ee 
1 


v;! 


The elements of 2 are monotone non-decreasing and everywhere continuous 
on the right. It can be shown that the subspace { of 2 whose elements x(é) 
all vanish at ¢=0, and are constant except for jumps of magnitude 1, is also 


t The notation t, T t (tn J t) will be used to denote approach from below (above). 
t Cf. Khintchine (III, pp. 23-24). 
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of exterior P*-measure 1. This space is the natural space of the time series 
with Poisson distribution. 

Let M¥ be an 0*-set in the Borel system over the neighborhoods (1.1) with 
t;S7,7=1, -- - , m, but otherwise unrestricted. If 2 is the space of a stochastic 
process, and if A is P-measurable, P(A-M,) is a completely additive non- 
negative function of the sets M, = M*-Q (r fixed), and P(M,) =0 implies that 
P(A-M,) =0. There is therefore a P-measurable function P, ,[x(é) ] such that 


(2.29) f P,,a[x(t) dP = P(A-M,),+ 
M, 


for all M,. The function P, ,, is uniquely determined up to a set of P-measure 
0 and P,.,>k defines an M,-set. This function P,,, is called the conditional 
probability function of A if x(¢) is known for ¢Sr. 


THEOREM 2.7. If P,,4 is the conditional probability function of A when x(t) 
is known for tSr, and if $[x(t)] is the characteristic function of the set A,t 
Tr > implies 
(2.30) lim P,,,a[x(é)] = o[«(2)] 
with probability 1. 

The proof of this is the same as that for the corresponding theorem on 
discrete stochastic processes, proved by Lévy (IV, pp. 88-89), and will there- 
fore be omitted. 

Let 7* be the transformation of 2* taking the element x(é) into the ele- 
ment x«(¢+s). This point transformation takes P*-measurable sets into P*- 
measurable sets. If P*-measure has the property that the transformations 
{7*} are measure preserving, the P*-measure, and any process with space 
Q¢Q* with the corresponding P-measure, will be called temporally homo- 
geneous. In the study of temporally homogeneous processes, a natural tool is 
the ergodic theorem. The following lemma will make its application possible. 


Lema 2.2. Let f[x(t)] be a P-measurable function defined on the space Q 
of a temporally homogeneous measurable stochastic process, and suppose that 
T*#Q=2 for all values of s. Then 


f[x(t + 7)] = f[TAx(d)] 
is a measurable function in {r, x(t)} space TXQ. 


+ The existence of such a density function was proved by Nikodym, Fundamenta Mathematicae, 
vol. 15 (1930), pp. 168-179. The discussion here is a specialization of one by Kolmogoroff, (V, pp. 
41-43). 

t The characteristic function of a point set is defined as 1 on the set and 0 on its complement. 
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The statement that the process is measurable gives the lemma for 
f[x(t)]=x(0). The proof in the general case consists of showing that the 
lemma is true for f[x(#)] the characteristic function of a P-measurable set 
(going from neighborhoods to more general sets), and then approximating f 
in the general case by linear combinations of such functions. 

If f[x(t) ] is as described in the lemma, f[7*x(¢) ] is Lebesgue measurable 
in r (for x(#) a fixed element of 2), with probability 1. If we suppose that the 
integral 


J slx(o ap 


exists, the ergodic theorem states that 


1 Zz 
lim — J f[x(t+ 7) ]dr 
Za Z 0 
exists, with probability 1.7 

3. Differential stochastic processes. If P*-measure is defined in such a 
way that fori;<hA<--- <é, 


x(te) — x(ti),-- + , X(tr) — X(én-1) 


form an independent set of chance variables,{ the process will be called a 
differential process.§ The time series discussed above (p. 122) is an example 
of a differential process. 

An Q-set determined by 


(3.1) a; < x(t; + 6;) — x(t) <b; f=1,---,n, (—-%© Sa;<b; 5 +0) 


will be called a differential neighborhood. An Q-set in the Borel system of 
sets over the differential neighborhoods, or differing from such a set by a 
subset of such a set which is of P-measure 0, will be called a differential set. 
A function f[x(é) ] will be called measurable on the differential sets if the set 
defined by {> is a differential set for every number k. 


t Cf. Doob (I); Khintchine (II, pp. 613-615); Wiener (I, Chapter X); Khintchine’s treatment 
is open to the objection that he does not justify integrating his chance variables with respect to ¢. 

Doob (II, pp. 763-765), Hopf (I, p. 95), and Khintchine (I) applied the ergodic theorem, in 
the discrete case, to derive the law of large numbers. 

A simple presentation of the ergodic theorem, first proved by Birkhoff, was given by Khintchine 
(Mathematische Annalen, vol. 107 (1933), pp. 485-488). 

t This means that for any real numbers a), - ++ , dn 


P*{ x(t;)—x(t;1) >a;, j=2, deck n} TTP *{ x6) -x4..) >a}. 
j= 


§ Differential processes have been discussed by Bachelier (I, II, III), Khintchine (III, pp. 68-75), 
Kolmogoroff (I, II), Lévy (II, III), and Wiener (I, Chapters IX and X). 
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The definition of temporal homogeneity given in the preceding section is 
not the most convenient one, when differential processes are under investiga- 
tion. Throughout this section, we shall understand by the temporal homo- 
geneity of a differential process merely the invariance of the P*-measure of 
differential sets under the transformations {T*}. 

It will be convenient to define a transformation 7,A on the P-measurable 
sets of the space 2 of a stochastic process by 


T,A = Q-T#A*, 


where A* is a P*-measurable set satisfying A*-Q=A. If T* takes sets of P*- 
measure 0 into sets of P*-measure 0, 7,A is uniquely determined up to a set 
of P-measure 0. If T*2=Q, 


T.A = 2-TFA* = TF(Q-A*) = THA, 


so in this case T, becomes T* on the P-measurable sets. If the process is a 
temporally homogeneous differential one, 7,A can be defined as above for A 
any differential set, and the definition will be unique, up to differential sets 
of P-measure 0. 


THEOREM 3.1. Let B, be the Borel system of sets over the Q-sets determined 
by the differential neighborhoods (3.1) with t;, t;+6;>7, 7 =1,--+,n, where QD 
is the space of a stochastic differential process. Then if A is a P-measurable set 
which is in B, for all values of r, P(A) =1 or P(A) =0.7 


Using the notation of Theorem 2.7, if M, is P-measurable, 
(3.2) P(A-M,) = P(A)- P(M,). 


Then it follows that if P(A) >0, P,,,1=P(A) almost everywhere on Q, so that, 
by Theorem 2.7, P(A) =1. 

Using this theorem, if ¢,+%, the probability of convergence of x(t,) is 
either 0 or 1. Or by a simple transformation of the ¢-axis, if ¢, approaches ¢ 
from one side, the probability of convergence is either 0 or 1. 


THEOREM 3.2. Any differential set, invariant (up to a set of P-measure 0) 
under the transformations {T,} on the differential sets of Q, the space of a tem- 
porally homogeneous differential stochastic process, has P-measure 0 or 1.t 


t Cf. Jessen (I, pp. 270-271), Kolmogoroff (III, pp. 60-61), and Lévy (IV, pp. 88-89), for the 
analogous theorem on discrete stochastic processes. 

t Another way of stating this theorem is that the transformations { T.} are metrically transitive 
over the collection of differential sets. The corresponding theorem was proved for discrete processes 
by Doob (II, pp. 761-763) and Hopf (I, p. 95). The method used here can also be used in that case. 
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Let A be a differential set of P-measure p invariant under the transforma- 

tions {7,}. If 0<p<1, there is a number e>0 so small that 

(3.3) (0 + 6)? <p — 2e. 

Let I be a finite sum of differential neighborhoods satisfying 

(3.4) PY) <pte, P{a-cD} <e.t 


Suppose that the ¢-values involved in defining I are all in the interval a <t<b, 
and let '’=7,_,.l’. Then 


(3.5) P(T’) = PUT) <pt+e, P(I-I’) <(o+6)?, P(A-cI”) <e, 


so 


= P(A-T-T”’) 
= P(A) — P(A-cY) — P(A-cI’) > p — 2, 


2> P(r -T’ 
(3.6) (o + €)? > P(T-T”) 
contradicting (3.3). 


Lemma 3.1. Let Ai, As, -- + be a sequence of independent chance variables. 
If there is a chance variable A such that 


A— >A; 
1 


is independent of the set {A,,---, An} forn=1,2,--+ there is a sequence of 
constants {m,} such that 


(3.7) im | , a; — ms 


n> 2 


exists and is finite with probability 1. 

The existence of constants {m,} with the property described was proved 
by Lévy (I, p. 132). 

THEOREM 3.3. Choose m(t) to satisfy 


(3.8) f arctan [«(t) — m()|dP = Ot 
2 


for each value of t, and set y(t) =x(t) —m(t). Then if the process is a differential 
one, and if tis any real number, there is a chance variable y(t—0) (y(é+-0)) such 
that tn | t (tn | t) implies 

t The notation cI will be used to denote 2—TI’. The existence of T' can be proved, for example, 
by transfinite induction. 


t For ¢ fixed the integral is a monotone ‘decreasing function of m, varying from 1/2 to —7/2 as m 
varies from — © to +, so there is a unique value of m satisfying (3.8). 
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(3.9) lim y(t.) = y(t — 0), lim y(tn) = y(t + 0) 


with probability 1. Except at most at a denumerable t-set, 


y(t — 0) = y(t) = y(t + 0) 


with probability 1.¢ 
Suppose that #, T t. We can assume that << ---. Then 


(3.10) m-tee Sa ho Hinds: 


Taking the variable A of Lemma 3.1 as y(#) — y(t), it follows that a sequence 
of constants {m,,} exists such that 
(3.11) lim [y(t,) — m,] = y 


exists and is finite with probability 1. If lim sup,...|m,| =, some subse- 
quence of {arctan y(é,)} must approach —7/2 or 2/2, contradicting 


(3.8’) f arctan y(t#)dP = 0.f 
2 


Unless the sequence {m,} is convergent, there are two subsequences {m.,}, 
{ms,} converging to different finite limits m’, m’’ respectively. Then 


(3.12) lim y(ta,) = y +m’, lim y(to,) = y+ m”, 

contradicting (3.8) again. Thus lim,...m, exists and is finite, implying the 
same (with probability 1) for lim,...y(¢,). The latter limit must be independ- 
ent of the particular sequence {¢,} chosen since any pair of such sequences 
can be arranged in a single sequence. The limit y is thus the y(¢—0) of (3.9). 
The other half of (3.9) is proved in the same way. We shall need the fact that 


(3.8””) f arctan y(t — 0)dP = f arctan y(t + 0)dP = 0. 
a Q 


To prove the last part of the theorem, define a,(v) by 


+ This theorem is due to Lévy (II, pp. 342-343). Lévy centers his distributions by a different 
function of ¢. 

¢ We shall use repeatedly in this discussion the theorem of Lebesgue that a uniformly bounded 
convergent sequence of measurable functions defined on a measurable set of finite measure can be in- 
tegrated term by term. 
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(3.13) a,(v) = | f eitvco-odp, t>0. 


Then a,(v) is non-negative and continuous in v. Since az4;(v), A>0, ¢>0, is 
the product of a,(v) (which is less than or equal to 1) and a function obtained 
similarly from the distribution of y(¢+/) —y(#),f a:(v) is monotone non-in- 
creasing in ¢. It can readily be shown that at any #-point where y(¢—0) — (2), 
y(¢+0) —y(é) are not identically constant, with probability 1, a,(v) must have 
a jump for some rational value of v. Then the set of such points is at most 
denumerable. Moreover if either of these two differences is identically con- 
stant with probability 1, the constant must be 0, because of (3.8’’), so the 
theorem is completely proved, for >0. A similar discussion can be given for 
t<1, and the combination of the two results gives the theorem in full. 


Coro.tary. If the process of Theorem 3.3 is measurable, m(t) is a Lebesgue 
measurable function, and the process whose elements are {y(t)} is a measurable 
differential process. 


The inequality m(t)<k is equivalent to 


(3.14) f arctan [x(#) — k]dP <0. 
Q 


Now arctan [x(r)—k] is a measurable bounded function in {r, x(é) }-space 
TXQ, so the integral of (3.14), a Lebesgue measurable function of ¢ (Fubini’s 
theorem), is negative on a Lebesgue measurable ¢-set. The function m(é) is 
thus Lebesgue measurable. Let 2’ be the space whose elements are the func- 
tions y(#). We define P’-measure by 


(3.15) P’{ y(t) <4i,j= 1, ‘ioe ,n} = P{ x(t,) < uj t+ mt), 7 = 1, si a ,n}, 


for any hi, --- , tn, mi, °° * , Mn. [tis readily seen that in this way a measurable 
differential stochastic process with space ’ is defined. 

The choice of the function m(#) is to a certain extent arbitrary. If 
m,(t) —m(t) is continuous, m(#) would serve as well for the purposes of Theo- 
rem 3.3. If, whenever ¢, f tort, | t, 


lim x(tn), lim x(t) 
intt thle 


Tt This follows at once from the fact that if f and g are bounded P-measurable functions, which 
are independent in the usual sense of probability, 
Sf gdP=ff dP: fgaP, 
a fact which in turn is simply the fact that an iterated integral, if the limits of integration are con- 
stants, is the product of its component integrals. 
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exist and are finite with probability 1, and if the differences x(¢—0) —x(é), 
x(t+0) —x(t) can never be identically constant with probability 1 unless the 
constant is 0, the process will be said to be centered If a process is centered, 
the proof of Theorem 3.3 shows that at most a denumerably infinite set of 
i-values are points of “fixed discontinuities” (where P { x(#—0) =x(#)} <1 or 
P{x(t+0) =x(t)} <1). Even these cannot occur if the process is temporally 
homogeneous. The P*-measure of a centered differential process thus satisfies 
the condition of Theorem 2.5 on P*-measure, so a measurable process always 
exists with the same measure relations. This result will be considerably 
strengthened by Theorem 3.8. The above corollary can be restated as fol- 
lows. If the process of Theorem 3.3 is measurable, m(t) is a Lebesgue measurable 
function, and the process whose elements are {y(t)} is a centered measurable 
process. 
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THEOREM 3.4. If x(t) is the general element of a quasi-separable differential 
stochastic process with the property that the integrals 


(3.16) f [x(t) — x(0) ]dP, J [x(t) — x(0) ]2dP 


exist for all t, and if the first vanishes identically, o,? is monotone non-decreasing 
in t for t>0, and if T>0, w>0, 


(3.17) P{L.U.B. | x(t) — x(0)| > nu} < or? /p?. 
0<t<T 


Since if 5>0 


(3.18) ois = of + f [x¢+8) — xe J'ar, 
Q 


143207". The Q-set A where 


(3.19) L.U.B. | «(#) — x(0)| >u 
0<i<T 


is the set where 
(3.20) L.U.B. | x(A,;) — x(0)| > u 
j21 
for some sequence {i,} in 0<t<T, since the process is quasi-separable. The 
set A is P-measurable and 


(3.21) P(A) = lim P{max | x(A;) — «(0)| > u}. 


no is 


By Kolmogoroff’s generalization of the Tchebycheff inequality (III, p. 310, 











130 J. L. DOOB [July 


Theorem 1), the P-measure of the mth set on the right is at most o(m)?/p?, 
where if \, =maxj<nAj, o(m)? =0;,. Then 


(3.22) P(A) S lim sup o()?/u? = 7? /p?, 


as was to be proved. 

This theorem could be used to derive the analogue of Theorem 3.3 in the 
special case being considered. Under the hypotheses, the process is already 
centered. 

THEOREM 3.5. Let B, be the Borel system of sets over the Q-sets determined by 
inequalities of the form 


(3.23) a;< x(t; _ 6;) — x(t;) < b;, 6; > 0, t; =< - j = ‘. teem, 











where Q is the space of a centered temporally homogeneous differential stochastic 
process. Let s[x(t)] be a P-measurable function with the property that the Q-set 
determined by s=r is in B, for every number r. Let 

y(t) = x(t + s[x(2)]). 

(i) If s[x(t)] takes on at most denumerably many values, 
Pi y(t; + 6;) — y(t) <u jG =1,---, 2} 
sa P{ x(t; + 63) a x(t;) < hij = 1, wie ,n} 

whenever 0<t<h+biSh< --- Str<tat+é,. 


(ii) If the process is quasi-separable, the conclusion of (i) holds without the 
restriction that s take on at most denumerably many values. 


(3.24) 


(i) If s assumes only the values a, a2, - - - onsets Aj, As, - - - respectively, 
and if 0<4,<44+6:Sh#< --- St,<t,+6,, 


Pi y(t; +6) — y(t) <j, j =1,---,n} 
= > Pi{s = a,, x(t; + a, +6;) — x(t; + a,) < 4i,j = 1,---,m} 


3.25 
oe Ly Pis = a,}- Pi x(t; + a, + 5;) — w(t; + a) <uj,j7 =1,---, 0} 


= > Pls = a,}-P{ x(t; +5) — x(t) <u;,j =1,---,n} 


which is equivalent to (3.24), since }»,P{s=a,} =1. 
(ii) Define s, by 
(3.26) Ss =(k—1)/n if (k-—1)/nS5< k/n, k=0,1,---. 


Then |s,—s| $1/n. The hypotheses of the theorem imply that 


Tt Doob (III) proved this theorem, in a somewhat more general form, for discrete processes. 
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lim x(t’) = x(t) 


1 


with probability 1 (¢ fixed). There is therefore a positive function 6(e, 7), in- 
dependent of ¢, such that if ¢ is fixed, and if e>0, 7 >0, 


(3.27) P{L.U.B. | x(¢ +6) — x(t)| <e} >1-7. 
|6|<6 


By (i) the distribution of 
a(S, tti+6)—2x(s,+24, 5>0, 
is the same as that of 
x(t + 6) — x(t), 


if ¢>1/n, and evidently the elements x(s,+é) ( fixed), t>1/n, can be con- 
sidered as the elements of a quasi-separable stochastic process, so 


(3.28) P{L.U.B. | x(s, +#+6) — x(sn+0|<e} >1—2, > 1/n), 
mies a= i,2,->-, 

If v=v(e, n) isso large that 1/y <6, 

(3.29) | a(s +2) — x(s, + 2) | =| x(s,+t+s5—5,) _ a(s, + 2) | <e,t>1/v 


with probability at least 1—7: the sequence x(s,+#) converges in probability, 
i.e., in measure on Q, to x(s+é), if ¢>0. Then y(#) =x(s+#) is readily seen to 
have the same differential distribution as x(t) (¢>0), another way of stating 
(3.24). 

We consider now a differential process for which the integrals (3.16) exist, 
the first vanishing identically. We shall assume for greater simplicity, that 
there are no fixed ¢-points of discontinuity, meaning in this case that a,” is a 
continuous function of ¢t. Then if V(é) is defined by 


(3.30) Vi) =o?7,t>0; Vi =—o?, t<0; V(O)=0, 
we shall define a chance variable (i.e., a P-measurable function) 


(3.31) f fid)dx(t) 


for any Baire function f(#) for which 


(3.32) f f(t)*dV (2) 


exists as a Lebesgue-Stieltjes integral. 
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Let f(t) be the characteristic function of an open bounded ¢-set, the sum 
of intervals a;<t<b;, 7=1, 2,---. Then we make the definition 


(3.33) f sods =X [xp - x09], 


where the series on the right must converge, since the terms are independent 
chance variables whose means are 0 and whose standard deviations squared 
form a convergent series:7 


(3.34) yf [x(b,) — x(a) ]*dP = >> [V(b,) — V(a)]. 
1 Q 1 


We note that 


(3.35) fA Sroano\ ap = fav. 


If B is any bounded Borel set, there is a monotone sequence 0,302> - - - 
of bounded open sets whose product includes B and differs from it at most by 
a set of V-measure 0; i.e., by a set on which {dV (t) =0. If f, fi, fo, --- are the 
characteristic functions of B, O1, Os, - - - , respectively, 


(3.36) J { f falt)dx(t) — f falas) dP a f dV(t), m>n, 


n—Om 


so that /f,(#)dx(t) converges in the mean on ©. It can be shown that the limit 
is independent of the sequence {O,} chosen (disregarding 2-sets of P-measure 
0). This limit is denoted by (3.31), and (3.35) remains true, substituting B 
for O. 

If f(é) is a Baire function taking on only a finite number of values, and 
equal to 0 outside some finite interval, f(¢) is a linear combination of functions 
of the type just treated, and (3.31) is defined as the corresponding linear 
combination of integrals. Equation (3.35) becomes 


(3.35’) fi f fiban(o\ ap = f “fOrav). 


If f(#) is any Baire function for which (3.32) exists, it can be approximated 
in the mean by Baire functions {f,(¢) } each of which takes on only a finite 
number of values: 


(3.37) lim “Lalt) — f(t) }*dV(t) = lim * La(t) — fm(t) |*dV(t) = 0. 


n— 2 —o pi 2 


¢ Kolmogoroff (III, p. 314, Theorem 7). 
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[AS noan = Jf satpazto\ ‘ar 
; La — fat laxtoh ap = f~ Lalo - fat PV 0, 
—2 


so that the sequence { /f,(#)dx(#) } converges in the mean. The chance variable 
(3.31) is defined as the corresponding limit, which is readily seen to be inde- 
pendent of the approximating sequence, neglecting 2-sets of P-measure 0. 


THEOREM 3.6. If fi(t), fe(t) are Baire functions, and if 


(3.38) 


(3.39) MOMV) <0, F=1,2, 


—o 


then 


(3.40) f soa, J { f fast ap 


are defined, and 


+00 
(3.41) fi f nan. f flax) aP = (pW -flmavn.t 


We have already defined /f;(#)dx(#). Equation (3.35’) is a special case of 
(3.41) with fi=fe=/, f taking on only a finite number of values, and (3.35’) 
is true whenever the integral (3.32) is finite , since the corresponding equality 
is true for the approximating functions. Equation (3.41) is deduced from 
(3.35’) by writing (3.35’) for fitfe, fi—fe and finding the difference between 
the two equations thus obtained. 


THEOREM 3.7. Let di(t), b2(t), -- - be a complete normal orthogonal set with 
respect to the measure function V(t), for functions defined on the interval aStSb 
(—© Sa<bs+~). Then if 


(3.42) e[x] = f daze, 


the functions {®,} form a complete normal orthogonal set for the space of func- 
tions (3.40) on Q with f(t) =0 if t<a,t>b: 


+ The integral over © in (3.41) exists, by Schwarz’ inequality, since the second pair of integrals 
in (3.40) exists. 
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(3.43) f ®,°PndP = bn,m, 
2 


and 


N 


f f(t)dx(t) = Liam. DS en®,,t 
N--o 


1 


(3.44) ; 
a= f { we, f fibaxto} ap = ff scosave. 
In particular 
x(r) — x(a) = Lim. > Cn(T) Pn, 
(3.45) . 


¢x(r) = f {#,-[x(r) — x(a)]}dP = f on(t)dV(t). 
Q a 
The functions { #,} form a normal orthogonal set since by (3.41), 
b 
(3.46) f ©,:OndP = f bn'GmdV(t) = Sn.m, 
Q a 
and (3.44) follows by applying (3.41) to 
N 
fy = fe =f- Dd cndn: 
1 


If f(t) is taken as the characteristic function of the interval aS<tSr, (3.44) 
becomes (3.45). 

The elements of the process have thus been made to depend upon a de- 
numerably infinite set of parameters ®,, ®2, - - - . The discussion given here 
is a generalization of one given by Wiener, who supposes that x(¢+6) —x(2) 
has a Gaussian distribution with zero mean and standard deviation propor- 
tional to (| 5|)".t Wiener defines the elements x(#) by (3.45), taking advan- 
tage of the fact that in this case there is a subset Q) of 2* of P*-measure 1 
on which the series in (3.45) converges to a continuous function of 7.§ 


THEOREM 3.8. Let P*-measure be so defined that Q* is the space of a centered 
differential stochastic process. Let Qy be the space of elements x(t) which are con- 


| Limit in the mean will be denoted by l.i.m. 
t Cf. Wiener (I, Chapter IX). 
§ Cf. our proof of Theorem 3.9. 
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tinuous except possibly for discontinuities of the first kind,} and everywhere con- 
tinuous on the right except perhaps at fixed points of discontinuity. Then 
P* (Qo) =1: Qo ts the space of a quasi-separable measurable differential stochastic 
process. 

If Q is the space of a quasi-separable centered differential stochastic process, 
the elements x(t) are everywhere continuous, except possibly for discontinuities 
of the first kind.t 


The first part of the theorem is really an existence theorem, and therefore 
the second part would have no content unless the first part, or some similar 
statement, were true. 

It will be sufficient to prove the theorem under the assumption that there 
are no points of fixed discontinuity (the denumerably many jumps at such 
points in any finite interval can be subtracted out). Suppose then that 2 ¢ 2* 
is the space of a centered differential process, and that ¢,—+ implies that 

P*{ lim x(t,) = x(t) } = 1. 

(i) Let R: {r,} be a sequence of numbers satisfying the following condi- 
tions: R includes the rational numbers; if pjeR, 7=1,--- , 2, (prtpet --- 
+p,)eR. The set R is everywhere dense. Then by Theorem 1.3, 


(3.47) lim x(r) = x(t) (reR) 


with probability 1. 
The oscillation of x(r), (reR) at tis defined as 
(3.48) lim L.U.B. | x(r) — x(r’)|. 
<0 [tr] +] t-1'1<e 
This oscillation is 0 almost everywhere on ©, for each value of ¢. Let J be 
any closed ¢-interval a<i<b. The set 


oo 


(3.49) I] p {| x(r) — a(rn)|>a—1/}, a>, 
y= Ir 3—re|<1/> 
a—1/r<rjre<b+1/» 


consists of the elements x(é) for which the oscillation of x(r) is at least a at 
some point of J. This set is P-measurable, and its complement is also: if 
S.[(t)] is the t-set at which the oscillation of x(r) is at least a, the Q-set of ele- 
ments for which I -S.|x(t) ]=0 is P-measurable. 


T A function x(¢) is said to have a discontinuity of the first kind at a if the limits lim;,.x(2), 
lim, ,ox(¢) exist and are unequal. 
t Cf. Lévy (II, pp. 359-364; III, pp. 217-218). 
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(ii) We shall now prove that the points of the set S,[x(#)] are points of 
discontinuity of the first kind, with probability 1. Unless this is true, there is 
an interval J: a<t<b so large that the set of elements x(#) for which there is 
a point ¢, tel -S.[x(t)], <b, ¢ a point of discontinuity of x(r) of the second 
kind, is not of P-measure 0. The set S.[x(¢)] is closed for each element x(é). 
Let si [x(é) ] be the first point of S,[x(é) ] in J, or }, if I-S.[x(¢)]=0. According 
to (i), the function s;[x(#) ] is P-measurable, and evidently it has the property 
described in Theorem 3.5. Then if s;,,, is defined by 


(3.50) Sin = k/nif k/n S 51 <(kR+1)/n, kk =0,+1,---,n=1,2,---, 


51.» +1/mn has this same property. According to (i), if ¢>0, there is a number 
5 =6(e, ¢) such that 


(3.51) P{L.U.B.| x(r’) — x(r")| Se} 21 —e, 1, reR. 
|t—r’|<6 
|t—r’’| <6 


An immediate application of the Heine-Borel theorem shows that a function 
5(€) exists, independent of ¢, such that (3.51) is true for 6=6(e) when /e/. 
Then if 6 = 6(e), 


P{ L.U.B. |'x(siun + 1/n +7’) — x(5in+1/n+r”)| Se} 


O<r’ 9'’<6 


(3.52) = DY Pisin = (k — 1)/n} 


-P{ L.U.B. | x(k/n +r’) — x(k/n+7”)| Se} 21-€«, 


O<r’,7"'<6 
or 
(3.53) P{L.U.B.| x(r’) — x(r”)| S ef} D1 —€, 
where r’, r’’ are points of R satisfying 
(3.54) Sin ti/n <r” < Sin ti/nti, 
which will surely be true (for 1/n <8) if 
(3.55) Sitif/n<r,r’ <5 t+. 
Since can be made arbitrarily large, 


(3.56) P{ LU.B. | x(r’) — x(r)| Se} 21. 

$< 7! <8, +6 
This inequality implies that lim,,,,(r) exists with probability 1. If s; <<, si is 
therefore an isolated point of S, [x(¢)] with probability 1. It is then readily 
seen (applying the results just obtained to the process with elements «(—?)) 
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that lim,,,,«(7) exists with probability 1. Then x(r) has at worst a discon- 
tinuity of the first kind at s:, with probability 1. If se is the second point 
of S. in J (or b if there is no second point), it can be shown in the same 
way that x(r) has at worst a discontinuity of the first kind at se, with prob- 
ability 1. In this way we obtain a sequence s;, S2,---, Si:S525--- Sb: 
Sn[x(t) ]eSa[x(t)] if s.<b; x(r) has a discontinuity of the first kind at sp, if 
Sn<b, with probability 1. If lim,..s5,=s, seSa[x(t)] if s<b, and the above 
argument shows that s is an isolated point of S.[x(é) | in that case, with proba- 
bility 1, an impossibility, unless 

(3.57) P{lim s, < 6} =0. 


n> 2 


This however contradicts the hypothesis that the set of elements x(#) having 
a point ¢eI -S,.[x(#)], #<b, ¢ a discontinuity of x(r) of the second kind, is not 
of zero P-measure. We have thus proved, since a is arbitrary, that the function 
x(r) (reR) has at worst discontinuities of the first kind, with probability 1. 

(iii) If in particular Q is quasi-separable, there is a sequence R: {rn} of 
points which has the property that the upper and lower limiting functions 
of x(r), reR are the same as those of x(/). The above proof then shows that 
x(t) is continuous except for discontinuities of the first kind, with probability 
1. The number of such discontinuities for a given element x(#) is at most de- 
numerable.} This completes the proof of the second part of the theorem. 

(iv) Suppose that 2=%*, and define Q as in the statement of the theorem. 
To show that P*(Q) =1, it is sufficient to show that if I'* => re is asum 
of neighborhoods covering Q, then P*(I*)=1. Let R: {r,} be the set of 
t-values used in defining the neighborhoods I'#*, I's, - - - , enlarged, if neces- 
sary, to satisfy the requirements on R in (i). Let A* be the 0*-set of elements 
x(t) for which x(7) is continuous except for discontinuities of the first kind. 
In accordance with (ii), P*(Ai*) =1. If A* is the subset of A* for which x(r): 
is continuous at 7;,7=1, 2, - - - , P*(A*) =1, by (3.47). Let xo(t) be an element 
of A*. Define x;(é) by 
(3.58) a(t) = lim x(r), reR. 

ryt 
Then «:(r;) =%o(7;), 7=1, 2, --- , and x:(#)eQ) ¢ I*. There is therefore an in- 
teger v such that x;(¢)eI’*. Since '* is defined by inequalities on x(é) at cer- 
tain of the numbers n, r2,---, xi(é)ef* implies that xo(t)eI'*. Therefore 
A* cI*, so 
P*(I*) => P*(A*) = 1: P*(Q) = 1, 

as was to be proved. 

1 Hobson, The Theory of Functions of a Real Variable, vol. 1, 3d edition, 1927, p. 304. 
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Differential processes for which the distribution of x(¢+6) —x(é) is Gaus- 
sian have been discussed by many authors,{ who have shown completely or 
partially that this is the only case in which the elements x(¢) can all be sup- 
posed continuous. Such processes can be made temporally homogeneous by a 
transformation of the ¢-axis. 


THEOREM 3.9. Let P*-measure be so defined that Q* is the space of a tem- 
porally homogeneous differential process for which 


b 
(3.59) P*{a < x(t + 6) — x(t) <b} = (ona) f ec /2)dx, 5 >0. 


Let 2. be the space of elements x(t) which are everywhere continuous. Then 
P*(Q.) =1: Q. is the space of a quasi-separable measurable process. 

Conversely if Q is the space of a differential stochastic process all of whose 
elements x(t) are everywhere continuous, x(t+6) —x(t) has a Gaussian distribu- 
tion, for all t, 6. 

If P*-measure is defined by (3.59), it is readily seen that the chance vari- 
able /f()dx(t) discussed above has a Gaussian distribution with mean 0 and 
standard deviation 


(3.60) { J | f fax Jarl, 


more generally that the set 


has an -variate Gaussian distribution, the covariance between the jth and 
kth members being given by 


(3.62) fi f f(tdx(t)- f fulbds(o)) ap. 


Then the orthogonal set #;, 2, - - - becomes an independent set of functions, 
in the usual sense of probability, and in (3.44) there is actual convergence, 
almost everywhere on {*: the series is a series of independent chance variables 
whose standard deviations squared form a convergent series. In particular 
the series in (3.45) is convergent almost everywhere on 2*. Now if a, 6 are 
finite, Wiener has shown that ¢), ¢@z, - - - can be chosen so that 


+ Kolmogoroff (II, p. 868); Lévy (II, pp. 346-347); Wiener (I, Chapter IX). 
t Kolmogoroff (III, p. 314, Theorem 7). 
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converges almost everywhere on * to a continuous function of r.f Since this 
continuous function coincides with x(7) —x(a) for any fixed r with probabil- 
ity 1 (in terms of P*-measure), if R: {r,} is an everywhere dense set of num- 
bers, x(r) (reR) is everywhere continuous, with probability 1. Then if Q is 
the space whose existence was proved in Theorem 3.7, the discontinuities 
(jumps) are absent, with probability 1. A slight variation of this discussion 
would show that x(/) is everywhere continuous with probability 1 on any 
quasi-separable subspace of 2* which is the space of a stochastic process. 
Conversely if x(t) is everywhere continuous, the Laplace-Liapounoff theo- 
rem can be invoked to show that the distribution of x«(¢+6)—-x(é) is Gaus- 
sian.t 


BIBLIOGRAPHY 


L. BACHELIER. 


(I) Calcul des Probabilités, Paris, 1912. 
(Il) Le Jeu, la Chance, et le Hasard, Paris, 1914. 
(III) Théorie de la spéculation, Annales de l’Ecole Normale, series 3, vol. 17 (1900), pp. 21-86. 
F. P. CANTELLI. 
(I) Una teoria astratta del calcolo delle probabilita, Giornale dell’Istituto Italiano degli Attuari, 
vol. 3 (1932), pp. 257-265. 
J. L. Doos. 
(I) Stochastic processes and statistics, Proceedings of the National Academy of Sciences, vol. 20 
(1934), pp. 376-379. 
(II) Probability and statistics, these Transactions, vol. 36 (1934), pp. 759-775. 
(III) Note on probability, Annals of Mathematics, vol. 37 (1936), pp. 363-367. 
B. DE FINETTI. 
(I) Sulle funzione a incremento aleatorio, Rendiconti della Reale Accademia Nazionale dei 
Lincei, Series 6, vol. 10 (1929), pp. 163-168. 
E. Hopr. 
(I) On causality, statistics, and probability, Journal of Mathematics and Physics of the Massa- 
chusetts Institute of Technology, vol. 13 (1934), pp. 51-102. 
B. Hostinsky. 
(I) Méthodes générales du calcul des probabilités, Mémorial des Sciences Mathématiques, No. 52. 
(Il) A pplication du calcul des probabilités a la théorie du mouvement Brownien, Annales de 
l'Institut Henri Poincaré, vol. 3 (1932), pp. 1-74. 
B. JESSEN. 
(I) The theory of integration in a space of an infinite number of dimensions, Acta Mathematica, 
vol. 63 (1934), pp. 249-323. 
M. Kac. 
(I) Sur les fonctions indépendantes, 1, Studia Mathematica, vol. 6 (1936), pp. 46-58. 
(II) (with H. Steinhaus) Sur les fonctions indépendantes, Il. La loi exponentielle; la divergence 
de séries, ibid., pp. 59-66. 


t Wiener (I, pp. 148-151, and earlier papers). In the reference given here the elements in the 
stochastic process are complex-valued. 
t Lévy (II, pp. 346-347). 


ps! 





2a OR tae bene a a 


—" 







a 


LTR eS TE 


















































140 J. L. DOOB 


(III) (with H. Steinhaus) Sur les fonctions indépendantes, III. Le mouvement Brownien; la loi de 
Maxwell, ibid., pp. 88-97. 
A. KHINTCHINE. 
(I) Zur mathematischen Begrundung der statistischen Mechanik, Zeitschrift fiir angewandte 
Mathematik und Mechanik, vol. 13 (1933), pp. 101-103. 
(II) Korrelationstheorie der stationare stochastischen Prozesse, Mathematische Annalen, vol. 109 
(1934), pp. 604-615. 
(Ill) Asymptotische Gesetze der Wahrscheinlichkeitsrechnung, Ergebnisse der Mathematik, vol. 2, 
No. 4. 
A. Ko_mocororr. 
(I) Sulla forma generale di un processo stocastico omogeneo (Un problema di Bruno de Finetti), 
Atti della Reale Accademia Nazionale dei Lincei, Series 6, vol. 15 (1932), pp. 805-808. 
(Il) Ancora sulla forma generale di un processo stocastico omogeneo, ibid., pp. 866-870. 
(111) Uber die Summen durch den Zufall bestimmter unabhangiger Gréssen, Mathematische An- 
nalen, vol. 99 (1928), pp. 309-319. 
(IV) Uber die analytische Methoden in der Wahrscheinlichkeitsrechnung, Mathematische An- 
nalen, vol. 104 (1931), pp. 415-458. 
(V) Grundbegriffe der Wakrscheinlichkeitsrechnung, Ergebnisse der Mathematik, vol. 2, No. 3. 
Pavut Lévy. 
(I) Sur les séries dont les termes sont des variables éventuelles indépendantes, Studia Mathe- 
matica, vol. 3 (1931), pp. 119-155. 
(Il) Sur les intégrales dont les éléments sont des variables aléatoires indépendantes, Pisa Annali, 
Series 2, vol. 3 (1934), pp. 337-366. 
(III) Observation sur un précédent mémoire de l’auteur, ibid., vol. 4 (1935), pp. 217-218. 
(IV) Propriétés asymptotiques des sommes de variables aléatoires enchainées, Bulletin des Sciences 
Mathématiques, Series 2, vol. 59 (1935), pp. 84-96. 
(V) Sur Vapplication du théoréme de Fubini au calcul des probabilités, L’Enseignement Mathé- 
matique, vol. 33 (1934), pp. 265-270. 
Z. LOMNICKI. 
(I) Nouveaux fondements du calcul des probabilités, Fundamenta Mathematicae, vol. 4 (1923), 
pp. 34-70. 2 
(II) (with S. Ulam) Sur la théorie de la mesure dans les espaces combinatoires et son application 
au calcul des probabilités, 1. Variables indépendantes, Fundamenta Mathematicae, vol. 23 
(1934), pp. 237-278. 
R. E. A. C. Parry (with N. Wiener). 
(I) Fourier Transforms in the Complex Domain, American Mathematical Society Colloquium 
Publications, vol. XIX, 1934. 
H. STEINHAUS. 
(I) Les probabilités dénombrables et leur rapport a la théorie de la mesure, Fundamenta Mathe- 
maticae, vol. 4 (1923), pp. 286-310. 
(Il) Sur la probabilité de la convergence de séries, Studia Mathematica, vol. 2 (1930), pp. 21-39. 
Cf. M. Kac and H. Steinhaus. 
S. Uta. 
Cf. Z. Lomnicki and S. Ulam. 
N. WIENER. 
Cf. R. E. A. C. Paley and N. Wiener, and earlier papers by Wiener, whose results are given in 
that reference. 


UNIVERSITY OF ILLINOIs, 
Urpana, ILL. 








A DIRECT SUFFICIENCY PROOF FOR THE 
PROBLEM OF BOLZA IN THE CALCULUS 
OF VARIATIONS* 


BY 
MAGNUS R. HESTENES 













1. Introduction. The problem to be considered is that of minimizing an 
expression of the form 





z 
J = els, oo), x(a] + flay, vd 





in a class of arcs 









vi = yi(x) (2! S 2 x*;i=1,---,n) 






satisfying a set of differential equations 
oa(x, y, y’) = 0 (8@=1,---,m<n) 






and having its end values [x!, y(x"), x?, v(x?) ] lying on a surface S in (x'y'x?y?)- 
space. The surface S may be defined by equations of the form 






(1.2) Vula!, y(x), x%, y(x?)] = 0 (u=1,---,p S 2n+ 2) 
or by parametric equations 
(1.3) = x*(ay, - ty » Hr); yy? = yi(ai,-:: » Or) (s= i, 2). 






In the latter case the function g of the end values may be considered as a 
function g(a) of the parameters ai, --- , a,. The functional J can then be 
taken in the form 






r= ea) +f fx, y, ydr. 





It is immaterial which of the forms (1.2) and (1.3) is used. The theory for the 
one can readily be obtained from that of the other. 

A sufficiency proof for the problem of Bolza independent of assumptions 
of normality has recently been given by the author (IV)f and in a somewhat 
modified form by Bliss (VII). The proof given is indirect in the sense that 







* Presented to the Society, November 28, 1936; received by the editors November 9, 1936. 
The results here given were obtained at the University of Chicago during the Summer Quarter, 1936, 
and came as a result of a discussion of the problem with Professor Bliss. 

7 Roman numerals in parentheses refer to the references at the end of the paper. 
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it is applicable only after the problem has been transformed into an equiva- 
lent problem of somewhat different form. This proof, although adequate, is 
not entirely satisfactory. For a satisfactory theory one should have a suffi- 
ciency proof which can be applied directly to the problem at hand. The pur- 
pose of this paper is to give such a proof. The proof here given is essentially 
a generalization of the earlier one and makes use of the notion of families 
of Mayer fields which is the basis of Hahn’s theorem as presented by Bliss 
(II). The only other sufficiency proof for the problem of Bolza known to the 
author which is independent of assumptions of normality is the one recently 
announced by Reid (IX). This proof has the same limitations as the earlier 
proof of the author.* 

2. Preliminary remarks. The hypotheses upon which the analysis of the 
present paper is based and the terminology used will be that of the author 
(IV) in case the end conditions are of the form (1.3) and that of Bliss (VII) 
in case the end conditions are of the form (1.2). The definition of admissible 
arcs here used will be that of Bliss; that is, an arc (1.1) will be said to be 
admissible if it is continuous and is composed of a finite number of subarcs 
having a continuously turning tangent, satisfying the equations ¢3=0, and 
having its elements (x, y, y’) all admissible. As is customary we center our 
attention on a particular admissible arc Ey with end values (x¢, yd, x?, yé) 
on S. We shall assume that the parameters (a) in equations (1.3) have been 
chosen so that the end values of Ey are given by the values (a) = (0). We shall 
assume further that the matrix of the derivatives of the second members of 
equations (1.3) has rank 7 at (a) =(0). 

The arc Ep will be said to satisfy the condition I with a set of multipliers 
Xo, As(x) if the Euler-Lagrange equations 


(2.1) Fy = [Fade tos os = 0 (§=1,---,m) 
hold along Eo, where the c’s are constants and 

F(x, y; y’; d) = Nof + a(x) (8 = g, sees m) 
and if further the transversality condition 
(2.2) [WF — yfFy)dx + Fydys] + dodg = 0 


holds on Ep for all directions dx', dy;, dx’, dy? tangent to S at the point on S 
determined by the end values of Eo. Here and elsewhere it will be understood 
* Added in proof. Reid has recently removed these limitations in a paper entitled A direct 


expansion proof of sufficient conditions for the non-parametric problem of Bolza to appear in an early 
issue of these Transactions. 
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that the multiplier \> is a constant and that the multipliers \s(~) have con- 
tinuity properties like those of the functions y/ (x) belonging to Eo. An ad- 
missible arc (1.1) and a set of multipliers Xo, Ag(x) having continuous 
derivatives y/, y/’, \g will be called an extremal if it satisfies equations 
(2.1) with a set of constants c;. 

The arc Ey will be said to satisfy the Weierstrass condition II with a set 
of multipliers Xo, As(x) if at each element (x, y, y’, \) in a neighborhood & of 
those on Ey and having (x, y, y’) admissible, the inequality 


E(x, y; y’, r, Y’) > 0 
holds for every admissible set (x, y, Y’) +(x, y, y’), where 
E= F(x, y; Y’, d) — F(x, y; y’, d) = (Yi a yi Fux, y; 9’; d). 
The arc Ey will be said to satisfy the Clebsch condition III’ if at each element 
(x, y, y’, A) on Ep the inequality 
Fyyytimr > 0 (t,k =1,---,m) 
holds for every set of constants (1) ~(0) satisfying the conditions ¢sy;7;=0. 
The arc E, will be said to satisfy the condition IV’ with a set of multi- 
pliers Xo =1, Ag(x) if the second variation J; of J formed with these multi- 
pliers is positive definite along Eo. In order to define this condition more 


precisely, recall that when the end conditions are taken in the form (1.3) the 
second variation J; of J along Ep is expressible in the form (II, pp. 520-521). 


2 
Jo(n, w) = dbriwawr + f- 2w(x, n, n’)dx, 


where kh, /=1,---,7r;71,k=1,---,; snot summed, 
20 = Fyynine + Fyne + Fyyyyni nk , 
e yu2 
(2.3) bar = Bar + [(F = xf Fy) hi + Fy Vint) 
+ [F.— yiFy) xt at + Fy,(x8 yutat yn). 
In the last expression the subscripts h, / denote the derivatives of the func- 
tions g(a), x*(a), y:*(a) with respect to ay, a, at (a) = (0). The variations 7;(x) 
are assumed to have derivatives like those of the functions y,;(x) and the w’s 
are constants. The second variation J2(n, w) is said to be positive definite 
along Ey if the inequality J.(y, w)>0 holds for every set of variations 
(n, w) ¥ (0, 0) satisfying along E, the differential equations 
a(x, Nn, 1’) -_ py :Ni + dpy/ni = 0 


and end conditions (s not summed; s =1, 2) 
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(2.4) ni(xd) = CirWr, Cn = Yn — yt (ad) at ’ 


the functions y/ (x) being the slope functions of Ep. 
The purpose of the present paper is to give a direct proof of the following 
theorem: 


THEOREM 2.1. If the arc Eo has no corners and satisfies the conditions I, 
IIp, III’, IV’, there exist neighborhoods § of Eo in xy-space and N of the end 
values of Eo in (x'y'x*y?)-space such that the inequality J(C)>J(Eo) holds for 
every admissible arc C in § with end values on S in N and not identical with Eo. 


The condition IV’ can be replaced by other conditions, commonly called 
conditions of Mayer, which together with the condition III’ imply the con- 
dition IV’ here defined. A discussion of these results has been given by Bliss 
(VII, pp. 95-140) and the author (IV, pp. 810-813; VIII). One should also 
consult the papers of Morse (V) and Reid (VI). 

The differential equations associated with the second variation are given 
by the equations 


(2.5) Q,;, — (d/dx)2,, = 0, % = 0, 


where 2 =w+ (x) zs. When the condition III’ is satisfied, a solution 7:, us of 
equations (2.5) is completely determined by the functions 7;, ¢;=,,. A sys- 
tem nix, Si (¢, R=1,---, m) of m linearly dependent solutions of equations 
(2.5) will be called a conjugate system if the equations 


(2.6) Simi — Suni = 0 (i,j, k= 1,--- , 2) 


hold identically on x'x?. 

3. Fundamental sufficiency theorems. In this section we shall assume 
that the arc E, forms an extremal arc with a set of multipliers \)=1, Ag(x). 
The sufficiency theorems here given depend upon the notion of families of 
Mayer fields. The definition of Mayer fields here used is that of Bliss (I, 
p. 730). Let § and N be respectively neighborhoods of E, in xy-space and of 
the end values of EZ, in (x, y!, x?, y?)-space such that the points (x!, y'), 
(x?, y?) determined by points in N are in §. Suppose that for each fixed point 
(x1, y', x”, y*) in NV the functions 


(3.1) pi(x, ¥; x, y', x3, y’), Io _ i, Is(x, ¥; z', y', #, y?) 


are the slope functions and multipliers of a Mayer field over the neighborhood 
§ of Ey and that Ep is an extremal of the field determined by its end values 
(xd, vo, xP, vor). Let W(x", y', x?, y?) be the function defined over N by the 
equation ‘ 
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(z*, y*) 
W(x!, y', x*, y*) aad g(x, y', x?, y*) + {Fdx + (dy; =, pidx)Fy,} ’ 
(z',y") 
where the integral in this expression is the Hilbert integral formed with the 
functions (3.1) and evaluated along an arc in § joining the points (x, y'), 
(x?, y?). Since Ey is an extremal of the field determined by its end values, it 
follows that 


(3.2) J(Eo) = W(xd, yo, x7, ve). 
A first sufficiency theorem is the following (cf. VII, p. 107). 


THEOREM 3.1. If at each point (x, y) in § and each element (x', y!, x?, y?) 
on S in N the Weierstrass E-function formed with the functions (3.1) satisfies 
the condition 


(3.3) E(x, y, p, 1, 9’) > 0 

for every admissible set (x, y, y’)¥(x, y, p) and if the end values of Ey afford a 
proper minimum for the function W(x", y', x*, y”) on S in N, then the inequality 
J(C)>J(Eo) holds for every admissible arc C in § with end values on S in N 
and not identical with Eo. 


For from the definitions of the function W and the Weierstrass E-function 
it follows readily that 


HC) = W(s', y, 2%, 99) + f Ble, », 6,1, y)de, 
Cc 


where (x!, y!, x?, y”) are the end values of C and the functions ;, lo, 1s appear- 
ing in the £-function are the functions (3.1) determined by the end values 
of C. Since the end values of the arc E, afford a proper minimum to the func- 
tion W on S in N it follows from the relations (3.2), (3.3), and the last equa- 
tion that 


(3.4) J(C) = W(x’, y', x, y?) 2 Wad, yo, xP, ve?) = J (Eo), 


the equality holding in both cases only in case the end values of C and Ey 
coincide and the equations y/ =p; hold along C. But in this case the arc C 
would be an extremal of the field determined by the common end values of C 
and E, and hence would coincide with Ep since there is but one extremal of 
the field through each point of §. This proves the theorem. 

When the surface S is defined by the parametric equations (1.3), the 
parameter values (a) = (0) giving the end values of Eo, the sufficiency theorem 
described above can be stated in somewhat different form. Let § be a neigh- 
borhood of Ey in xy-space and A bea neighborhood of (a) = (0) in (a1, - - - , a,)- 
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space such that the points (x', y"), (a?, y?) determined by points on S with 
parameter values (a) in A are in §. Suppose that for each element (a) in A 
the functions 


(3.5) pi(x, y; a), Io ™ 1, Is(x, y; a) 


are the slope functions and multipliers of a Mayer field defined over § and 
that E, is an extremal of the field determined by (a) = (0). Let W(au, - - - , a) 
be the function defined by the equation 
(z,y?) 

(3.6) W(a) = g(x', y!, x, y*) +f {Fdx + (dy; — pidx)Fy,} . 

(2'y") 
where (x', y!, x, y?) is the point (1.3) on S determined by (a1, - - - , a) and 
the integral is the Hilbert integral formed with the functions (3.5) and evalu- 
ated along an arc in § joining the points (x!, y"), (x, y?). One readily verifies 
that J(EZo) =W(0). The following sufficiency theorem can now be established 
by an argument like that given above. 


THEOREM 3.2. If at each point (x, y) in § and each element (a) in A the 
inequality 


(3.7) E[x, y, p(x, y, a), U(x, y, a), y’] > 0 


holds for every admissible element (x, y, y’) #(x, y, p) and the element (a) = (0) 
affords a proper relative minimum to the function W(a), then the inequality 
J(C)>J(Eo) is true for every admissible arc C in § not identical with Eo and 
having its end values on S in a sufficiently small neighborhood N of the end values 
of Eo. 

One readily verifies that Theorems 3.1 and 3.2 are equivalent whenever, 
as we have assumed, the surface S is non-singular. The earlier sufficiency 
theorem given by Hestenes (IV, p. 805) and in somewhat different form by 
Bliss (VII, p. 107) is the special case in which the functions (3.1) and (3.5) 
depend only on the values (x, y). When this earlier theorem is applied to the 
problem of Bolza with separated end conditions obtained from the original 
problem of Bolza here described by a suitably chosen transformation, and the 
result is reinterpreted in terms of the original problem, one obtains a theorem 
of the type here described. 

4. Two lemmas. The proof of Theorem 2.1 to be given in the next section 
will be based on Theorem 3.2 and two lemmas, the first of which is the follow- 
ing: 

Lemma 4.1. Let Eo be a non-singular extremal arc with multipliers \o=1, 
Xs(x) for which there exists a conjugate system nix, ¢ix of solutions of the accessory 
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equations (2.5) whose determinant | nix(x)| is different from zero along Eo. Let 
Min, Vin (h=1,---, 17) be a set of r further solutions of equations (2.5). There 
exists an (n+r)-parameter family of extremals 
(4.1) Ys = Yi(%, G1, > ++ 5 Guy M1, * + 5 Qe), 

A = 1, Ag = Aa(x, G1,°-* , Gn, M1, °-* 5 Oe) 
containing Ey for values xf SxSx~, a;=0, a,=0 and such that the functions 
Vi, Viz, 2=F yy, 2:2 have continuous first and second partial derivatives in a 
neighborhood of the values (x, a, a) belonging to Eo and have as its variations 
along E, 


(4.2) Via, = Nik, Zia, = Cie, Via, = Uin, Zia, = Vin- 


Moreover there is a neighborhood § of Ey in xy-space and A of (a) =(0) such 
that for every fixed set (a) in A the family (4.1) defines a Mayer field over §. The 
slope functions and multipliers of the field are given by the equations 


p(x, y; a) ~ Viel, a(x, y, a), a], 


(4.3) 
I - 1, Is(x, y; a) = dala, a(x, y, a), a], 


where the values a;(x, y, «) are determined by the first n of the equations (4.1). 
The arc Ey is an extremal of the field determined by the set («) =(0). 


In order to establish this result let 
i= Y,(x, bi, - shor » On, Cr, °° » Gn) 


(4.4) 
A = 1, Ne = Ag(x, bi,- ++ , bay C1,°** 5 Cn) 


be a 2u-parameter family of extremals containing Ep for values b; = dio, ¢; =Ccio, 
xd Sx<x/ and such that the parameters 6;, c; are the values of the functions 
Y;, Z;=F,,(x, Y, Y., A) at x=x¢, the functions Y;, Y;., Zi, Ag having con- 
tinuous first and second partial derivatives in a neighborhood of the values 
(x, b, c) belonging to Eo. The (n+r)-parameter family (4.1) obtained from 
the family (4.4) by setting 
(4.5) bi = bio + nik(xe ax + win(xe an, 

Ci = Cio + Sin(ae ax + vin(xd Jorn 
can now be shown to have the properties described in the lemma. For, by 
differentiating the identities 


b; _ yilxd, a, a) ? a= a(x, a, a), 


where z;=F,,-, with respect to a, and a, it is found that the relations (4.2) 
hold at « =x¢ and hence also along Eo, since along E, the right and left mem- 
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bers of equations (4.2) are solutions of the accessory equations (2.5) with the 
same initial values at x =«¢. The determinant | y;o,| is accordingly different 
from zero along Eo. It follows that the first m equations (4.1) have unique 
solutions a,(x, y, a) which are continuous and have continuous first and sec- 
ond partial derivatives for all (x, y, ~) with (x, y) in a neighborhood § of Ep 
and (a) in a neighborhood A of (a) = (0). For each fixed set (a) in A the family 
(4.1) not only simply covers § but also defines a Mayer field over § with the 
slope functions and multipliers (4.3). This follows because in view of equa- 
tions (4.5), a,=const., (2.6) the Hilbert integral takes the form 


1 
f Favdss = ff ead = = f aliec, — $30; niunax] 


on the hyperplane x = x? and is accordingly independent of the path on x=x¢ 
and hence also in § (I, p. 733). This completes the proof of Lemma 4.1. 

A second lemma is the following. (Cf. VII, p. 110.) 

Lemma 4.2. Let Ey be an extremal arc having the properties described in 
Lemma 4.1. The function W(a) defined by equations (3.6) and (4.3) will have a 
proper relative minimum at (a) =(0) if Eo satisfies the transversality condition 
(2.2) and the condition Q(w) >0 for every set (w) #(0), where 


(4.6) Q(w) = brrwaws + [ei(Sinde + 0:3) + (cs — ms) (0; — tines) | 

(4.7) Uy = UnWn, Vi = VAWe, Cr=—CarWn, di =dnwn, Ci = CinWn, 
(hd =1,---,r;i,k= 1,--+,#) 

by: are constants defined by equations (2.3), and cix(x), din(x), ein(x) are func- 

tions satisfying the conditions (s =1, 2) 

(4.8) cian(xd) = Cir, nirdkn = Cin — Uin, Nikekh = Uin. 

It is well known that the function W(a) will have a proper minimum at 
(«) =(0) whenever the conditions dW =0, d?W>0 hold at (a) =(0) for all 
differentials da;, - - - , da, not all zero. The lemma will accordingly be estab- 
lished if we show that the equations 
(4.9) dw = 0, @W = Q(da) 
are identities in da, - - - , da,. To this end let 6 denote the differential with 
respect to the variables a, - - - , a, of a function of (x, y, a). Thus 


0 
opi = Praydar, 6F y,’ _ das (= Feel y, PB, ). 


ap 


We then have 








1937] THE PROBLEM OF BOLZA 149 


(2?,y?) 
dW = dg + [(F — piFy)dx + Fyydyi) + f (dys — pedx)0F yy, 
(2y') 


where here and elsewhere the differentials dx', dy}, dx*, dy? are to be evalu- 
ated in terms of da, by means of equations (1.3). This expression vanishes 
identically at (a) =(0), since Ey satisfies the transversality condition (2.2) 
and the differential equations y/ =p,(x, y, 0) of the field determined by 
(a) =(0). This proves the first relation (4.9). In order to prove the second 
relation we note first that at (a) = (0) 


OW = dg + [F — pPy)d?x + Fyd?ys + dP pPy)dx + dFyedys] 
+ [(dy; - pedx)oFycl+ f {- 5p OF ,,dx + (dy; - pidx)6°Fy,-} ‘ 
Eo 


With the help of equations (2.3), 
d(F — pFy) = F.dx + Fydy; — pidFy,, 
and the relations y/ = p; along Ep it is found that 


@W = dudondar + [(dys — ped) (dFyy — Fydx + 8Fy)] — f bpaFy dx. 
Eo 


It is clear that this expression for d?W will reduce to the form Q(da) if we 
establish the relations 


[(dyi — pidx) (dF, — F,dx)] = [ei(Sinds + v)]., 
(4.10) [(dy; — pidx)5Fy,] = [ci(vi — inex) |: ’ 


f 5p. 6F yy dx = [us(v; — fixer) y ’ 
FB 


where the functions c;, di, e:, u:, 2; are defined by equations (4.7) with 
w,=da,. As a first step in the proof of these equations we note that in 
view of equations (2.4) and y/ =p; along Ey we have at (a) =(0) 

(4.11) dy! — pi(x*, y*, O)dx* = cindan = ci(x*) (s = 1, 2), 
where x’, y;* and their differentials are to be evaluated by means of equations 
(1.3). Moreover if we set 5a;=dia,da, and let da;* be the differential of the 
function a;[x*(a), y*(a), a], then along Ey with (a) = (0) 

(4.12) 6a; = — 6, dag = d;(x*) (s= 1, 2), 


where d;(x), e:(x) are defined as above. For, by differentiating the identity 
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(4. 13) = yi[x, a(x, y; a), a| 
for a, at (a) =(0), it is found with the help of equations (4.2), (4.7) that 
along Eo 

0 = YViabde + Via,dan = nizday + Uj, 
and hence that 6a;=—e; by virtue of the definition of e;. Similarly from 
equations (4.13) with x, y; replaced by x*(a), y,*(a) it follows that at (a) = (0) 

dy! — yizdx* = Yiadak + Via dan = nixdag + uj, 
and hence by equations (4.11) and y;.=p; along Ep that 
nik(x*)dag = ci(x*) — uj(x*) (s = 1, 2). 

This is clearly only possible in case d;(x*) =da;* by virtue of equations (4.7) 
and (4.8) with w,=da,. Finally by the use of the identity 

Fy, (x, y, P, )= zi[x, a(x, y; @), a] 


and the Euler-Lagrange equations 2;,=F,, along the extremal Ey one finds 
with the help of equations (4.2), (4.7), (4.12), and w,=da, that 


dF, _ Fy dx - Zia, 0 + Zia,dan = Sunday + V%, 


(4.14) 
BF y) = 2ia,50n + Ziaydan = — Sine + 23. 


The first two equations (4.10) are now an easy consequence of equations 
(4.11), (4.14), and (4.12). In order to establish the last of these equations we 
need the further relation along Ey 


(4.15) 5p: = Viza,5dr + Vizadan = — nieer + ui = nine 


which follows readily from equations (4.3), (4.2), and (4.12), the last equa- 
tion being obtained by differentiating the equation u;=7,,e,. Moreover along 
E, the expression 7,.6F,, is a constant. For, by means of equations (4.14) 
and u;=7;;¢; it is found that along Ep 


nino ys = (minds — Uikin) + (nik in — ninkize;. 
In this expression the second term on the right is zero by virtue of equations 
(2.6). The first term is a constant since (I, p. 738) the sets nix, (i, and u;, 2; 


are solutions of the accessory equations (2.5). The expression 7;.6F y,, is ac- 
cordingly constant along Ey and hence by equations (4.15) we have 


(d/dx)(u,6Fy,) => (d/dx) (OF ynixex) = OF yniner = 6p OFy,. 


From this relation and equation (4.14) one readily obtains the last equation 
(4.10). This completes the proof of Lemma 4.2. 
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5. Proof of Theorem 2.1. In this section we shall consider as admissible 
arc E, satisfying the conditions described in Theorem 2.1 with a set of multi- 
pliers Xo=1, Ag(x). It is well known (I, p. 735) that EZ, forms with these 
multipliers a non-singular extremal arc. The following lemma will be useful 
in the proof of Theorem 2.1. 


Lemma 5.1. There exists for the extremal Ey a conjugate system nix, Fix and 
a set of r solutions uin, vin (h=1,--- , 7) of the accessory equations (2.5) such 
that the determinant | ix(x)| is different from zero on Ey and the quadratic form 
Q(w) described in Lemma 4.2 is positive definite on Eo. 


If we accept the truth of Lemma 5.1 the proof of Theorem 2.1 can be 
made as follows: By virtue of Lemmas 5.1, 4.1, and 4.2 there exist neighbor- 
hoods § of Ey and A of (@) =(0) and a set of slope functions and multipliers 
(4.3) defining a Mayer field over § for each set (a) in A and such that 
W(a)>W(0) for every set (a) (0) in A. The arc Ep is an extremal of the 
field determined by (a) =(0). Moreover by virtue of the condition II, for 
E, the condition (3.7) of Theorem 3.2 will be satisfied if we take the neighbor- 
hoods § and A so small that the elements (x, y, #, ) will lie in the neighbor- 
hood N of the elements (x, y, y’, A) on Eo prescribed by the condition IT. 
Theorem 2.1 now follows from Theorem 3.2. 

In order to establish Lemma 5.1 we set, for convenience, x'=x¢, x? =x? 
and prove first the further lemma. 


Lema 5.2. If c:(x) (x! Sx <x?) is an arc satisfying the condition 


Fi(e*)e(x?) — £:(x)e(x!) = 0 


for every solution n:, ¢; of the accessory equations (2.5) having n:=0 on x'x?, 
then the end values of c;(x) can be joined by a solution n;=u;(x), £:=v;(x) of the 
accessory equations. 


This result follows at once from the proof of “Lemma 7.2” of Hestenes 
(IV, p. 809), since the end points of Ey are not conjugate; that is, there is no 
solution 7;, ¢; of the accessory equations having 7;(x!) =7:(x?) =0 and 7:40 
on x!x*. This follows because along such an arc one would have J2(n, 0) =0 
contrary to the condition IV’. This lemma differs from “Lemma 7.2” of 
Hestenes in that we do not require the arc c;(x) to be admissible. 

Returning to the proof of Lemma 5.1 we first note that by virtue of the 
condition IV’ there exists a conjugate system nix, ¢:, of solutions of the ac- 
cessory equations having its determinant | 7;.(x)| different from zero on Eo 
(IV, p. 811). Secondly, let U;,, Vi, (y=1, - - - , g) be a maximal set of solu- 
tions of equations (2.5) such that U;,=0 on x'x? and the matrix 
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\|Vin(a2)Gn — Vig(at)cy| 





(y=1,---,q;h=1,---,7”) 
has rank gq. In fact we can suppose that 
(5.1) Vi4(x?) cn -_ Viy( a") chr = Sh (y = s, 7 oe h= 1, sia oa i; 


where 5,,=1, 6,,=0 (y#A), since this result can be brought about by a non- 
singular linear transformation on the parameters a, - - - , a, and by taking 
suitable linear combinations of the solutions U;,, V;,. Let c:,(x) be a set of 
arcs having ci,(x*) =ci, (s=1, 2; h=1,---,7). For each value ¢ (¢<o<Sr) 
the arc c;, satisfies the conditions described in Lemma 5.2 by virtue of equa- 
tions (5.1). Its end values can therefore be joined by a solution u;., vi. of the 
accessory equations. We may accordingly suppose that c;,=;.. Let 


(5.2) Uiy = U;, = 0, Viy = Vix (y =1,---, q), 


where ¢€ is a constant chosen in the manner described below, and let 
din(x), e:n(x) (h=1,---,7r) be solutions of equations (4.8). Since u;,=0 
(y=1,---+, Q), Cie=tUis (0=G+1,---, 7), we have also e;,=0, d;,=0. If 
now we set 
Agy = by + (1/2) [cist indey + cin andes). (8,y =1,---,4q), 
2 
2By, = 2by, + [cinf indy = Ciy(Sinler = 2vir) |; 


Co = ba, + (1/2) [ UieVir + trDie), (c, T= ¢@ + 1, egy r), 


then by the use of equations (5.1), (5.2), e:,=0, d;,=0 it is found that the 
quadratic form Q(w) of Lemma 4.2 can be written in the form 


Q(w) = (Agy + 2631) wawy + 2B,,wyw, + CorWetr, 


where 633 =1, 53, =0 (8). The values As,=Ays, B,-, Cor =Cre are inde- 
pendent of e. If we set 


Ni = UigWo, [i = ViaeWs, wv, = 0,¥. = We (y= 1,-°: ,go=qti,--- ,r), 
we have 7;(x*) =ci,@, (s=1, 2; h=1,---,7r) and 

- = 2 _ 
(5.3) CorWeW, = DyiWawi + [ngs] = J2(n, w), 


the last equation being obtained by integration by parts with the help of 
equations (2.5). By the condition IV’ we have J2(n, @)>0 unless 7;=0, 
w,=0, that is, unless w, =0. The quadratic form (5.3) is accordingly positive 
definite. From the theory of quadratic forms it now follows that Q(w) will 
also be positive definite if the constant « is sufficiently large. For example, 
this can be seen by showing that tae matrix 
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Asy + 26s, Ba, 
Bre Cur 


has a sequence of positive principal minors beginning in the lower right-hand 
corner. This proves Lemma 5.1. The proof of Theorem 2.1 is now complete. 

6. Relation to the methods of Mayer, Hahn, and Bliss. The methods used 
in the last two sections are closely related to the methods of Mayer and 
Hahn as presented by Bliss (II) when properly interpreted. The earlier 
method seems to be applicable only in case Ey is normal on the interval x x?. 
In making his sufficiency proof Bliss essentially establishes a result which 
when phrased in the terminology of the present paper can be stated as fol- 
lows: 


THEOREM 6.1. If the arc Ey is normal on xix? and satisfies the conditions 
described in Theorem 2.1, there exist neighborhoods § of Eo and N of the end 
values of Ey and a set of slope functions and multipliers (3.1) having the proper- 
ties described in Theorem 3.1 and such that every point (x', y!, x?, y”) in N is a 
set of end values of an extremal of the field determined by it. Moreover the func- 
tion W(x", y!, x?, y”) is the extremal integral; that is, it represents the value of J 
along the extremal in § whose end values are given by (x', y!, x?, y*). 


Thus we see that in this case the inequality (3.4) can be written in the 
form 


(6.1) J(C) 2 J(E) 2 J(Eo), 


where £ is the extremal in § joining the ends of C. The relation (6.1) and the 
last theorem indicate clearly the connection between our work and that of 
Mayer, Hahn, and Bliss. 
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A NEW CLASS OF TRANSCENDENTAL NUMBERS* 


BY 
PHILIP FRANKLIN 


1. Introduction. Every algebraic number except zero and unity (e°), when 
raised to a power which is an irrational algebraic number gives a transcen- 
dental number. This was conjectured by Hilbert, and proposed as a problem 
in 1900.7 It was only recently that Gelfond,f and independently at about the 
same time, Schneider,§ succeeded in proving this theorem. G. Riccil] has 
shown that the transcendentality persists if the algebraic numbers are re- 
placed by products of algebraic numbers and a restricted type of Liouville 
number. The question we consider here is the more general one where the 
algebraic numbers are replaced by numbers capable of approximation by 
sequences of algebraic numbers in an appropriate manner. 

These form a restricted type of certain generalized Liouville transcenden- 
tal numbers very closely related to those treated by Ore.{] They bear a rela- 
tion to the numbers of an algebraic field similar to that of the ordinary 
Liouville numbers to the rational numbers. 

Our principal result is that if X and Y are each suitably approximable by 
sequences of algebraic numbers, then XY and log X/log Y are transcendental. 
Some numerical examples are given in §7. 

Though the transcendental numbers found by us have the power of the 
continuum, they form a set of zero measure as we show. 

My interest in this subject was stimulated by a report on the Hilbert- 
Gelfond-Schneider theorem which I gave to the seminar of Professor H. Wey! 
at Princeton, and in particular by a conjecture of Professor J. von Neumann 
that natural generalizations of these results would involve approximations by 
algebraic numbers, rather than by rational numbers. I also wish to acknowl- 
edge my appreciation of the opportunity to work without distraction on this 
field, made possible by the courtesy of the Massachusetts Institute of Tech- 
nology and the Institute for Advanced Study. 

* Presented to the Society, April 10, 1936; received by the editors January 2, 1937. 

7 For reference to the earlier work on this and related questions concerning transcendental 
numbers, the reader may consult J. F. Koksma, Diophantische A pproximationen, Ergebnisse der 
Mathematik, vol. 4, No. 4, Berlin, 1936, pp. 58-65. 
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2. The lemmas. We shall adopt the following notation for our lemmas. 
K, will mean an algebraic field of degree v, fixed throughout. For a concise 
presentation of the concepts and theory on algebraic fields used here, see, 
e.g., Landau, Einfiihrung in die elementare und analytische Theorie der alge- 
braischen Zahlen und der Ideale, Leipzig, 1927. The symbols a, 8, and 7 will 
denote algebraic numbers belonging to this field. We will attach subscripts 
to indicate that we have an infinite sequence of such numbers. However, the 
conjugates c* these numbers in K, will all be uniformly bounded. Since, ex- 
cept for repetitions, a number has the same conjugates in any field contain- 
ing it, the specification of K, here is not essential. We indicate this by writing 


(2.1) llall <V, |All <V, |lnl| <V. 
Moreover, | log | and its reciprocal will be uniformly bounded by V. 

The letters c, g, s, t, S, T will denote positive integers. In particular, c is 
such that ca, cB, and cy are all algebraic integers. Usually s and ¢ will take on 
the values 0, 1, 2,---, S—1 and 0, 1, 2,---, T7—1, respectively, unless 


otherwise indicated. 
We use y or 7; as a generic symbol for any positive quantity which de- 


pends only on K, and V. 


Finally we define 
, q—-1 q-1 
(2.2) g(x) = 2 2) Cra**6"*, 
k=0 l=0 


where the C;, are algebraic integers belonging to K,, more precisely specified 


later. 
We also define 


q-1 q-1 


(2.3) ge(x) = (log B)* >) Dd) Cuilkn + 1)*a*=B'*. 


k=0 l=0 

It may be noticed that, if 7 were equal to log a/log 8, this would be the sth 
derivative of g(x). 

Lema I.* If g?=2ST, there exists a g(x) such that g,(t) =0, with coefficients 
Ci: not all zero satisfying the inequality 
(2.4) log |u| < S[log (yc) + log gq] + 2qT log (yc). 

To prove this, we note that the ST equations g,(¢) =0 are linear in the q? 
variables C;.:, so that, if we denote the coefficients by ai1.:, we may write them 
in the form 


* Cf. Schneider, loc. cit., and C. Siegel, Abhandlungen der Preussischen Akademie der Wissen- 
schaften, No. 1, 1929. 
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(2.5) D> eet Cur = 0. 


If we multiply the equations by a suitable power of c before doing this 
the coefficients a@;:,, will be algebraic integers in K,, and we shall assume this 
done. Furthermore, we may deduce bounds for the conjugates of these coeffi- 
cients from those for a, 6, and yn. Thus: 


(2.6) los] < (ic)848- gS we , 


Now let p;, i=1, 2, - - - , v denote an integral basis for K,. Suppose that 
llo¢l| <R. Put 


(2.7) Ja = pm AkistXk1, 


and 


(2.8) Xn = >. Byuipi. 


i=l 
If the B,..; take on the values 0, +1, +2,---, +h, it follows that 
(2.9) || vee || < vRA = yeh. 

Hence 

(2.10) \|_ yee || < q2uveh. 


Next we put 


(2.11) Vet = 2. Batipi.- 


i=1 


We may write similar equations, with the same B,,; but with y,, and p; re- 
placed by their conjugates in K,. These may be solved, since the p; formed a 
basis, and the determinant of them and their conjugates depends essentially 
only on K,. Thus we will have 


2.12) | Bei] < q’uysh = 6. 


We now observe that there are (2h+1)”*° choices of B,:; giving rise to sets of 
yet, and there are only (26+1)’S7 choices of B,.; giving distinct sets of s:. 
Hence two sets of y,; arising from two distinct sets of x,; must agree if 


(2.13) (2h + 1)"0” > (26 + 1)”87, 


or, since vg? =2vST, if 


(2.14) (2h+ 1)? > 4h? +1> 2641. 
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That is, if 

(2.15) 4h? > 2hys(yic)S+247-VgSt1 , 
or 

(2.16) 2h > ys(yic)S+247-VgSt1, 


But, on taking the difference of these two sets of x,,, we will have a set of Cx: 
of the kind required by the lemma, with 


(2.17) lCxe|| < 2|| xee || < 2ye2h. 
That is, not all zero solutions exist with 
(2.18) Curl] < (yac)S+207 8. 


This proves Lemma I. 
The bound for the coefficients readily leads to a bound for the function, 
expressed in 


Lemma II.* The g,(x) of Lemma I satisfies the inequality 
(2.19) log | ge(x) | < log ||Cxr|] + vq| «| + (s + 2) log g + vs. 
This is proved directly from the definition of g,(x), which gives 


(2.20) g(x) | < ||Cul|-yitt2e7q2+?| log B|*. 





A lower bound for the functions g,(¢) is given by 
Lemna III.* Except when g,(t) =0, it satisfies the inequality 
(2.21) log | ge(¢)| = — ylog||Cxu|| — y(s +2) log g — gt —ys log c —yqt log c. 


This lemma is proved by consideration of the algebraic integer 
q—1 q-1 
(2.22) crtatg,(t)(log B)-* = DY DY Cuct*?4*(kn + D)ta*tB"*. 
k=0 l=0 
As bounds for the conjugates of this number we have 
(2.23) || c*+22"g,(t) (log g)-*|| < grctt2at Cer || yst2atgs. 


Since the norm of an algebraic integer not zero must be at least unity in ab- 
solute value, it follows from this that, unless g,(¢) =0, 


(2.24) | gs(t)c**22*(log B)-*| -||c*+22*g,(t)(log B)-* 


Hence we have 


jp > 1. 





* Cf. Gelfond, loc. cit. 





TRANSCENDENTAL NUMBERS 


(2.25) | ga(t) | > ||Cur || 7+ [cet2ae]—» [-yst2ae] ott [get2 |v | log B\*, 


which establishes Lemma III. 
Our next lemma concerns the polynomial of interpolation determined by 


its value and that of its derivatives at certain places. Specifically it reads: 
Lemma IV.* If S>T, and | P*(t)| <M, the polynomial of degree at most 
ST —1 determined by the ST values P*(t), when |x| =T, satisfies the inequality 

(2.26) | P(x)| < M exp [— ST log T + 2ST + 25 log S] 
-| x(x —1)--- (x —-T+1)|S. 


Let us first derive some formulas concerning the polynomial P(x) of de- 
gree at most ”, determined by the values of it and its first s;—1 derivatives 
at the points a;, where ))"_si=n+1. We write 


(2.27) g(x) = (% — ay)"(x — ae) - + - (x — a,)** = (x — a,)%/pi(x). 
Then 

D A(x — ai)* 
(2.28) P(x) = [2 i er loco 


is a polynomial of degree at most n. Also, for x=a;, k=0,1,---, 5 
find that 





(2.29) pene _ a] = —|= A,(x _ a;) | = k!A,. 
dx* a, a; 


(x) 


Hence we have 


k=0 


(2.30) A,k! = = [P(x)-Wilx) Ja. = > __*' _ paayt(ai), 
dx* * ano al(k — a)! 


and 
a ae a *(a;) 


2.31) Pa) =[ & p> “(x - an o(x). 


i=1 k=0 a=0 ‘aed )! 





But, if the prime indicates that . i, yi(x) =] (x—a,)-%, and 


a* 
rey vi(x) = 
x 
(2.32) 
tA A AEs _— P —3j—l; 
Zlj=h 1;'(s; —_ 1)! - a4) 


* Cf. Ricci, loc. cit.; Hermite, Crelle’s Journal, 1878, pp. 70-79. 
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Hence, putting b=s;—1—k, a, b and the /; all run from 0 to s;—1, subject only 
to the condition that a+6+ >-J;=s,—1, and we have finally, 








P 4 Ps aj 
= => > («-a)-> : 
am SO Se | nal ' 
, (8; ;— 1)! 3 
meee (Gy — BT — 1)7%. 
1;\(s; - 1)! 

We now specialize the values by putting a, d2,---, a,=0, 1, 2,---, 
T—1 and s;=s2= --- =s,=S. We also require |x| =7. Then we have 
(2.34) |«—a|21 and |(x—a)->"| <1. 

Again 
1 
(2.35) a!=1 = and = = i. 
a. 


Next we notice that 
(2.36) II’ | a: — a;|-*-4 < J]’| a - a;|-8. 


When T is odd, 7; =2m+1, the least []’| a;—<a,;| is m! m!, but when T is even, 
T2=2m, the least [[’|a;—a;| is m!(m—1)!. But* 





6 
(2.37) log x! = (x + 3) log x — x + log 2a" + <- (0<6@< 1), 
2x 
or 
(x + 1)! 
2.38) 1 ! = log ————_ 
(2.38) log x re 
0 
a 1 ‘an ian a een 
= (x + 3) log (x + 1) — x — 1+ log (27)'/? + e411)” 


For the odd case, we obtain from the second expression (2.38): 
2 log m! = (2m + 1) log (2m + 2) — (2m + 1) log 2 — 2m — 2 
6 
2.39 21 2m) 1/2 4+- ——_—_—_—- > (2 1) log (2 1 
(2.39) + 2 log (27) + Smead (2m + 1) log (2m + 1) 
— 4m — ia T, log T; — 27;. 
For the even case, using both expressions (2.37) and (2.38): 


* See, for example, Whittaker and Watson, Modern Analysis, 4th edition, Cambridge, 1927, 
p. 251 ff., §12.33. 
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6 

log m! + log (m — 1)! = 2m log 2m — 2m log 2 — 2m + 2 log (27)!/2 + — 
(2.40) ‘8 g ( ) g g g (2m) aon 

> 2m log 2m — 4m = T2 log T2 — 2T2. 
This shows that in all cases 
II'|a:—4;|>exp[Tlog T— 27] and 
II | a: — a;|-8 < exp [— ST log T + 2ST]. 
Again, since after the first term the numerators are all less than 2S, and the 
denominators are greater than or equal to 2, we have 


a $; S$; +1 sjt1;—1 
1s; - 1)! 1 2 l; 


(2.41) 


< $4. 





(2.42) 


In consequence of this we have 


(2.43) pet de le < S2i < SS-1, 
l il(s 7; 1)! 
To estimate the number of terms, we note that 7 has T values, while a, 6 and 
the (J —1) J; have at most S values. This gives 7S7+' as an upper limit to 
the number of terms. Consequently, by combining all our appraisals, we find 
that 
P(x) 


(2.44) | —— | < [max | P*(a,;)| | exp [— ST log T + 2ST]TS+7. 


(x) 
Since S>T7, and both are integers, S=>7+1, so that 
(2.45) TSS? <¢ SH ¢ S*., 
Recalling that M is a bound for | P*(é)|, or | P*(a,)|, we have 
ace | P(x)| < M exp [— ST log T + 2ST + 2S log S] 
-|a(e—1)---(@-T+H)s, 


which is the inequality of the lemma. 

Our final lemma is Darboux’s mean value theorem* for functions of a com- 
plex variable. 

Lemma V. For any function of a complex variable analytic on the straight 
line segment joining 2 and 22, we have 


ze) — f(z 
(2.47) 0 | cme lf, 
Zea — 21 
the maximum meaning maximum on the segment. 


* G. Darboux, Liouville, (3), vol. 2 (1876), p. 291. 








162 PHILIP FRANKLIN [September 


The lemma follows at once from the fact that 


(2.48) fies) ~ fa) = f"s@as, 
so that 
(2.49) | f(ze) — f(z:) | S max | f’(z)| - | ze — a}. 





3. The general theorem. Our principal theorem may be formulated as fol- 
lows: 

THEOREM I. Let a;, B;, and nj, irrational (in particular #0 or ~), be three 
sequences of algebraic numbers in a fixed field, K,, with uniformly bounded con- 
jugates. Let c; be a sequence of integers, becoming infinite, such that cia;, ci, 
and cn; are algebraic integers. Then, if the three sequences approach limits A, B, 
both distinct from zero and unity, and H in such a way that 


(3.1) | A — a; |, | B- B:|, | H—- ni| “ 7 (low.es)* 
and 
log A 
(3.2) a ens 
- log B 


it is impossible to have k>6. 


We shall prove the theorem by assuming it false and deducing a contradic- 
tion. For simplicity of writing, we shall generally omit the subscript 7 on the 
terms of the sequences. Consider then a particular set a, 8, n, and c. Writing, 
as usual, [x] to denote the greatest integer contained in x, put 


1 1 
(3.3) q = [(logc)*], S = [g*/*], T = [3q'*], (— sok time 2e,€> 0). 


Since these values are such that g?>2S7, we may apply Lemma I to find a 
function 


q-1 q-1 


(3.4) g(x) = Zz =. Cyra**B'* 


k=0 l=0 


with coefficients C,, algebraic integers in K,, not all zero, and such that 
q—1 q-1 
(3.5) g.(t) = (log B)* = > > Crlkn + 1)*a**B"t = 


k=0 l=0 


for 


RG 50 2 





Ae 
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(3.6) suhi.2---.S=-teeG1,2.---,. F<. 
Furthermore, these coefficients will satisfy the inequality 

log ||Cxz|| < S[log (yc) + log g] + 27 log (yc) 
(3.7) < q°/8[log y + (q + 1)'/8-¢ + log q] 

+ 2q-$q"/- [log y + (¢ + 1)"*-*] 

(3.8) < qg?* + o(q?-*). 
Here, as later, we write o( ) to mean terms of lower order in g than those 


written explicitly in the parentheses. 
Next, using these same coefficients Cy:, form the function 


(3.9) f(x) = > F CuA™Bls, 
k=0 l=0 

and construct 

(3.10) F(x) = f(x) — P(x), 

with 

(3.11) F(t) = 0, 

by subtracting off a polynomial with 

(3.12) P(t) = f*(d). 


We can show that this polynomial is small by Lemma IV, provided the /*(¢) 
are small. These will be small if they approximate the g,(#), since the latter 
are zero. To guarantee this, we must at this point introduce an assumption 
as to the degree of approximation of a, 8, and n to A, B, and H. Accordingly 
we put 


(3.13) a—-A=AA, B—-B=AB, 1»—H=4H, 
and assume that 
(3.14) |AA|, |AB|, and | AH| are all < e~*". 


As a first step in estimating the size of f*(¢), we consider the crude estimate 
obtained from Lemma II, which shows that 


(3.15) log | f*(¢)| < log ||Cur|] + vt + (s + 2) log g + vs 
(3.16) < g?* + o(q?*). 

Since we wish to compare the polynomial 

(3.17) ft) = VY Cul kH + I*(log B)'A*B", 
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with 

(3.18) G,(t) = (log B)*g,(t)(log B)-* = > > Cus(kn + 1)*(log B)*a*'p"*, 

let us consider a general polynomial in three complex variables x, y, and z 
with x2—2; =Ax, ye—yi1 =Ay, 22—2; = Az, 

(3.19) P(x, ¥, 2) = Di Cogrx? y%2". 

If C, P, Q, R, X, Y, and Z are upper bounds for C,,,, p, g, 7, x, y, and z re- 
spectively, and X, Y, and Z exceed unity, a crude estimate for the size of 
the polynomial, of the type just written for f*(¢) is 

(3.20) U = PORCX?PY9Z®., 


But, on applying Lemma V to an individual term three times we find that 


| x2” y2"Ze"— a1? y1%21' | 
(3.21) < pAxXxX?YV%Z" + gAVX?YT'Z" + rAZX?YV IZ" 
< XPY°Z®(PAX + QAY + RAZ). 
Consequently, we have 
(3.22) | P(x2, y2, 22) — P(x1, 1, 21)| < U(PAX + QAY + RAZ). 
By reasoning of the same kind, we find that 
| G.() — fr()| < U(QTAA + gTAB + SAH) 
< exp [q?-* + 0(q?-*) |(q4/3 + g5/3)e-a7 

by making use of the value of U, our crude estimate for f*(t), (3.16), the 
values of S and T and our restriction on AA, AB, and AH, (3.14). 

But, since g,(#)=0, we also have G,(#)=0, so that the inequality just 
proved amounts to 
(3.24) log | f*(t) | < — g?/3 + o(q7!3), 
which is the refined estimate for f*(¢) we were seeking. 

For the product which occurs in Lemma IV, since T <q'/*, S<q°*/*, if we 
add the restriction |x| <g, we have 
(3.25) | a(x — 1)--+- (x — T+ 1)|S8 < (2g)87 < (29) S exp gq? log 2g. 
We may now apply Lemma IV, which, in view of the inequalities (3.24) and 
(3.25) gives 

log | P(x) | < — g'!/? + o(g7/*) + 2q? + 4q? log? ¢g + q? log 2g 
<- q’/s + o(y7/8). 


(3.23) 


(3.26) 





iy 
§ 
' 
BE 
» 














1 Weipa, Set! SLO el oa) SCO nel aay Aaa 
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While the lemma, as written, required |x| =7, as soon as the product is re- 
placed by a quantity independent of x, this restriction is no longer essential, 
from the maximum properties of polynomials. Thus the relation just found 
holds for all | x| <q. 

Let us next consider F(x) for values of |x| <g. For these values we find 
from Lemma II, (2.19) with s=0, 


log | f(x) | < log ||Cxr|| + vig| «| + 2 log g 
< vq? + 0(9’), 
in view of (3.8). It follows at once from (3.10), (3.26), and (3.27) that 


(3.27) 


(3.28) log | F(x) | < vq? + 0(q?). 
If we write 
(3.29) o(x) = [x(a —1)--- («- T+ 1)]5, 


in consequence of the way in which we constructed F(x), all the zeros of ¢(x) 
are zeros of F(x) to a multiplicity at least as high. Consequently the function 





(3.30) E(x) = 


is an entire function. We compare its value for a fixed x, and x2 varying on a 
circle such that 


(3.31) |ul=qr*, |ml=q (e>0). 
From the relation 

(3.32) | E(x:)| < max | E(x) |, 

we deduce 


| F(x:) | < max | F(.r2)$(x1)/6(22) | 
(2g1-%«)S? 
(q/2)8” 
< exp [— eq? log g + 0(g? log q)]. 
Since the estimate for P(x) in (3.26) is smaller than this, from (3.10) follows 


(3.34) log | f(a) | < — eq? log g + 0(q? log q). 


(3.33) < exp [vq? + 0(q?)] 


We proceed from this to the derivatives by the Cauchy integral formula 


(3.35) ma 2 


Qmid (x — t,)*t! : 
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where the path of integration may be taken as a circle about the origin of 
radius | «| =g'-**. We find from this, (3.3), and (3.34) that 


(3.36) | f*(ts)| < s*| f(m)| < (g*/3)** exp [— eg? log ¢ + 0(q? log q)], 





if |4,| <|a:| —1. This will be true, for g large enough, if we require | t;| <g?/*. 
We are particularly interested in the values 


(3.37) t, = 0,1,2,---, 71-1; 7, = [g?/**1I. 
For these values, we have 
(3.38) log | f*(t:) | < — eq? log q + 0(q? log q). 


To go from this to g,(4,) we must again use Lemma V. We begin by noting 
that the new value of 7; has no effect on the crude estimate, (3.16), so that 
we still have for the value of U 


(3.39) log | f*(t:) | < log U S 2g? + o(q?). 





Consequently, we now have in place of (3.23) 


| Gilt) — felts) | < U(gTiAA + gTAB + SAH) 
_< exp [2g? + 0(g?) ](2g°/* + g*!8)e-@™. 


Thus the analogue of (3.24) is now 


(3.40) 


(3.41) log | G.(t) — f*(ts) | < — g?/3 + o(q7!). 
From this, and from (3.38), we find 

(3.42) log |G.(t:)| < — eq? log q + 0(q? log q). 
Since 


(3.43) log | ge(ts)| = log |G,(t:) | + s log | log B| — s log | log BI, 
we also have 
(3.44) log | g.(t:)| < — eq? log g + o(q? log q). 
But, by Lemma III, unless g,(¢;) =0, it satisfies the inequality 
log | ge(ts)| > — y log ||Cux|| — y(s + 2) log g — vat 
— ys log ¢ — yqti log c, 
so that, in view of (3.8), (3.3), and (3.37) we have 


(3.45) 


log | ge(ts)| > — 2g — vg5/* log g — -yg5!* — yg? — vq? — 0(4*) 
> — 79? — 0(q). 


(3.46) 











centre in 
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Since for sufficiently large g this is in contradiction with (3.44), by Lemma 
III, it proves that 

(3.47) ge(ti) = 0, for the ¢; of (3.37). 


We may now repeat our procedure, making use of the additional zeros whose 
existence has just been established. That is, we construct 


(3.48) Fi(x) = f(x) — Pi(x), 
with 
(3.49) FY (t;) = 0, 


by subtracting off a polynomial with 
(3.50) P(t) = f*(t). 


As before, we wish to estimate the size of this polynomial by Lemma IV. We 
begin by using the vanishing of g,(é:), and hence G,(4), in conjunction with 
Lemma V to get an estimate for f*(4). The application of Lemma V has al- 
ready been made in (3.40), so that we have merely to set G,(t:) =0 in (3.41) 
to obtain 

(3.51) log | f*(ts) | < — g?/* + 0(q?/3). 

We must next consider the product, and find as in (3.25) that 

(3.57 | a(x —1)---(x-—Ti4+1) |s < (2gq)8T < (2g)7/3-€ 

< exp [q7/-¢ log 2q]. 


We are now in a position to apply Lemma IV, and find from it, using (3.51) 
and (3.52), 


log | P,(x) | < — qi!* + 0(q7/8) + 2g? 
+ 49? log g + q7/*-* log 2g 
<- | + o(q7/%). 

From this, (3.27), and (3.48), we conclude that for | x| <q, 


(3.53) 


(3.54) log | Fi(x) | < ¥q? + 0(q?). 
If we write 
(3.55) oi(x) = [x(x —1)--- (x -— T14+1)]8. 


we may now form the entire function 
F(x) 


3.56 Ey = 
' , t*) $1(x) 
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We compare its values for a fixed 2, and x2 varying on a circle where 


(3.57) |al=qr*, |ml=¢, (€>0). 
From 

(3.58) | E,(x) | < max | E,(x2)|, 

we deduce 


| Fi(x1) | S max | Fy(22)6(21)/1(22) | 

(2gi-9 sn 

(q/2)8™ 

< exp [— q’/** log q + 0(q7/** log q)]. 


IA 


(3.59) exp [yq? + 0(q?) | 


As this exceeds the estimate for P:(x) in (3.53), it follows from (3.48) that 
(3.60) log | f(x) | < — eg’/** log gq + 0(q7/*-* log q). 


We use this to estimate the derivatives at the origin. We have from Cauchy’s 


integral formula 
! d 
(3.61) mi. 2 fee 


Qri xetl 





, 


where the path of integration may be taken as a circl of radius |x| =q'-* 
with center at the origin. We find from this 


(3.62) | (0) | < s*| f(x). 

If we take 

(3.63) s,=0,1,2,---,S:-—1,  S, = [g? log gq], 
we have 

(3.64) log (si) < S; log S; < q? log g(2 log q + log log gq). 
Combining (3.60), (3.62), and (3.64) we have 

(3.65) log | f*(0) | < — €q7/*-* log q + 0(q?/** log q). 


We next apply Lemma V in the usual way to go from this to g,,(0). We first 
get a value to serve as U from Lemma II, namely: 


(3.66) log | g.,(0)| < g*(log g)? + o(g?{log q}?). 
We then use this, (3.43), (3.14), and the reasoning used for (3.23) to derive 
(3.67) log |G,,(0) — f(0) | < — g?!3 + o(q7/*). 


From this, (3.43) and (3.65), we find that 








a eR, 
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(3.68) log | g.,(0)| < — eg?/*-* log g + 0(g7/*-* log q). 

But, by Lemma III, unless g,,(0) =0, it satisfies the inequality 

(3.69) log | go,(0) | > — 197!*-* log q + 0(q"/*-** log 9). 


Since this is in contradiction with (3.68), when q is sufficiently large, it follows 
from Lemma III that 
(3.70) g.,(0) = 0. 


But from the expression for S; in (3.63), we see that for g sufficiently large, S; 
exceeds g”. For such a value of g, we may regard the equations 


(3.71) gs,(0) = 0 
as a system of linear equations in the q? variables, 
(3.72) Uy = a*9BO = 1, 


Eventually, «#0, 80, since otherwise H= © excluded, or H =0 excluded 
by the conditions on A and B. Some of the coefficients C;; may be zero. In 
this case we omit the corresponding terms and variables “,;. The coefficients 
C;, are known to be not all zero. If there are Q; distinct from zero, the values 


(3.73) s=0,1,2,---,Q:—-1 
gives a system of Q; equations of the form 

(3.74) y a Crrar Ur = 0, 
where 

(3.75) ver = (kn +2). 


Since the wu, are not all zero, the determinant of their coefficients must van- 
ish. On factoring out the C,:, none of which vanish, there is left a Vander- 
monde determinant, which reduces to 
(3.76) II (Dee15 ~ Vk;1;) = 0. 

ii 
Thus, for some pair of subscripts (A,/;), (k;) distinct from one another, we 
must have a vanishing factor, 


(3.77) kn +1; — (km +1;) = 0. 
This is impossible, since the coefficients are integers, and we have expressly 


ruled out the possibility 7 =0, ©, or a rational number. 
This contradiction has been derived from the assumptions that 
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Pood 
(3.78) g = [(log c)*], [= — 2e, and | a4], | AB], | AH] <e-™, 


for indefinitely large g. The assumption of the theorem was that 


(3.79) |AA|, |AB|, |AH| <cOmeek =k >, 
If we put 
(3.80) k=6+7, 
and define 
1 1 
(3.81) q = [(log c)*], mie oe 2e, so that log c = q'/*, 
it follows that 
(3.82) log { c— (log <)*} = — (log c)?##9 < — git#Mitl3-20 < — gils 


provided that « is sufficiently small. That is, when (3.79) hold for a particu- 
lar k, a suitable ¢ and g can be found such that the proof as given leads to a 
contradiction. This proves the theorem. 


Coro tary. If any two of the three numbers A, B, and H satisfy the hy- 
pothesis of Theorem I, i.e., the statement as far as (3.1), and k>6, then the third 
number given by 

log A 


(3.83) H =——» A = BH 
log B 


is necessarily transcendental. 


In particular, we note that one or both of the two numbers we started 
with may be actually algebraic. 

4. The first special theorem. If some of our quantities are actually alge- 
braic, instead of merely approximable by algebraic numbers, a slightly weaker 
condition suffices. Thus we have 


THEOREM II. Let a and B be fixed algebraic numbers both distinct from zero 
and unity. Let n;, irrational (in particular not 0 or ©), be a sequence of algebraic 
numbers in a fixed field K, with uniformly bounded conjugates. Let c; be a 
sequence of integers, becoming infinite, such that c;, ni are algebraic integers. 
Then, if the sequence approaches a limit H in such a way that 


(4.1) | H — ni| < cj Monen* 
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and 


lo 
(4.2) tes 


= log B 





it is impossible to have k>4. 


We shall prove this theorem by the same method as that used for Theo- 
rem I. To facilitate reference to the earlier argument, we shall use similar 
numbers for corresponding equations. Thus these do not run consecutively. 
The omitted numbers correspond to such equations in §3 as we refer to, 
without repeating explicitly. Let then 7» and c be particular values, and put 


1 1 
(4.3) q = [(logc)*], S= [g?], T= [q'?] (— os ~ me 0). 
Apply Lemma I to find a function g(x), (3.4), with coefficients C,. alge- 
braic integers in K,, not all zero, and such that g,(#)=0, (3.5) and (3.6). 
Furthermore, the coefficients will now satisfy the inequality 


(4.7) log ||Cxz|| < S[log (vc) + log q] + 2gT log y. 


To justify the omission of the term 2g¢T log c, we turn back to the proof of 
Lemma I, and note that this term entered because of the term c?#‘7—) in 
(2.6), necessitated by the multiplier which made a*‘7-) and B*‘?-» algebraic 
integers. As the a and 8 are here fixed, so is the multiplier for them, and we 
may replace c7#‘7-)) by y?2(7-), which may be incorporated with a term al- 
ready present in (2.6). From (4.7) and (4.3) we conclude that 


(4.8) log ||Cxz|| < g? + 0(q2). 
We next work with f(x), which is here 


q—-1 q-1 


(4.9) f(x) = g(x) = © DY Crre**8". 


k=0 l=0 


However, since the derivatives f*(x) are different from g,(x), we must again 
construct F(x) by using (3.10), (3.11), and (3.12). 

With regard to the degree of approximation, we assume that for the AH 
defined in (3.13) we have 


(4.14) | AH| < e-#, 


The application of Lemma II to obtain a crude estimate proceeds as before. 
From (3.15), (4.3), and (4.8) we have 


(4.16) log | f*(t)| < log U S q? + 0(q’). 


For the comparison of 
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(4.17) FO) = LV Cul kH + D*(log B)*a*'B", 
with 

(4.18) Gut) = galt) = DY De Curlkn + D)ta¥eB'*, 

we use (3.22) to deduce 

(4.23) | ge(t) — fr(t)| < USAH < exp [g? + 0(g*) ]q*/*e-*, 
from which we obtain the refined estimate 

(4.24) log | f*(t)| < — 9°? + 0(9*). 


Since the values in (4.3) satisfy ST <q’, the inequality (3.25) holds here, 
and we may combine it with (4.24) and Lemma IV to deduce 


(4.26) log | P(x)| < — g*!* + o(q*) for | «| <q. 


To proceed to F(x), we first use (4.8) and Lemma II to deduce (3.27). 
Then this, (3.10), and (4.26) may be combined to give (3.28). From this, 
as before, (3.33) and, in view of (3.10) and (4.26), (3.34) follow. We then 
focus our attention on the values 


(4.37) t, = 0, i, , ae »l- 3 ™= [q'-*]. 


For these values, using (3.35) ,we readily deduce (3.38). Then, with only slight 
modifications of the previous reasoning, we conclude that (3.44) holds. 
We then apply Lemma III, which here becomes 


If not 0, g.(t:) satisfies the inequality 
(4.45) log | &6(t1) | > — x log lCxa|| — y(s + 2) log g — vqti — vs log c. 


We justify the omission of the term —-ygt, log c by examining the proof of 
Lemma III. This term arises from c**‘ which first appears in (2.22). Here, 
since a and @ are fixed, we may take a fixed multiplier for them, and so use 
2, which in the final result replaces —yqt, log c by —ygh, which in turn may 
be incorporated with the term of this type already present. 

From (4.45), in conjunction with (4.8), (4.3), and (4.37) we may conclude 
that (3.46) holds. As before, the contradiction of this and (3.44) proves that 


(4.47) g.(t:) = 0, for the & of (4.37). 


We now come to the second application of the process. We construct 
F(x), defined by (3.48), to satisfy (3.49) and (3.50). In place of (3.51), we 
now have by similar reasoning 


(4.51) log | f*(ts)| < — q5/? + o(q*/?). 
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For the product our new values give 

(4.52) | a(x —1)--+ («— Ti +1) |S < (29)8™ < exp [95/2-* log 2g]. 
These last two inequalities enable us to apply Lemma IV to obtain 
(4.53) log | Pi(x)| < — g°/? + o(q*/?). 


From this, (3.27), and (3.48), we see that (3.54) again holds. The argument 
based on the zeros leads from this to the inequality 


(4.59) log | F(x) | < — eg®/?-% log g + o(g*/?-* log q), 
and hence to 
(4.60) log | f(a) | < — eqg*/?-* log g + 0(q5/?-* log q). 


Then using (3.61) and the argument which follows with the value of 5; again 
given by (3.63), we find that 


(4.65) log | f*(0) | < — «g5/*-* log g + 0(g*/?-* log q). 

Since (3.66) may be again used, and 

(4.67) log | g.,(0) — f(0)| < — g/? + o(q*), 

we may derive 

(4.68) log | ge,(0) | < — eg5/-% log g + 0(q*/?-* log q). 

But the modified inequality of Lemma III given in (4.45) shows that 
(4.69) log | gs,(0)| > — vg*/?-* log q + o(g5!?-*), 


unless g,,(0) =0. Since the last two inequalities are contradictory, we must 
have the second possibility, (3.70). From here on the earlier argument applies 
without change, and shows that the assumptions 


1 1 
(4.78) q = [(log c)*], hak tents and | AH| < e~#?, 


for indefinitely large g, lead to a contradiction. 
The assumption of Theorem II was that 


(4.79) | AH | < c~(oeedk k>4. 
If we put 
(4.80) k=4+7, 


and define 
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1 1 
(4.81) q = [(log c)*], a so that log c = q'/*, 


it follows that 
(4.82) log { c— (log e)k} = — (log c)5t9 < — giStnl2-4) < — g5/2, 


provided that ¢ is sufficiently small. That is, when (4.79) holds for a particu- 
lar k, a suitable ¢ and g can be found such that proof leads to a contradiction. 
This proves Theorem II. 

Coro.iary. /f 8 and H satisfy the hypothesis of Theorem II, 7.e., the state- 
ment as far as (4.1) and k>4, then the number given by 


(4.83) a = pF 


is necessarily transcendental. 


5. The second special theorem. We next consider the case where the ex- 
ponent is actually an algebraic number. The theorem here is 


THEOREM III. Let n be a fixed irrational algebraic number (in particular 
distinct from 0 and ~). Let a; and B; be two sequences of algebraic numbers in 
a fixed field K,, with uniformly bounded conjugates. Let c; be a sequence of in- 
tegers, becoming infinite, such that cia;, cB; are algebraic integers. Then, if these 
sequences approach limits A and B, each distinct from zero and unity, in such a 
way that 





(5.1) |.A as a;|, | B—- B; | < Cj7 (low og) k 
and 

log A 
(5.2) on tins 

log B 


it is impossible to have k>1. 


We again use the form of exposition of the preceding section. Let, then 
a, B, and c be particular values, and put 


1 
(5.3) g= [ogo], S=[e], T= [e'l, (<= 1-24¢>0). 


Then apply Lemma I to find a function g(x) of (3.4), for which (3.5) and 
(3.6) hold. The inequality satisfied by the coefficients in this case may be 
written 


(5.7) log |{Cxr|| < Sflog y + log g] + 297 log (yc). 
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Here we have omitted the term S log c, since this comes from the term cS 
in (2.6). As 7 is now fixed, we may take a fixed multiplier for it and so replace 
the term cS by 75, which may be combined with the term of this type already 
present in (2.6). 

It follows from (5.7) and (5.3) that 


(5.8) log ||Cxz|| < g? + o(g2). 


We now form the function f(x) of (3.9), and the F(x) of (3.10), (3.11), 
and (3.12). This time we take as our assumption on the degree of approxima- 
tion the following restriction on the size of the AA and AB defined by (3.13) 
(5.14) |AA|, | AB| <e-@ 


2+2¢€ 


The crude estimate is obtained as before by applying Lemma II. Thus 
from (3.15), (5.3), and (5.8) we deduce 


(5.16) log | f*(t)| < log U S g + 0(@?). 
For the comparison of 
(5.17) £®) =  ¥ Curlkn + I*(log B)*A*B", 


with the G,(é) of (3.18), we use (3.22) to deduce 

(5.23)  |G.(t) — fr(t)| < U(gTAA + gTAB) < ee toCa?gee—v™*, 

This leads to the refined estimate 

(5.24) log | f*(t)| < — g*** + o(g?**). 

Since the values in (5.3) satisfy ST <q?, the inequality (3.25) holds here, and 
may be combined with (5.24) and Lemma IV to yield 

(5.26) log | P(x) | < — g?+* + o(g?+*), for | x| <q. 


We proceed to F(x), by first using (5.8) and Lemma II to deduce (3.27), 
and then combining this with (3.10) and (5.26) to give (3.28). From this, as 
before (3.33) and, in view of (3.10) and (5.26), (3.34) follow. 

We then consider the particular values 


(5.37) t, = 0,1,2,---, 7: —1; Ti = [q*]. 


For these values we may deduce (3.38) by using (3.35). Then, making a few 
obvious modifications in the earlier argument, we show that (3.44) holds. 
Then we apply Lemma III. The inequality here becomes 


(5.45) log | ge(t) | > — vy log lCxa|| — y(s + 2) log g — vqti — ys — qt: log c. 


The only modification is the replacement of —~s log c by the term —vys. 
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This is permissible, since the multiplier for 7 is now fixed, and so the factor c* 
of (2.22) may be replaced by y’. From (5.45), in conjunction with (5.8), (5.3), 
and (5.37) we may conclude that (3.46) holds. As before, the contradiction 
of this and (3.44) proves that 


(5.47) ge(t;:) = O, for the ¢, of (5.37). 
We are now at that stage of the proof where our process is repeated. We 


construct F(x), defined by (3.48), to satisfy (3.49) and (3.50). In place of 
(3.51), we now have, similarly, 


(5.51) log | f*(t:) | < — g?+® + o(g?t?*). 





For the product of our new values gives 

(5.52) | «(a —1)---(%— 7, +1)|S < (2q)8% < exp [g?** log 2q]. 
These last two inequalities enable us to apply Lemma IV, and so obtain 
(5.53) log | Pi(x)| < — gt + o(g?+*). 


From this, (3.27), and (3.48), we see that (3.54) again holds. The argument 
on entire functions leads from this to 


(5.59) log | F,(x1)| < — eq?** log q + o(q?+* log q), 
and hence to 
(5.60) log | f(a) | < — g?** log g + o(q?** log q). 


Then using (3.61) and the argument which follows with the value of S; again 
given by (3.63), we find that 


(5.65) log | f(0)| < — eg?+* log g + o(q?+* log q). 

Since we may again use (3.66), and 

(5.67) log | G,,(0) _ $(0) | < — g?t + o(g?+*), 

we may, using (3.43), derive the inequality 

(5.68) log | g.,(0) | < — eq?** log g + 0(g?** log q). 

But the modified inequality of Lemma III given in (5.45) shows that 
(5.69) log | g.,(0)| > — q*(log g)* + o(q*{log q}*), 


unless g,,(0) =0. Since the last two inequalities contradict one another, we 
must have the second alternative, (3.70). From here on the earlier argument 
applies with no change, and shows that the assumptions 


(5.78) q = [(logc)*], |AA| and | AB| <e-?™, 
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for indefinitely large g, lead to a contradiction. 
The assumption of Theorem III was that 


(5.79) |AA|, |AB| <c-Oek > 1, 
If we put 
(5.80) k=1+n7, 
and define 
1 
(5.81) q = [(log c)*], i 1— 2, so that log c = q'/*, 
it follows that 
(5.82) log (c~“oeed#) = — (log c)2+1 < — gittmii-2) < — grr 


provided that ¢ is sufficiently small. That is, when (5.79) holds for a particu- 
lar k, a suitable € and g can be found such that the proof leads to a contra- 
diction. This proves Theorem ITI. 


Coro.iary. If n and B satisfy the hypothesis of Theorem Ill, i.e., the state- 
ment as far as (5.2) and k>1, then the number given by 


(5.83) A= B 
is necessarily transcendental. 


6. Generalized Liouville numbers. If the numbers approximable by alge- 
braic numbers used in Theorems I, II, and III were algebraic, our theorems 
would merely be complicated restatements of that due to Gelfond and 
Schneider. That this is never the case, follows from the theorems of this 
section. 


THEOREM IV. Let a; be a sequence of algebraic numbers all belonging to a 
fixed field K,, and with their conjugates uniformly bounded. Let an infinite num- 
ber of them be distinct from one another. Let c; and d; be two sequences of integers 
becoming infinite, such that the quantities cia; are algebraic integers, and the 
numbers a; approach a limit A in such a way that 

1 


(6.1) |a;-A| <—- 
cei 


Then A is a transcendental number. 


For, suppose A were an algebraic number, and that 


(6.2) P(x) = pax® + paie™ |! +--- + pixt po =0 
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were the irreducible equation it satisfied. Let V be the bound for ||a;|| and 
|A|, and put >>” _|p;=s. Write a for a particular «;. Then, by Lemma V, we 
have 


P(A) — P(a) 
(6.3) nome | PO Cel, 
A-—-e@ 
so that, since P(A) =0, we have 
(6.4) | P(a)| <|a—A|nsvr, 
We next notice that 
(6.5) \|o"P(a)|| < c™sV™, 


and since the norm of an algebraic integer not zero is numerically at least 
unity, 


(6.6) 1 <| c"P(a) | (| 


The possibility that P(a) =0 offers no difficulty, since we have assumed that 
there are an infinite number of distinct a;. Consequently, we may omit those 
equal to A or to one of its conjugates, and still have an infinite sequence left 
to use in the proof. 

Now from (6.4) and (6.6) we have 


ris cms-DYn-1) | P(a) |. 





c"P(a)| 





1 


c"’’'ns’Vrr-l v2 
yie 





(6.7) |a—A|> 


In this relation a and A are two distinct non-conjugate algebraic numbers, 
and the y depend only on A, the algebraic field K, containing a and the 
bounds for ||a|!. 

From this last result, Theorem IV follows at once, since (6.7) contradicts 


(6.1), if 
(6.8) C> 1 and A> y+1. 


Like their subclass, the ordinary Liouville numbers, the generalized Liou- 
ville numbers do not constitute a large fraction of the transcendental. In fact 
we shall establish 

THEOREM V. The generalized Liouville numbers correspond to a set of points 
of zero measure in the complex plane, and those on the real axis approximable by 
real algebraic numbers have zero measure on the line. 

First, consider a fixed field K,, and the algebraic numbers in it, a, such 
that 


(6.9) Vall <V. 











wearer Be, 
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If c is the smallest integer for which ca is an algebraic integer, and we write, 
as in Lemma I, 


(6.10) ca = Dd Bip;, 


j=l 
it follows from ||cal| <||cV|| that 
(6.11) | Bi| < yeV. 


Consequently, in the field K,, subject to the bound V, the number of a is 
at most 


(6.12) (2yicV + 1)” < yee’, for a particular c. 


Next select a sequence of positive numbers ¢,,, decreasing to zero, and a 
sequence of positive integers u» increasing to infinity, as m increases. Then 
for each value of a;, whose multiplier is c; we draw a circle about its represen- 
tative point of radius e,,/c". Call S,, the set of points inside any of these 
circles, and define the set T by 


(6.13) ae oe ae ae 


For any m, the generalized transcendental number A, with bound J, satisfy- 
ing (6.1) will be in S,,. For, since c; and \; are becoming infinite, for a suffi- 
ciently large 7, we shall have 


1 1 m 
(6.14) ci-™ > —,» and hence ws tee 
Em chi ci™ 
Thus 7 includes all such numbers A, related to K and V. 
But the set T has a measure not exceeding that of S,,, and this last, by 
(6.12) and the definition of S,,, is at most 


o 2 
(6.15) } » vate (=) = Yon? DCP”. 
ci=l a 

When 2m exceeds v+2, the series converges toa sum <2, so that the measure 
of S,, approaches zero with e,,. Thus the measure of T is zero. Let V be a 
positive integer. Then there are only an enumerable number of choices for 
K, and V. Hence each generalized Liouville number is included in one of an 
enumerable number of sets, each of zero measure. This proves the first part 
of Theorem V. 

The statement about the one-dimensional measure of the points on the 
real axis approximable by real algebraic numbers is proved similarly by en- 
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closing them in intervals. In this case the series corresponding to that in 
(6.15) is °c’, which converges when m exceeds v+2. 

In view of our general theorems, the measure of the B4 is of interest. We 
have 

THEOREM VI. The set of numbers B4, where A and B are generalized Liou- 
ville numbers with sequences a;, B; having a common c; is of measure zero in the 
complex plane. The subset with a;, B:, 8% real has zero measure on the real axis. 


We begin by finding the relation between the degree of the approximation 
of A and B to that of the power. We have 


(6.16) BA — p« = BA — B4 + BA — Bt, and 
(6.17) | B4 — g4| < max | Az4-'| - | AB], 
by Lemma V, where AB=6—B. 


If we restrict |A|, |B| and |a;|, |8;| as well as their reciprocals, and 
[log B|, |log 8,|, to be all less than M, necessarily >1, we have from this 


(6.18) | BA — p4| < M™+2| ABI. 


Again, by Lemma V, 


(6.19) | g4 — g«| < max | B log B| -| AAI, 
so that 
(6.20) | 64 — Be| < M™+1| AA], 


Next, assume that sequences c; and }; exist, such that simultaneously 
1 


=? 
c/s 





1 
(6.21) |a;-A|<— and |6;- B|< 
cy” 


where the c/ are multipliers for both a; and 8;. Then, from (6.16), (6.18), 
(6.20), and (6.21) we deduce that 

Em M, 
(6.22) | B4 — pe| < Mi/c’% < — 

Cz” EmC>i-m 
where M, is a bound depending only on M. For m, M, and hence M, fixed, 
when i becomes infinite, the second factor approaches zero, so that eventually, 


(6.23) | BA — B«| < €n/ci™ < em/c™, 





? 


where c; is the least multiplier for both a; and 6;, and therefore less than or 
equal toc/. 

This situation enables us to use the reasoning applied to prove the last 
theorem. We surround each point 6* with least common multiplier c; for a; 
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and §; by a circle of radius ¢,,/c7", and call S,, the set of points inside any of 
these circles. The set T is then defined by 


(6.24) CS ee ee 


The inequality (6.23) shows that the point B4 is in each of the sets S,,, 
and therefore in the set 7. To estimate the measure of S,, we observe that c; 
is at least as great as the multipliers for a; or 6; individually, and hence by 
applying (6.12) to the number of a; and §; for a given c;, we find that the 
number of points 8,*‘ for a given c; is at most yc”. Thus the measure of S,, 
is at most 


oo 2 

(6.25)  » yea (=) S yre? D0 co. 
ci=1 C, 

Since the series converges for v greater than m+1, to a sum less than 2, the 

measure of S,, approaches zero with e¢,,, and the measure of T is zero. 

This shows that when the restriction involving M holds, and if M is taken 
integral, there are only an enumerable number of choices for M and K,, so 
that the set discussed in the theorem has been shown to be the sum of an 
enumerable number of sets, each of measure zero. 

For the one-dimensional case, we use intervals in place of the circles. 

It is worth noting that there are no theorems like those of this section on 
transcendentality and measure for numbers merely known to be approxima- 
ble by sequences of numbers 8;*:, without a; and 6; separately approaching 
limits. The first fact is shown by the example 

21/2 


a=-—»> 


Ci 
where /; is an integer so chosen that 


a 


psi FO 
i 


1 6 
<—» so that B,; = aie +a) with |@| <1. 
i i2isae 


Under these conditions we have 


1 § log 2 
[4 — B%| < —» where i; = lees] 


cM 21/2 log 7 


and so becomes infinite with 7. Similar sequences may be constructed with 
any number in place of 3, so that they do not lead to sets of zero measure. 

7. Conclusions and examples. A simple example of an ordinary Liouville 
number is obtained by using a series 
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oo Pn 
7.1 ) 
(7.1) > N, 


where the ?, are uniformly bounded integers, and the NV, are integral values 
increasing with m sufficiently fast. In particular, by taking the p, less than 10, 
and the V,,=10", Liouville found one whose decimal expansion could readily 
be written down. In place of this, we might use 


(7.2) N, = 1000"! or ge) 


where a and # are fixed integers greater than unity, and £ is a function of 
increasing faster than 1, i.e., such that E/n-~. 

If we take as the p, algebraic integers from a fixed field K,, with uni- 
formly bounded conjugates, and again use (7.1) and (7.2), we obtain simple 
examples of the generalized transcendental numbers of Theorem IV. 

To obtain simple examples of the restricted generalized Liouville numbers 
used in Theorems I, II, and III, we use (7.1) with the p, algebraic integers 
from a fixed field K,, with uniformly bounded conjugates, and put 


- a (10") Kn 
(7.3) N, = 1000") = or §=g@™) | 


where in the second form, a, b, and K are fixed integers, a and 6 exceed unity, 
and K exceeds k+1, for the & of the condition (3.1). 

Suppose, to be specific, we put x; equal to the square root of the digit in 
the ith place of the decimal part of 7, and y; equal to the square root of the 
digit in the ith place of the decimal part of e. Then write 


(7.4) X= > x,2-2"), WV = > yn 2-2) , 
n=1 n=1 

Then, by the corollary to Theorem I, we may assert the transcendentality 
of the following numbers 

log X log X 
"log Y log 2 
The first of these also illustrates the corollary to Theorem II, and would con- 
tinue to do so if we replaced the 8 in (7.4) by 6. The second of the numbers is 
an illustration of the corollary to Theorem III, and in this case we could re- 
place the 8 in (7.4) by 3. 

We note that if we take the x, all equal to the 2, and the y, all equal to 3 

in (7.4), the transcendentality of the first three numbers in (7.5) would follow 
from the theorems of G. Ricci. 


(7.5) 2x, X%, XY 
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A DIRECT EXPANSION PROOF OF SUFFICIENT 
CONDITIONS FOR THE NON-PARAMETRIC 
PROBLEM OF BOLZA* 


BY 
WILLIAM T. REID 


1. Introduction. In a recent paper? the author has proved by expansion 
methods a sufficiency theorem for the general problem of Bolza that had been 
established previously by Hestenesf{ using the classical field method. This 
proof had in common with the previous proof of Hestenes the property that 
the theorem was not established directly for the general problem of Bolza 
with non-separated end conditions; instead, such a problem was first trans- 
formed into an equivalent one in a greater number of dependent variables 
and with separated end conditions. In a paper appearing in the present vol- 
ume of these Transactions, Hestenes§$ has devised a direct proof by field 
methods for the general problem of Bolza. He has utilized the notion of 
families of fields of extremals, and the proof is a generalization of a method 
which he has previously used in treating the problem of Mayer. 

It is the purpose of the present note to give a direct expansion proof of 
sufficient conditions for the general non-parametric problem of Bolza. In this 
direct expansion proof the auxiliary theorem of §3 of R is replaced by Theo- 
rem A of §2 of the present paper. This latter theorem is an extension of the 
results of §5 of H for the special case of a problem having the form of the 
second variation, and thus may be considered as an extension of the trans- 
formation of Clebsch. 

It is to be remarked that there already existed direct sufficiency proofs 
by field methods for the general problem of Bolza in case suitable normality 
conditions were satisfied.|| Hestenes obtains in H a direct proof not involving 
normality assumptions. On the other hand, the results of the author’s paper R 
do not yield a direct expansion proof of sufficient conditions for a problem 
with non-separated end conditions that involves no differential side condi- 


* Presented to the Society, April 10, 1937; received by the editors January 20, 1937. 

{ Sufficient conditions by expansion methods for the problem of Bolza in the calculus of variations, 
to appear in a forthcoming number of the Annals of Mathematics. This paper will be referred to as R. 

t These Transactions, vol. 36 (1934), pp. 793-818. 

§ A direct sufficiency proof for the problem of Bolza in the calculus of variations, these Transactions, 
vol. 42 (1937), pp. 141-154. This paper will be referred to as H. 

|| See, in particular, Morse, American Journal of Mathematics, vol. 53 (1931), pp. 517-546, and 
Bliss, Annals of Mathematics, vol. 33 (1932), pp. 261-274. 
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tions, and which is thus identically normal. This fact is illustrated by the 
example given at the end of $3 of R. In view of this difference between the 
the generalization of Hestenes’ paper H and the extension of the present 
note over the previous paper R, it is somewhat surprising that essentially 
the same auxiliary theorem is involved in these two direct proofs by quite 
different methods of the same sufficient conditions for the general problem 
of Bolza. 

2. Auxiliary theorems. The form of the problem of Bolza here considered 
is that of finding in a class of arcs 


yi(x) 
satisfying differential equations and end-conditions 
(2.1) ds[x, y, | = 0 (@=1,---,m<n), 
(2.2) Vila, (x1), x2, y(x2)] = 0 (u=1,---, pS 2n+ 2), 


one which minimizes a given functional 
(2.3) J= glx, y(x1), X2, (x2) | +f flex, ¥; y |dx. 


The notation and terminology of R will be used throughout. 


Suppose that E:y,(x), \o=1, A(x) (a1 Sx <2) is a non-singular extremal 
which satisfies with constants e, conditions I and IV¥. This latter condition 
is that along E the second variation 


(2.4) Jolt, 1] = 2y[, n(a1), 2, n(a2)] + f owls, n, 0 \dx 


be positive for all non-identically vanishing variations &, &, i(x) which 
satisfy the linear differential equations and end-conditions 


s(x, 0, 0'| = doy.ni + darind = 0 (8 = 1,---,m), 
W, [E1, n( a1), &2, n( 2) | , 
= Wye ds + Van mili) + Vue, + Vuani(ee) = 0 (4 =1,---,p). 
As usual, it is assumed that the matrix (W,¢,; Vur,,; Vur.; Vur;,.) is of rank p. 
As a consequence of IV,’ there exists a family y;=ui(x), £:=vi(x) 


(k=1,---, m) of mutually conjugate solutions of the canonical accessory 
equations with | u:x(*)| ~0 on axe.f 
t See Reid, American Journal of Mathematics, vol. 57 (1935), pp. 573-586; also Morse, these 


Transactions, vol. 37 (1935), pp. 147-160, and Hestenes, Annals of Mathematics, vol. 37 (1936), 
pp. 543-551. 
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Now suppose that by’, ais, bs, ais (9=1, ---, 2n+2—>)) are linearly in- 
dependent solutions of the equations 
Vue.be + Vin; ,io + Vye.be + Vong sit = 0 (u=1,---, p). 


Let g denote the maximum number of linearly independent accessory ex- 
tremals of the form Y;,(x) =0, Z,:(x) (J=1, - - - , g) such that for every non- 
identically vanishing linear combination 


ni = Vulx)er = 0, oi = Zul x)er 
the equations 
fi(xi)ae — f(a2)av = 0 (6=1,---,2n+2—- ?) 


are not all satisfied. Without loss of generality we may then suppose that the 
sets bj, aig (s=1, 2;0=1, - - - , 2n+2—>) are so chosen that 


2 
Zin x1)aio — Zilxe)ai = — be (L=1,---,q;0=1,---,2ea+2— pp). 


Then for an arbitrary accessory extremal 7;(x) =0, ¢;(x) we have 
Ci(ar)aiy — Fi(aa)ay = 0 (v= q4t1,---,2n+2- >) 
and there exists a unique accessory extremal n;= U;,(x), §; = V(x) such that 
Uin( Xs) = dip (s=1,2;»=q+1,---,2a+2-— >). 
Let 
Ui(x) = pYilx) =0, Vilx) = pZiu(x) (= 1,---, 9), 


where p is a real constant whose value will be determined shortly. The multi- 
pliers corresponding to ux, vi, and Us, Vie will be denoted by /s,(x) and 
Lgo(x) (kR=1,---, nm; O=1,---, 2n+2—p)), respectively. 

Suppose £1, £ are constants and 7;(x) are arbitrary functions of class D’ 
on X,X>. Then there exist unique constants ¢,’, c (u=1,---,p;@=1,---, 
2n+2-— >) such that 
(2.5) f= Wuece + be Co, ni(Xz) = Crete + aiece (s = 1, 2), 
and corresponding to these constants cy there are determined for X,, X2 suffi- 
ciently near 2, x2 unique functions /;(x) of class D’ and such that on X,X2 
(2.6) n(x) = Ux(x) g(x) + Uso(x)co. 

For such a set £1, £2, 7:(x) define 
uf (x) = win(x) h(x) + Uie(x)co, v(x) = n(x) hd (x), 
Ig(x) = Ipe(x)ha(x),  Le(x) = Lpo(x)co, wp =I +L, 

















186 W. T. REID [September 
and consider the expression 


X, 

(2.7) — Qy[&1, 0(X1), &, n(X2)] + A (20[x, 0, 0°; w) — Friydive)dx. 

In this expression it is to be understood that the coefficients of y are the 
values determined by the end-values of Z, and do not depend upon X; and X2. 
For X,, X2 near x, x2 the expression (2.7) is well-defined. The integral in 
(2.7) is readily seen to be the Hilbert integral for the second variation involv- 
ing slope functions and multipliers determined by the 31— p parameter 
family of accessory extremals given above, and evaluated along the curve 
n= [ni(x)] (Xi Sx" X:2). One may also verify directly by the use of Taylor’s 
formula and the transformation of Clebsch that for Xi, X2 near x, x2 the 
expression (2.7) is a quadratic form in [&, 7:(X1), 2, n:(X2) | whose coefficients 
depend upon the end-values of ui, Uie, vi, Vio at X; and X2. For brevity 
this form will be denoted by 20 [&, n:(X1), &, ni(X2)| Xi, X2]. Now it may be 
proved that the parameter p involved in the definition of Ui, Vin (J=1, - - - , g) 
can be chosen so large that Q[&, i(x1), £, ni(%2)| 21, x2] >0 for every non- 
zero set [£:, 9:(21), £, ni(x2) | satisfying the equations V, [£, 7(x:), &, (x2) |] =0 
(u=1,---, p) [see H, §5]. In the following discussion we shall suppose that p 
has been so chosen. It is to be emphasized that the arc 7 = [n;(x) ] has not been 
assumed to be differentially admissible, and hence &, £, ni(X1), ni(X2) are 
independent variables. By continuity it then follows that there exists a 
positive 5 such that for | X,—x,| <6(s=1, 2) and an arbitrary non-zero set 
[£:, na, &, ni2] satisfying 


| WulEs, nit, £2, nie} | < 6&2 + &2 + nana + nienie]}!/? 





we have . 
Olé, nia, E2, ni2| X1, X2] > O. 


Consequently, by the use of the integral form of the remainder in the expan- 
sions of the functions y, about the values [x1, yi(21), x2, vi(x2) ] (see R, §3) we 
obtain the following theorem: 


THEOREM A. Suppose that for a problem of Bolza E:yi(x), \o=1, Ag(x) 
(x; Sa” <4x2) is a non-singular extremal which satisfies with constants e, condi- 
tions I and IV’. Using the accessory extremals ujx, vir, Uie, Vie and termi- 
nology introduced above, there exists a neighborhood No of the end-values 
[x1, yi(m), Xe, yi(x2) | such that if [X:, Ya, Xo, Yi2| is in No the extremal 
yi(x), No=1, Ag(x) is defined and non-singular on X\X_ while | wx ~0 on this 
interval; moreover, there exists a x>O such that if [X1, Va, X2, Vie] is in No 
and terminally admissible we have 
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(2.8) Q[X: — m1, 01, X2 — x2, ni2| Xi, Xe] 
Ps «[(X, — 4%)? + (Xe > %2)? + nani + none, 
where nis=Viz—YVi(X.) (s=1, 2). 

By relatively slight modifications of the proof of Theorem 4.3 of R one 
may establish the following corresponding result. 

THEOREM B. Suppose that E:yi(x), \0=1, As(x) (a1 S"S%2) is an ex- 
tremal satisfying conditions IIy, III’, and that u(x), vix(x), Uie(x), Vio(x) 
(k=1,---,n;0=1,---, 2n+2—p)) are associated accessory extremals with 
| :n(x)| ~0 on 242%. For arbitrary sets (hi, co) let 

yi, hc) = yi(x) + win(x) he + Uielx)ce, 

r(x, h, c) = yl (x) + u(x) hy + Use(x)oo, 

Aa(x, A, c) = Aa(x) + Iae(x) he + Loo(x) co, 
where 13; and Lg are the multipliers for the accessory extremals uix, Vix and 
Us, Vis, respectively. Then for every €>O there exists a d;.>0 and a neighbor- 
hood %:. in xy-space of the [x, y(x)] on E such that if 0<|\|(ce)|| <du, while 
[x, v(x, h, c)] is in F:. and [x, y(x, h, c), *] is differentially admissible, we have 

E[x, v(x, h, c), r(x, h, c), Mx, h, 0); F] 


(2.9) > rR{|\|F — r(x, h, o)||] — el] (i, o)]]?, 


where t is a positive constant independent of €.¢ 

As in Theorem 4.3 of R we may choose 7 =7;/4, where 7; is the constant 
appearing in Lemma 4.3. In the above expression (2.8) R[t] is the convex 
function (1+#)"?—1 for #20. 

Finally, we shall use Theorem 5.1 of R, which for completeness we shall 
state. 

THEOREM C. Jf z,(x) (¢=1,---, N) are absolutely continuous functions 
on X,<x< Xz, and ||2\| <5 on this interval, then 


xX, X, 
(2.10) f \2\|-le"|ax < asl f RIlle'|| Jax + lcxolk', 


xX, x; 
a1 ff “Ialear saa] fi “Rlletlex + llcxol, 


lA 


where 
d, = 4((1 + &)!/2 + 1) max {1, X2— Xi}, de = 3(X2 — Xi)d.. 


7 Ifs=(c,) (¢=1,---,), l|=|| =||(<,)|| is used to denote the positive square root of 2: + + - - +2. 
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3. The sufficiency theorem. We shall now indicate briefly how the direct 
proof of the following sufficiency theorem differs from the proof previously 
given in R. 

THEOREM 3.1. Suppose that E:y;(x), Xo=1, Ag(x) (a1 S4xS4%2) is an ex- 
tremal arc satisfying with constants e, conditions I, lly, III’ and IV. Then 
there exists a neighborhood § of E in xy-space and a neighborhood N of the ends 
of E in [x, ya, %2, Yi2]-space such that J[(C|>J[E] for every admissible arc C 
in § with ends in N and not identical with E. 


Suppose that C:Y,(x) (X:<%<X2) is an admissible arc with end-points 
[X, Vi(X1), Xe, V(X.) ] in the No neighborhood of [x1, y:(x1), x2, yi(xe) ] de- 
fined by Theorem A. Let 7;(x) = Yi(x) —yi(x) on X1X2, and determine con- 
stants ¢,’, co (u=1,---, p; 0=1,---, 2n+2—p) by equations (2.5) for 
ni(X,) thus defined and £, = X,—x,(s =1,2). The corresponding functions h;(x) 
determined by (2.6) are of class D’ on X,X2. If for a given arc C of this type 
we set 


ul (x) = min(x)he(x) + Uie(x)eo, v(x) = mie(x) he (x) 
we have, in the notation of Theorem B, 
V(x) = yi(x,h[x], 0), yf (x) + ul (x) = ri(x, h[x], 0), 
a(x) + ua( 2) = Aa(x, h(x], c). 


Finally, let mo, Mo be positive constants such that for every element 
[Xi, Va, Xe, V2] in No we have mo|h|| <|| (ux [x]x)|] < Mol|h|| for arbitrary 
sets h=(h;). 
We write for brevity 
Ag = g[Xi, Y(X), Xe, V(X2)] — glx, (ma), x2, y(x2)]. 


Then 


xX, 7 
J(C] — J[E] = Ag +f F[x, VY, ¥’,X\ +uldx — f F[x, y, y’, \]dx 
5: 


7) 


(3.1) 
=Ag+J°—J'—J?, 


where 


(3.2) J'=(- yf “Pls, y, y’, A]dx (s = 1, 2), 
X, 


s=2 


xX, 
(3.3) J* = E[x, vi y’ + u’, A+ 4; Y’ |dx + F,(X.)ni(X) 


xX; s=1 
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1 xX, x; 
+ = (2Q[x, 0, 2’, u] — Frer,vivedx + (B + 0;B¥)dx, 


xX, xX; 
and for every ¢>0 there exists a corresponding d,>0 such that if ||7|| <d. 
| B(x) | S el {AiCx), co}|l?, || B*(x)|| S («/Mo)|| { 2e(x), co} |]. 


The proofs of these relations are similar to those of (6.1), (6.2), (6.3) of R. 
As in R, one may likewise show that for a given e>0 there is a bounded 
neighborhood %., of the end-points of EZ which is interior to the No neighbor- 
hood of Theorem A, and such that if C is admissible with end-points in N.., 
then 


s=2 


Ag -Ji-JjJ*+ F,(X.)ni(X5) 
(3.4) * si ; 
=> y[Xi — m1, ni(X1), Xo — x2, ni( Xe) | 
— e[(X1 — a)? + (Xa — x2)? + [|n(Xy)]]? + || n(X2)]]*]. 
Let $2. be a neighborhood of E such that if C is in §.. then ||n(x)|| <d. on 
X,X_2. Consequently, if C is an admissible arc in $2. with end-points in N.. we 
havet 


J(C] — J[E] = Q[X1 — x, ni(X1), Xe — xe, ni(X2) | Xi, Xe] 


x, 
- E[x, VY, y +u’,¥+4; VY’ |dx 


xX, 


- { cx — xy)? + (Xo — x2)? + ||n(X1)!|? + ||n(X2)!|? 


Xx; 
+] (ll {Ae(x), cof |]? + || { 2i€x), co} ll -|] {22 (2), of Tea 


For a given e>0 let §. denote a bounded neighborhood of E in xy-space 
interior to both the neighborhood §:. of Theorem B and the neighborhood 
#2. defined above; moreover, suppose that 9, is a neighborhood of the ends 
of E interior to both MN, and Ne, and such that if the end-values of C are in MN, 
the corresponding constants ce satisfy ||(cs)||<di., where di. is as in Theo- 
rem B. Suppose C:Y;,(x) (Xi1S«”<_X_) is an admissible arc in §. with end- 
points in N.. Since RN, is interior to No inequality (2.8) is applicable to the 
quadratic form Q. We also see that E(x, Y, y’+u’, A\+u; Y’] satisfies 


+ Since cg (9=1, +++ , 2n—>) are constants, 
lol] < Mol] 4’(x)|| = Moll {Ai (x), co’} ||, 


and by Cauchy’s inequality . 
| Bi | Sel] {AE (x), of jl] [| {eCx), co} l- 
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(2.9). The functions h;(x) determined by C are absolutely continuous, and 
I|k’(x)|| =|| {AZ (x), co }]], R[|]2’(x)]|], R[||v(x)||] are Riemann integrable on 
X1X». Since mo||h’|| <||0|], we have R[||h’|| | sds R[]|0|| ], where ds = (1/mo) max 
{1, 1/mo} (see R, Lemma A of §4). Moreover, since cs (@=1, - - - , 2n+2—p) 
are linear in X,—x,, n;(X,) (s=1, 2), there is a constant m’ such that 


Il {e(X1), co} ||? < m’[(X1 — a)? + (Xe 


Applying (2.10) and (2.11) to the functions (z,) =(h;, ce) and combining the 
relations indicated above, it follows that for an admissible arc C in §, with 
end-points in 3t., we have 


J[C] — J[E] = (« — ef 1 + [2d2 + dyJm’}) & (CX. — x)? + || n(X,)||?] 
(3.6) i 


+ (7 — e[2de + dilds) f“RIllo(2)||]dx. 
xX, 


Now d, and d, depend upon the particular arc C in that they involve (X.—X,) 
and a quantity 6 such that || {/,(x), co}|| <6 on X1X2. These quantities, how- 
ever, are uniformly bounded when e is restricted to a bounded set of values, 
and C is in the §. neighborhood of E with end-points in the 2, neighborhood 
of the end-points of . Hence the quantities («—e{1+[2d.+d,]m’}), 
(r—e[2d.+d,|ds) are positive for ¢ sufficiently small. Let F=§., N=N. for 
such a value of e. Then for an arbitrary admissible arc C in § with end- 
points in MN we have J[C]=J[E], and the equality sign holds if and only if 


X, 
o= f ‘Rilo(a|laz = xX.- x= |nXd| = 1,2), 
that is, if and only if C is identical with E. We have established, therefore, 
the conclusion of Theorem 3.1. 
As indicated in R, the class of comparison arcs C may be enlarged by 
interpreting the integrals involved as Lebesgue integrals. 
Tue INSTITUTE FOR ADVANCED STupy, 
PRINCETON, N. J., AND 
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ON A CLASSIFICATION OF INTEGRAL FUNCTIONS 
BY MEANS OF CERTAIN INVARIANT 
POINT PROPERTIES. 

A SUPPLEMENT* 


BY 
M. T. BIRD 


In a recent paper{ Carmichael, Martin, and Bird noted that the existence 
or non-existence of their a-sequences had not been established. The purpose 
of this note is to establish the impossibility of a-sequences. In other words, 
Theorem I of the paper cited above may be replaced by the following theo- 
rem: 


In order that {t,} shall be an I-sequence it is necessary that the following 
condition shall be satisfied: 


lim (¢,)'/" = 0, 


It is sufficient for the proof of the theorem to show that the inferior limit 
of (¢,)'/" cannot be zero. For this purpose we assume that the inferior limit 
of (¢,)'/" is zero and show that a contradiction arises. 

The positive integers can be arranged in ascending order in two infinite 
sequences {m;} and {,} such that 


tn, >1, £=1,2,3,---; t 31, ¢=1,2,3,---. 
Let 8, y be a pair of integers such that 


y¥26822. 


We wish to show that an infinite subsequence {v;} of the sequence {n;} 
exists such that for an infinite subsequence {y;} of the sequence {m;} we 
have 


Bus S vi S ui, i= 1,2,3,---. 
We take »; to be the least member of the sequence {m;} such that 


Bm, < V1. 


* Presented to the Society, September 10, 1937; received by the editors January 12, 1937. 
¢ Carmichael, Martin, and Bird, On a classification of integral functions by means of certain in- 
variant point properties, these Transactions, vol. 40 (1936), pp. 462-473. 
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Let us write »; in the form »;=xy?m,. If x does not exceed 1 we take uw to 
be equal to m. If x exceeds 1 we define yw; as the greatest integer which does 
not exceed xym;. In either case w; is a member of the sequence {m,} such 
that we have 


Bur S 1 S y*u. 
We take m/ to be the least member of the sequence {m;} such that 
Bm} a Beaks j= y 3, 4,--> . 


We define v; and yu; with respect to m/ in the same manner that we defined 
vy, and mw; with respect to m,. In this way we define the monotonically increas- 
ing subsequences {»;} and {y;} of the sequences {m;} and {m;}, respec- 
tively, which are such that 


Bu; S vi S y*ni, fe R2a---. 


We proceed to show that the function defined by the series 


co 


E,(x) - > x, 


t=0 


which converges for |x| <1, disputes the relation (1) of the paper cited 
above. We observe 


lim sup |t,Zi™ (0)/n!|"/" < 1. 


Furthermore, we have 
E,™(a)/p! = a’*C,,,, 0<a<i, 


where v and yu are corresponding members of the sequences {»;} and {y;}, 
respectively. 
It is easy to prove the inequality 


Cou : ( YC *y. 
yv+i\y—u M 
This leads us to the inequality 


simoyatz (2) (4) 
. ential ss, opens ap ; 


Let us take a to be equal to 1—7y~*. Then we have the inequalities 


tpE\™ (a)/u! = (y2u + 1)-(8 — 1)*a™ > (2s + 1)-'a. 











1937] CLASSIFICATION OF INTEGRAL FUNCTIONS 


Hence we have 
lim inf | t,,E%(a)/u;!|* => a-? > 1 
i=o 


and, consequently, 


lim sup | thE“ (a)/n! |1/» > lim sup | ¢,E™(0)/n! |[t/m, 


This contradicts relation (1) of the paper cited above and leads us to con- 
clude that the limit of (¢,)!/" must be infinite. 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 














ON THE SPACE* (BV) 


BY 
C. RAYMOND ADAMS AND ANTHONY P. MORSE 


1. Introduction. For the space (AC) of functions x(#) absolutely continu- 
ous on the interval 0 </<1 it is natural, since (AC) then becomes isomorphic 
with the space (L) of Lebesgue integrable functions, to employ the metric 


(1) (x, y) =| 2(0) — y(0)| + To(x — 9), 


where 7)(x—y) stands for the total variation of x(t) —y(#) on 0S¢S1. Until 
recently the few writers} who have considered the space (BV) of functions 
of bounded variation have simply carried over to this larger space the metric 
of (AC). Although with this metric (BV) is a Banach space, it is not separa- 
ble; perhaps it is partly on that account that (BV) was so little studied. 

In I Adams introduced for (BV) the new metric 


a 1 1 
(2) (x, 9) = f |x — | ae +| TH) — TH), 


giving reasons for this choice. These reasons will not be repeated here, but 
by way of partial motivation one might make two observations: (i) an arbi- 
trary function in (AC) can be approximated (arbitrarily closely) in the metric 
(1) by an inscribed polygonal function, but no function in the class 
(BV) —(AC) can be so approximated;f{ (ii) the metric (2) permits such ap- 
proximation to an arbitrary function in (BV). Hereinafter, unless otherwise 
specified, (BV) shall always be understood to be metrized with (2); although 
not then a Banach space, it is boundedly compact and contains a countable 
dense set of polygonal functions (see I). 

Presumably the most important subsets of (BV) are (CBV), the set of 
continuous functions of bounded variation, and (AC). With the metric (1), 
(AC) is a closed linear manifold in (CBV) which in turn is a like manifold 
in (BV), so it may be inferred at once that (AC) is of first category in (CBV) 
and of second category in itself, while (CBV) is of first category in (BV) and 
of second category in itself. When the metric (2) is employed, however, the 


* Presented to the Society, December 29, 1936; received by the editors February 8, 1937. 

{ For references see Adams, The space of functions of bounded variation and certain general spaces, 
these Transactions, vol. 40 (1936), pp. 421-438; later referred to as I. 

t For an indication of this fact see Adams and Lewy, On convergence in length, Duke Mathemati- 
cal Journal, vol. 1 (1935), pp. 19-26; especially p. 23. This paper will be referred to as AL. 
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questions of category appear to be less trivial, and one of the main objects 
of this paper is to answer them. 

As a preliminary we set forth in §2 a lemma on semi-continuity of the 
functional T(x). In §1 of I we compared several kinds of convergence and 
indicated by example that certain kinds do not imply certain others ;* in each 
case the example was one in which the limit function has an external saltus. 
That only such an example will serve this purpose will appear among the 
consequences of the lemma in §2, and of an analogous lemma in §5. In §3 
we consider the questions of category just mentioned. With (DBV) designat- 
ing the set of discontinuous functions of bounded variation and (CS) the set 
of continuous singular functions,} the critical issues in §3 are met by showing 
that (DBV) is the sum of sets each closed and non-dense in (BV) and that 
(CBV) —(CS) is the sum of sets each closed and non-dense in (CBV). In §4 
we determine a base for (BV). Finally, in §5, we examine similar questions 
which arise when 7(x) is replaced by L(x), the Peano length of «(?). 

2. Semi-continuity of T(x), with applications. A short time ago Adams 
and Clarkson{ observed the rather obvious but none the less fundamental 
semi-continuity relation: lim,..%,()=«(t) everywhere on§ (0, 1) implies|| 
lim inf, ..7(x,) =7(x). Although it was not expressly so stated, this result 
holds for T(x) = © as well as for T(x) < ©. Our first object here is to obtain 
a similar result when x,(¢) is assumed to converge to x(t) only on a dense set 
inO</<1. 

To avoid possible misunderstanding let us first set up the 


Derinition. An arbitrary function x(t) will be said to have no external 
saltus if and only if at each point 4, 0<4,<1, x(t) satisfies the condition 
lim inf,.,,7(4) S2(4) Slim supy..,x(d). 


The class of functions having no external saltus will be designated by (N); 
its intersection with (BV), by (BVN). Clearly x(#)e(BV N) implies continuity 
of x(t) att¢=0 and ¢=1. 


Lemma 1. The relation x,(t)—x(t) on a dense set in (0, 1), with 
x(t)e(BVN), implies lim inf, ...T (x,) = T(x). 


The reader should have little difficulty in establishing this lemma. 


* See p. 423 of I. 

+ See, for example, Saks, Théorie de l’Intégrale, Warsaw, 1933, pp. 11 ff. 

t Adams and Clarkson, On convergence in variation, Bulletin of the American Mathematical 
Society, vol. 40 (1934), pp. 413-417; to be referred to as AC. 

§ The notation (a, 5) for an interval will always mean the closed interval aStSb. 

\| In general we employ the symbol 7°(x) for the total variation of x(t) on aS; in particular 
the limits a, 6 will be omitted when it seems that no confusion can arise therefrom. 
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Although we do not intend to make use of it here, we may assert for the 
case T(x) =a 

Lemma 1’. The relation x,(t)—>x(t) on a dense set in (0,1), when T(x) = 0 
but x(t)e(N) and the set E of its discontinuities of the second kind is either vacu- 
ous or possesses an isolated point,* implies lim, ..T(%n) = ©. 


Proof. For Case 1, E vacuous, a proof can be constructed essentially in 
the same manner as for Lemma 1. In Case 2, £ not vacuous, let é, be an iso- 
lated point of £. If for example x(¢,—0) fails to exist, there must be an inter- 
val (to, 4) which contains no discontinuity of the second kind other than 4,; 
and Ti(x)=. If Ti(x)=0 for any hb, to<t<h, the conclusion follows 
from Case 1; otherwise, for arbitrary M there exists ¢ such that 7i‘(x) >M 
and the conclusion is a consequence of Lemma 1. 

That Lemma 1 fails to hold when x(¢) is permitted to have an external 
saltus at even a single point is clear from the simplest examples. That 
Lemma 1’ ceases to be valid when £ has no isolated point is shown by 
x,(t) =0 for all ¢, all ; x(¢) the characteristic function of the rationals. 

The two following lemmas are immediate consequences. 


Lemma 2. The relation f}|x,(t)—x(t)|dt—-0, with x(t)e(BVN), implies 
lim inf,..7(%,) 27 (x). - 

Proof. If the conclusion were false there would exist «>0 and a subse- 
quence x,(/) such that T(x,) <7 (x) —e for all p. This subsequence, however, 
must contain a subsequence x,(¢) convergent almost everywhere to x(é) ; hence 
by Lemma 1 we have lim inf,...7(«,) = T(x), a contradiction. 

Lemma 2’. The relation [ * | xu(t) — x(t) | dt0, when T(x)= © but x(t) is 
qualified as in Lemma 1’, implies lim, ..T(*,) = ©. 

DEFINITION. We shall employ x,(#) —dv—x(t) as an abbreviation for the 
two conditions: x,(#)—>x(#) on a dense set in (0, 1), and T(x,) T(x). 

TueoreM 1. The relation x,(t)—dv—x(t) on (0, 1) [(an, x) 0], with 
a(t)e(BVN), implies that relation} for every subinterval whose end-points are 
points of continuity of x(t). 

Proof. We need only show that 7)(x,)—>79(x) whenever a is a point of 
continuity of «(#). By Lemma 1 [Lemma 2] we have lim inf 79(x,) =79(x), 
lim inf T}(x,) =7}(x); and lim sup 79(x,) > 7¢(x) would imply 





* From the proof it is evident that this lemma can be strengthened a little by considering right- 


and left-hand limits. 
+ We repeat that (x, y) always refers to the metric (2) unless otherwise specified. 
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lim T(a») = lim sup To(am) + lim inf T2(x,) > To(x) + Ti(x) = To(x), 


in contradiction to hypothesis. 

That this theorem breaks down for subintervals having an end-point at a 
discontinuity of x(¢) is apparent from simple examples. 

In I we remarked that “if (x,, x)—>0 and x(é) is discontinuous at even a 
single point, x,(#) may fail to converge to x(t) at every point.” This can hap- 
pen, however, only when x(¢) has an external saltus, as we see from 


THEOREM 2. The relation x,(t)—dv—x(t) on (0, 1) [(an, x) 0], with 
xo(t)e(BVN), implies x,(t)—>x(t) at every point of continuity of x(t). 


Proof. Let a be any such point of continuity. No loss of generality results 
from assuming a>0; for if a=0, we can deal with the interval (0, 1) as we 
now deal with (0, a). Denial of the conclusion implies the existence of «>0 
and a subsequence x,(¢) such that |x,(a)—-x(a)| >e for all ». But there ex- 
ists 6>0 such that 


| x(t) — x(a)| S$ Tx) = Ty(x) — To(x) < €/2 for a—5 <t <a; 


and a—6<é<a contains a point 4; where x(#) is continuous. Hence, in view 
of Theorem 1, we have T%,(x,)—>T?,(x) <¢/2. But the interval t;<t<a con- 
tains a point é, for which xp(t)—>x(é), and we have for # sufficiently large 


Ti(%p) 2 T1(xp) 2 | xp(tz) — x(a) | > €/2. 
From this contradiction the theorem is to be inferred. 
Coroary 1. For x(#)e(BVN), the relations x,(t) —dv—x(t) and (xp, x) 0 
are equivalent. 


That the first condition implies the second is seen by aid of Theorem 2, 
the uniform boundedness of x,(#), and Lebesgue’s convergence theorem. The 
reverse implication is an immediate consequence of Theorem 2. 


DEFINITION. For x(é)e(BV) we define an associated function z(t) thus: 
#(4) =x(t+0) for OSt<1, #(1) =x(1—0). 

DeEFIniTIon. For x(/)e(BV) we define the sum of its external saltuses as 
S(x) =T(x) —T(2). 

If at an interior point ¢, of (0, 1) the function x(#) has an external saltus, 
the magnitude of the “external part” of the saltus (or briefly, the external 
saltus) is commonly defined* as 

min || x(4:) — x(t; — 0)|, | x(t) — «(t: + 0) |}. 


* See Hobson, The Theory of Functions of a Real Variable, 3d edition, vol. 1, Cambridge, 1927, 
p. 334. 
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Using two results given by Hobson* one may show without difficulty that 
S(x) =2>° (external saltuses at interior points) 


+ | «(0) — «(0 + 0)| +] x(1) — x(1 — 0)]. 


THEOREM 3. The relation (xp, x) 0, with x(t)e(BVN), implies (%,, x) 0 
and S(x,)—0. 


Proof. Since #,(¢)=x,(é) almost everywhere, we have S| y(t) —x(#)| dt 
—0; whence, by Lemma 2, lim inf 7(z,)=7(x). But from T(x,) =T(#n) 
+S(x,)-T (x), S(x,) 20, we infer T(#,) T(x) and S(x,)—0. 

That (x,, x)—-0 with x(é)e(BV)—(BVN) in general fails to imply 
S(x,)—>S(x) is evident from simple examples. 

THEOREM 4. The relation (x,, x)—0, with S(x,)=k>0O for all n, implies 
S(x) =k. 

Proof. As in the proof of Theorem 3 we have lim inf T(z, = 7(z). But the 
relations 


T(x) = T(#) + S(x) = lim T(x,) 2 lim inf T(#,) + lim inf S(x,) 
= lim inf T7(#,) + k 


then imply k < S(x) +7(z) —lim inf T(z,) < S(x). 

3. Questions of category. Let us recall from I that when (x, y) =0 we say 
that x is metrically equal to y and write xy. An element of the metric space 
(BV) is therefore a class of functions any two of which are metrically equal; 
for xe(CBV) the class consists of only one function, but for xe(DBV) it con- 
tains an infinite number of functions. Since category is essentially a metric 
property, it seems desirable now to consider (BV) merely as a metric space 
rather than as a vector metric space, the elements of which are single functions 
(see I). 

From the definition of z(t) given above in §2 it is easily seen that if two 
functions x(t), y(t) satisfy the condition (x, y) =0, then #(#)=7(2) on (0, 1) 
and S(x) =S(y). Hence it is proper to set up the following 

DEFINITION. If xe(BVN) and x(é) is an arbitrary function of the class 
constituting x, #(¢) will be called the representative of the element x. If 
xe(DBV) —(BVN) and x(é) is an arbitrary function of the class constituting x, 
any function x(t) = #(¢) for O<¢<1, t#t; x(t) = #(h) +h, where 4, is any point 
of (0, 1) and & is so chosen that | x(t) —x(4—0)| +] (4) —2(4+0)| exceeds 
the saltus of £(¢) at 4, by S(x), will be called a representative of x. 

Lemna 3. If (xn, x) 0 and for each n some representative x,(t) of x, has a 


* Hobson, loc. cit., p. 335. 





1937] ON THE SPACE (BV) 199 


saltus =k>0O at one or more points of (0, 1), then some representative x(t) of x 
will have at one or more points a saltus =k. 


Proof. Let ¢, be a point where x,(#) has a saltus =; let / be a limit 
point of the sequence #,; and let the subsequence t,—/. In case S(x) >0 
let x(t) be the representative of x obtained by taking 4 in the fore- 
going definition as /. Then, 6 being positive but arbitrarily small, set 
a;= E(L—6 S$tS1+5)-E(0 StS1) and designate by b; the closure of the com- 
plement of a; with respect to (0, 1). Since 0; consists either of one closed 
subinterval of (0, 1), or of two disjoint intervals of this nature, on each of 
which x(t} has no external saltus, we have lim infp..7s,(%p) 2T>s,(x) by 
Lemma 1. Hence the relation 


lim sup T4,(xp) + lim inf T,,(x») S lim [T-a,(%p) + T »,(%») | = lim T (xp) 
= T(x) = To,(x) + Ty, (2) 


implies 
lim sup T.,(*p) S Ta,(«) + To,(x) — lim inf T,,(x,) S T.,(x). 


But since ¢,—/ we have lim sup T.,(x,) =k; whence T.,(x) 2& for all 6>0 
and lim;.o7.,(%) =. And this last limit is precisely the saltus of x(¢) at J. 


THEOREM 5. (DBV) is the sum of a countable number of sets each closed and 
non-dense in (BV). 


Proof. Let E,, be the set of points xe(DBV) each of which has a representa- 
tive x(t) possessing at some point a saltus =>1/m. Clearly (DBV) =>. _,Em. 
By Lemma 3 each E,, is closed in (BV). That each E,, is non-dense in (BV) 
now follows from the fact (see I, §1) that (CBV) is dense in (BV). 

Since (BV), being complete (see I, §1), is of second category in itself, 
(CBV) is of second category in (BV), and we have in the terminology of 
Denjoy 

CoroLiary 2. (CBV) is a residual set in (BV). 

Coro.iary 3. (CBV) is of second category in itself. 

Corotiary 4. (DBV) is of first category in itself. 


Otherwise, for the decomposition (DBV) => Hn employed in proving 
Theorem 5, the closure in (DBV) of at least one set E,, would contain a 
sphere K (xo, r) ¢ (DBV). Since (DBV) is dense in (BV), the closure in (BV) 
of this set Z,, would then contain the corresponding sphere Ki(«o, 7)-c (BY), 
thus yielding a contradiction. 

We next consider the set (CS) of continuous singular functions; i.e., of 
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functions x(/)e(CBV) for which the derivative x’(#) vanishes almost every- 
where* on the interval (0, 1). 

THEOREM 6. (CBV)—(CS) is the sum of a countable number of sets each 
closed and non-dense in (CBV). 

Proof. For brevity we call the sum of a finite number of disjoint closed 


intervals a;St<b; (¢=1,2,---, p) an elementary figure, designate such a 
set generically by R and its measure by |R |, and let Tp(x) stand for 
Dini Te,(2)- 


For each integer m >0 we define the subset A,, of (AC) as follows: a(#)eA m 
if and only if we have 


To(a) = 1/m, and Tr(a) < $To(a) 


for every elementary figure R ¢ (0, 1) with | R| <1/m. Then the subset E,, of 
(CBV) —(CS) we define thus: x(é)e£,, if and only if 


a(t)eA m, where a(t) = f vow. 
0 


Denoting by E,, (m=1, 2, 3, - - - ) the closure of E,, in (CBV), we propose to 
show that 
“(CBV) — (CS) = 0 En. 
m=1 

It is clear that each point of (CBV)—(CS) belongs to E,, for some m. 
From the fact (see I) that the polygonal functions are dense in (CBV), it 
is easily apparent that (CS) is likewise. Therefore if for some m>0, E,, were 
not in (CBV) —(CS), there would exist a point ye(CS) and a sequence x,2Z, 
such that («,, y) 0. Let a,(#) = fox,’ (s)ds and 8,(t) =x(t) —a,(t). The rela- 
tion ye(CS) implies the existence of an elementary figure R such that 


1 1 1 
= ay _{|RIis-—- 
Tr(y) 2 To(y) , | R| 


In view of the corollary to Theorem 2 of AC and of the fact that T(x,) 
= T(a,)+T7(8,) on every elementary figure, we should then have 


1 
2T(y) — Spy S 2T u(y) = him 27x xq) = him [27 x(a) + 27 x(6n) | 


< lim inf [73(an) + 2T%(Bn) | 


* See, for example, Saks, loc. cit. If one chooses to exclude the functions x(#)=const. from the 
set (CS), the proof of Theorem 6 can easily be modified to show that (CBV) —(CS) is still the sum 
of non-dense closed sets in (CBYV). 
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< lim sup [27(a,) + 2To(Bn)] — lim inf To(cn) 


1 
= lim sup 2To(%n) — lim inf T (an) s 2To(y) -—») 
m 


a contradiction which implies the decomposition above stated. That E,, 
(m=1, 2, 3,---) is non-dense in (CBV) follows from the fact that (CS) is 
dense in (CBV). 

From Theorem 6 and Corollary 3 follows 


Corotiary 5. (CS) is a residual set in (CBV). 
Coro.iary 6. (CS) is of second category in itself. 
An immediate consequence of Theorem 6 is 
Coro.iary 7. (AC) is of first category in (CBV). 


Since (AC) is dense in (CBV), reasoning of the sort used in proving 
Corollary 4 may be employed to prove 


Corotiary 8. (AC) is of first category in itself. 


A complete classification of functions of bounded variation according to 
external saltus, continuity, absolute continuity, and singularity leads to a 
decomposition of (BV) into the following seven disjoint sets each of which 
is easily seen to be dense in (BV): (DBV)-(S)-(N), (DBV)-(BV —S)-(N), 
(DBV)-(S)-(BV —BVN), (DBV)-(BV —S) -(BV—BVN), (AC), (CS), and 
(CBV —AC—CS). Combining these sets in all possible ways one obtains 126 
distinct proper subsets of (BV) concerning each of which several questions 
of category and Borel character can be raised. Many of these combinations 
appear decidedly artificial ;* nevertheless it may be worthwhile to point out 
that all questions of category concerning them can now be answered. For in 
proving Corollary 4 we have essentially established the lemma: Q ¢ R and Q 
dense in R imply that the category of Q in R is the same as the category of Q 
in itself. By repeated application of this lemma we infer from the above re- 
sults that (CS) is a residual set in (BV). Hence any one of the 126 subsets 
which contains [does not contain] (CS) is of second [first] category in (BV), 
in itself, and in any other of the subsets in question of which itis a part. 

,T hat (AC) is not a G; in (CBV) may readily be inferred; but whether it 
is an F, remains among the numerous open questions concerning Borel char- 
acter. We may remark, however, that not only (CBV) but also (CS) is a G; in 


* Curiously enough, our first application of the results of this paper will involve one of these 
“artificial” combinations. 
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(BV) and is therefore homeomorphic to a complete metric space, according 
to a theorem of Alexandroff.* 

4. Bases. A sequence of elements x; of a vector metric space S is called 
a base for S if and only if to an arbitrary element xeS there corresponds a 
unique sequence of constants c; such that (Ses, x)—0 with 1/n. For the 
space (C) of continuous functions Schauder? has constructed a base consisting 
of a sequence of polygonal functions. His argument makes clear that this se- 
quence also constitutes a base for both (AC) and (CBV) with our metric; that 
it is not a base for either (BV) or (BV N), however, may readily be seen. 

In contrast with the point of view in §3, we must now regard (BV) and 
(BV N) as vector metric spaces, whose elements are single functions. As a first 
step toward the determination of a base for (BV) we shall prove that Haar’s 
system of orthogonal functionsf{ serves as a base for (BV). We recall that 
each Haar function x;,(¢) is continuous at the end points of (0, 1) and that 
otherwise x,(/) = [x;(t—0) +2,(t+0) ]/2, whence x;e(BVN) and any linear 
combination > “A cmre(BVN). 

Now let x be an arbitrary element of (BV N). The function x(é) is one of a 
set which constitutes an element of the space (L) of Lebesgue integrable func- 
tions. Since the Haar system provides a base for (L), there exists a unique se- 
quence of constants c; satisfying the condition, S,|d0%_ cts —x| dt0 with 
1/n; and these c; are the-coefficients in the Fourier expansion of x(#) in the 
Haar functions.§ But the partial sum s,(¢) of this expansion is a step-function 
which, on each of its intervals of constancy, is the mean value of «(¢) on that 
interval.|| From the following lemma the fact that T(s,)—7(x), whence 
(Dems, x)—0, is to be inferred. 


Lemma 4. If x(t)e(BVN) and a,, is any set of numbers satisfying the condi- 
tions Myq SApq SM gq (p=1, 2, oe 29; q=0, 1, 2, cecal he where 


inf x(t) 
M pq = sup x(t) 


M pq 


\ for (p — 1/2 StS p/2; 


then D1 &r+1.0— Apel —T)(x) as goo. 


This is a consequence of a theorem of Hobson, loc. cit., p. 332. 


* See, for example, Kuratowski, Topologie I, Warsaw, 1933, p. 200. 

+ Schauder, Zur Theorie stetiger Abbildungen in Funktionalréumen, Mathematische Zeitschrift, 
vol. 26 (1927), pp. 47-65; especially pp. 48-49. 

t Haar, Zur Theorie der orthogonalen Funktionensysteme, Mathematische Annalen, vol. 69 (1910), 
pp. 331-371; especially pp. 361 ff. 

§ See Schauder, loc. cit., pp. 50-51. 

|| See Haar, loc. cit., p. 367. 
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If to Haar’s system of orthogonal functions we add the function xo(t) =0 for 
0<t<1, =1 for t=1, we obtain a base for (BV). For an arbitrary function 
x(t)e(BV) is metrically equal to #(¢)+s(é), where s(#) =0 for OS¢<1, =S(x) 
fort=1. From the above reasoning it is clear that constants c; (i=1, 2,3, -- - ) 
can be uniquely determined so that (Semi, #)—0 with 1/n, and from the 
relation T(D_ cis) = T(_ css) +T7 (coxo) =T (So) c::) +c» it follows that 
with and only with co=S(x) shall we have (So. cet, x)—0. The uniqueness 
of the entire sequence c; (i=0, 1, 2, - - - ) may now be deduced without diffi- 
culty. 

The question as to whether (BV), or perhaps more likely (BV), has a 
base consisting wholly of continuous functions remains open. 

5. Concerning the functional L(x). We now consider the question of 
analogues of the above results when 7(x) is replaced by L(x), the Peano 
length of x«(¢), and the metric (2) by 


(3) (x, 9) = f |x - xO | d+ | Lia) — L409). 


The reader should have no considerable difficulty in establishing for L(x) the 
analogue of Lemma 1, which provides a basis for drawing conclusions parallel 
to those described in $§2, 3 prior to Theorem 6. Although the employment of 
the metric (3) leaves unaltered the category and Borel properties set forth 
in Theorem 5 and its corollaries, it does effect a change on the subsets of 
(CBV). Employing as in the proof of Theorem 6 the notation 


Xn = A, + Bn, x=a+t B; Qn, ae(AC); Bn, Be(CS), 
we have 
Lemma 5. The relation (x,, x)—0, with T(8,)=k>O for all n, implies 
T (8) 2k. 


Proof. According to I, §1 we have in the notation of “convergence in 
length” x, —l—x, a—l—a; from a theorem of Morse* one may then infer 
(x, —a) —l—(x—a). By Theorem 1 of AL it follows that (x,—a) —v—8, in 
the notation of “convergence in variation.” Hence we have T(x,—a) 
=T(a,—a)+T7(8,)—-T(8), and from T(a,—a) 20 the conclusion follows. 


THEOREM 7. (CBV)—(AC) is the sum of a countable number of sets each 
closed and non-dense in (CBV). 


Proof. Allowing E,, to denote the set of points xe(CBV) —(AC) each of 


* Morse, Convergence in variation and related topics, these Transactions, vol. 41 (1937), pp. 48-83, 
Theorem 5.4. 
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which satisfies the condition T(8)21/m, we clearly have (CBV) —(AC) 
=).- Em. By Lemma 5 each E,, is closed; since with the metric (3) the set 
(AC) is dense* in (CBV), each E,, is also non-dense. 


CoroLiary 9. (AC) is a residual set in (CBV), and is of second category 
in itself. 

Coroiiary 10. (CS) is of first category in (CBV), and is of second category 
in itself. 

Proof. In fact (CS) is a closed non-dense set} in(CBV). For,by Theorem 1 
of AL the relation x,—/—x implies x, —v—>x; therefore, if x,e(CS) for all n, 
we have for all ¢ 


Lo(%m) = Lo(0) + To(%n) = t+ To(%) > Lo(x) = t+ To(x), 


whence {1+ [x’(é)]?}/?=1+]|x’(#)| almost everywhere and x’(#) =0 almost 
everywhere; so that if xe(CBV), it also is in (CS). 

It is easily seen by example, however, that (CS) has limit points in 
(DBV). Let (CS) be the closure of (CS) in (BV). Since (CS) is a closed set 
in a complete space (see I, §1), it is of second category in itself. We consider 
then (CS) —(CS) ¢ (DBV). Let (DBV) =)__ Em be the decomposition used 
in showing (DBV) to be of first category in (BV), i.e., the analogue for L(x) 
of Theorem 5, and let Gn=En-[(CS) —(CS)]. Since for each m the set En 
has no limit point in (CBV), G,, has no limit point in (CS). But (CS) is dense 
in (CS); therefore Gn, the closure of G, in (CS), contains no sphere of (CS). 
Thus (CS) —(CS) is of first category in (CS), and (CS) is a residual set in 
(CS). (CS) is therefore of second category in itself. 

By aid of Theorem 5.2 of Morse (loc. cit.) it can readily be proved that 
(CS) is dense in (S), so that (CS) = (5); reasoning similar to that of the pre- 
ceding paragraph then shows that (S) is of second category in itself. That (S) 
is of first category in (BV) is easily seen. It may be remarked that (AC) isa 
residual set in (BV); that, of the 126 sets mentioned at the close of §3, any 
combination including (AC) [not including (AC) and not contained in (S) ] is 
of second [first] category in (BV), in itself, and in any other combination of 
which it is a part; and that most, if not all, of the questions concerning the 
category of (S) and its subsets can be answered by the aid of results now in 
hand. We observe also that not only (CBV) but also each of the sets (AC), 
(CS), and (CBV)—(CS) is a G; in (BV) and therefore homeomorphic to a 
complete metric space. 


* See I, §1. 
+ By aid of Theorem 8 below one may show similarly that (SN) is a closed non-dense set in 


(BVN). 





2 RC aS 





¢ 
b 
§ 
i 











1937] ON THE SPACE (BV) 205 


With the metric (3), Schauder’s base for (C) is again a base for (AC) and 
for (CBV); and by aid of Theorem 5.2 of Morse (loc. cit.) it follows that the 
base obtained above in §4 for (BV) with the metric (2) is also a base for (S) 
with the metric (3). But Haar’s system of orthogonal functions is not a base 
for (BV N), and the question of bases for (BV NV) and for (BV) we leave open. 

One may use the notation x,(#) —d/—<x(#) on (0, 1) to stand for the pair 
of conditions x,(¢#)—>«(#) on a dense set in (0, 1) and L(x,,) ~L(x). It is natural 
to inquire whether x, —dl—« implies x, —dv—x. This question may be an- 
swered with the aid of the following lemma, whose proof will be left to the 
reader. 


Lemma 6. For x(t)e(BVN) it is possible to approximate x(t) in length by 
an inscribed broken line whose “corners” are at points of continuity of x(t). 


THEOREM 8. The relation x,(t) —dl—>x(t) on (0, 1), with x(t)e(BVN), im- 
plies x,(t) —dv—x(t). 

Proof. By Lemma 1 we have lim inf T(x,) = T(x). For given ¢>0 there ex- 
ists a broken line B of the sort specified in Lemma 6 such that L(B) > L(x) —e. 
By aid of the analogue for L(x) of Theorem 1 we may now pursue the argu- 
ment used in establishing Theorem 1 of AL to complete the proof here. 

In Theorem 8 the qualification x(t)e(BV N) cannot be dispensed with, as the 
following example shows: x(é) =0 for 0<#<3, =1 for =, =} for }<t<1; 
xn(t) =} for }<#<1 and all m; on (0, 3), x,(é) a sequence of polygonal func- 
tions all having the same length 3 and the same total variation 2'/?, converg- 
ing uniformly to x(¢) =0 and with x,(0) =~,(3) =0 for all ~. We observe that 
an example of the same type shows that when x(#) has an external saltus at 
even one point, the condition x,(#)—>x(#) on a dense set in (0, 1), plus semi- 
continuity of T(x) at x, does not imply semi-continuity of L(x) at x. 

We conclude with the following 


Coro.iary 11. The condition (xn, x)—0 in the metric (3), with xe(BVN), 
implies that condition in the metric (2). 
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ABSTRACT DERIVATION AND LIE ALGEBRAS* 


BY 
NATHAN JACOBSONt 


The purpose of this paper is the investigation of the algebraic properties 
of the set of operations mapping an algebra on itself and having the formal 
character of derivation in the field of analytic functions. Some of the results 
obtained are analogous to well-known theorems on automorphisms of alge- 
bras.f The considerations in I are general and quite elementary. In IT and III 
we restrict ourselves to the derivations of an associative algebra having a 
finite basis and in the main to semi-simple algebras. A number of results of 
the theory of algebras are presupposed. These may be found in Deuring’s 
Algebren, Springer, 1935. 


I. DERIVATIONS IN AN ARBITRARY ALGEBRA 


1. Let R be an arbitrary algebra (hypercomplex system not necessarily 
commutative or associative, or of finite order) over a commutative field §. 
Then ® is a vector space (with elements x, y,---) over § (with elements 
a, 8, ---) in which a composition xye® is defined such that 


(1) (w+ y)e = x2 + yz, a(x + y) = 2x +2y, (xy)a = (xa)y = x(ya). 


A derivation D of ® is a single valued mapping of ® on itself such that 
(2) (a) (vw + y)D = xD + yD, (b) (xa)D = (xD)a, (c) (xy)D = (xD)y + x(yD). 


Thus D is a linear transformation in the vector space ® satisfying the special 
condition (2c). It is well known that the sum D,+Dz, difference D,—Daz, 
scalar product Da and product D,D, (defined respectively by x(D;+ Dz) 
=*D,+xD2, x(Da)=(xD)a, x(D:D2)=((*D1)D2) of linear transformations 
are linear transformations. If D, D,, D. are derivations we have besides 


(3) (#IDr £ Ds) = (ay)Di £ (#9)Da = (2Di)y + a(yDi) + (aD2)y + 29D9) 
(4) (xy)Da = ((xy)D)a = ((xD)y + x(yD))a = (xDa)y + x(yDa), 


* Presented to the Society, December 31, 1936; received by the editors November 6, 1936. 

+ National Research Fellow. 

t A direct connection between derivations and automorphisms may sometimes be established. 
For example if 9 is the ring of polynomials § [x] where § is a field of characiterstic 0, and D is defined 
by f(x)D=f'(x) the usual derivative then exp D=1+D+D?/2!4+ --+ is an automorphism since 
f(x) exp D=f(x+1). 
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(xy)D,D2 = ((xy)Di)De = ((#D,)y + «(yD ))D2 
= (xD,D2)y + x(yD D2) + (xDy)(yD2) + (xD2)(yD,). 
Thus D,+ D2, Da are derivations, but not in general D,D,. However (5) shows 


that the commutator [D,, D.]=D,D.—D.D, does satisfy (2c) and so is a 
derivation. We recall the relations 


(6) [Di, D2] = — [Dz, D1], [[D1, D2], Ds] + [[D2, Ds], Di] + [[Ds, Di], D2] = 0. 


(5) 


As a consequence of (2) we have Leibniz’s formula: 
(7) (xy)D* = (xD*)y + Cis(xD*")(yD) + Ci,2(xD*~*)(yD*) + - ++ + x(yD*). 
Hence if § has characteristic #0 we have 
(8) (xy)D? = (xD?)y + x(yD?); 


i.e., D” is a derivation. 

By a restricted Lie algebra of linear transformations we shall mean a sys- 
tem of linear transformations closed relative to the operations of addition, 
subtraction, scalar multiplication, commutation, and taking pth powers, if p 
(=0 or a prime) is the characteristic of the field over which the vector space 
is defined.* With this definition we have 


THEOREM 1. The derivations of an algebra R over § constitute a restricted 
Lie algebra D of linear transformations in R. 


We call D the derivation algebra or, more briefly, the d-algebra of R over §. 
It should be noted that we are regarding D as an algebra over §. 

2. Suppose D, E, D1, D2, --- are elements of any associative algebra Y%. 
As a generalization of the multinomial theorem in a commutative algebra we 
have 


(9) Dit Dit +D)t= DY } 
Jj j2 oo 


where the summation is extended over ji,---, 7, such that 7,20 and 
jit -+--+j,=k and where {D,---D,/ji:---j,} denotes the sum of the 
(A+ --- +7,)!/(fi!---J-!) terms obtained by multiplying 7; of the D,’s, 
je of the D,’s,--- ,7, of the D,’s together in every possible order. Let 
D;,+Di,+ +--+ +Di,=Di,i,...i, where t, 72, - - - , i, are distinct and have val- 
ues in the range 1, 2, - - - , &. Consider 


Di,.--ip — Ditty H+ (— DE DL, = Q, 
Cc Cc 


* We use the convention D°=0. 
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where )icD%,...;, denotes the sum of the C;,, terms obtained by letting 
i;,-- +, 4%, run through all the combinations of 1, 2, - - - , & taken s at a time. 
By (9), Q is a sum of terms of the form {Dn,-- - Dm,/ji - - - je} where ja >0 
and fjitje+ ee +7: =k. Since 


% a4 te? _ ’ cee Du Dy, ar a: 
ji ee 7 ji eT 0 ee ’ 
where m1, 2, - - - , m, are distinct indices different from my, me, - - - , m,, the 


term {Dn,--* Dm,/j:---je} has the coefficient Cy1,, in )\eD%,...:,, and 
hence the coefficient of this term in Q is 


Cree e—e — Crean $F ° + (— 1) Cree = Sue, 


i.e., =0 or 1 according as k¥¢ or k=t. Hence 


|, a . 
(10) a oe +---+(— 1)" > Di. = { 1 : 
: - hoe 


1 
Since 
k 1f fi-++fe AS’ 
where j. 20 and j:+ - - . +j,=k, we may derive the following formula simi- 
lar to (10): 
Bh te D;, D a---BRD 
an { F ‘a =e ET i} : f ney i} 


If in (10) and (11) we set 7, of the D’s equal to D,, jz equal to De, - - - , 7: equal 
to D, then {D,---D,/1---1} and {D,---D,D/1---11} become re- 
spectively (ji!--- fil) {Di---Di/ji---jr} and (fl---fi{Di--- 
D,D/j, - - - 7:1} and we obtain expressions for these as sums of kth powers 
and as sums of terms of the type { ED/k1}. 

An analogue of (7) is 


(12) DE* = ED + Cy,E'D! +--+ D® 
where D’=[D, E], --- , D® =[D@-», E]. Hence 
E'DE*! = E'D + Cy, E*'D! + +--+ CyyjE*iD® + --- + E'DO-D, 


and summing on /=0, 1, - - - , k we have 


* If we set D\=D.= --- =D,=1 in (10) we obtain the identity 
kE—Cy(k—1)*+Cxo(k—2)*— - - - +(—1)F- 1Cyl =i. 
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E D re 
(13) . * = Cry11E*D + >>> + Crt j1E* ID + --- + DM, 


since 
Cag FH Ce-rg to HCi5 = Coss. s4i- 
Tf the characteristic of U is +0 special cases of (12) and (13) are 


E D 

(14) (a) [D, E?] = D®, (b) { \ = D(r-1), 

p—-11 
Equations (11) and (14b) show that {D,---D,/1---1} is expressible as 
a linear combination of (p—1)-fold commutators, i.e., of the type D@-» 
where D=D, and E is a sum of the other D,’s. Hence we see also that 
(jl--- jit) {Di-- + Di/ji--- ji} where jit+---+j.=p is a linear sum 
of (p—1)-fold commutators. If no j:=, (ji! - - - j:!) 40 (mod p) and so 
{D,D2- -- Di/jije-- + jr} is a linear sum of (P—1)-fold commutators and 
(9) becomes 


(15) (Di + Ds+---+D,)"=D? +D?+---+D?+S, 


where SS is a linear sum of (p—1)-fold commutators. 

3. If D is any system of linear transformations we define the enveloping 
algebra A of D to be the totality of linear combinations of products of a finite 
number of elements of D. We call & the degree of the monomial D,D, - - - D,, 
DD. Suppose D is a Lie algebra of linear transformations and consider 
D,D, - - - D, where k<p if #0 and arbitrary if p=0. We have 


D,- - > Di-sDisDDix2 > ++ De = DyD2- >> Di + Di + + Di-sD'Diz2 - + - De, 


where D’ = [Dj4:, Di]eD. Since any arrangement i;72 - - - i, of 1, 2,---,k 
may be obtained from 1, 2, - - - , by a sequence of transpositions of adjacent 
indices 


D,,Di, sheetiien Di, = D,D,z .-* ? Diet R, 
where R is a sum of terms of degree <k. Hence 


ogee 


= (k!)D\D2--- Die +S, 
‘ue; (k!)D,D2 et 


where degree of S<k. Since the left-hand side of this equation is expressible 
by (10) as a sum of kth powers of elements in D and k!40 (mod #), we have 
by induction that D,D; - - - D, is a linear combination of /th powers of ele- 
ments of D where /Sk. 
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THEOREM 2. Jf D is a Lie algebra of linear transformations the elements 
in the enveloping algebra X of degree k<p if pX¥0 and of arbitrary degree if 
p=0 are expressible as linear combinations of lth powers lS k, of elements of D.* 

If D is restricted (10) shows that {D,D,---D,/jyj2---j,}eD if 
jitjet+ --- +j,=pand DieD. This transformation is also expressible as a sum 
of (p—1)-fold commutators of elements of D. Since (D,+D.+ --- +D,)” 
=((Di+D.+ --- +D,)*")? for ji, je, °° ,jrsuch that jitje+ --- +7,=p*, 
we have 

Yoo i a nae 
j its t = d | Rit Ryg- >> Ried Roy Roe + > Rev) z 


a ork) 
my Mo ae 


where the summation is extended over the non-negative integers such that 
the ordered set (kn, Rw, - > - , Riv) ¥(Rmi, Rm, ~~ + » Rmr) for 144m and 


kutket--- + kn = p*" (7 =1,2,---), 
m+ me+:-- =p, 
kum, + kom, +--+ > = Ji (¢ = 1,2,---,#). 


Hence we see by induction on k that {D,D.--- D,/jye---j-}€D for all 
Jay Jr -++ such that jitjo+ allied +j,=p*. 

4. Because of (14a) we are led to the definition: A restricted Lic Algebra R 
of characteristic p (=0 or not) is an algebra (i.e., satisfies (1)) in which the 
composition [x, y] (in place of xy) satisfies 
(16) [x, y] = — [y, «], 

(17) [{x, y], 2] + (Ly, 2], «] + [ls x], »] = 0, 
for every y there exists an element denoted as y” such that 
anemia, 
(18) [--- [lx yly]--- 9] = [x, v?] 
for all x. A restricted subalgebra S of R is a subalgebra containing y” for every 
y in GS. Similarly we define restricted ideal, etc. 


Suppose § is an associative algebra. We may define a new composition 
[x, y]=xy—yx in terms of xy defined in ®. It is readily verified that 9 is a 


* This is a slight extension of a result announced recently by M. Zorn (Bulletin of the American 
Mathematical Society, vol. 42 (1936), p. 485). Cf. H. Poincaré, Sur les groupes continus, Cambridge 
Philosophical Transactions, vol. 18 (1899), pp. 220-255. 

+ For definitions of the important concepts in the theory of Lie algebras the reader is referred to 
Jacobson, Rational methods in the theory of Lie algebras, Annals of Mathematics, vol. 36 (1935), pp. 
875-881. 
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restricted Lie algebra if y” is defined as the pth power of y in #. We shall call 
this Lie algebra the restricted Lie algebra determined by the associative NR. 

5. If R is any algebra the mapping a,: x—>xa is a linear transformation 
and will be called the right multiplication determined by a. Suppose D is a 
derivation in #%. Equation (2c) gives the commutation relation 


(19) [a,, D] = (aD),. 


Similarly we define a, as x—ax and call this mapping the /eft multiplication 
determined by a. In place of (19) we have [a,, D| =(aD),. If Ris a Lie algebra 
a,= —a, and, by (16) and (17), 


[x, y]a, = [xa,, y] + [x, ya,]. 
Thus a, is a derivation which we call inner. 


THEOREM 3. The totality of inner derivations of a (restricted) Lie algebra R 
is a (restricted) ideal & in the d-algebra D of R. J=uR/C where C is the centrum 
of K.* 

If a, and b, are multiplications associated with a and b it follows directly 
from the definition of R that a,+b,=(a+6),, a,a=(aa),, [a,, b,|=[a, b], and 
if M is restricted (a,)” =(a”),. Hence $ is a subalgebra of D and is restricted 
if R is. Furthermore the correspondence a—a, is a homomorphism between 
® and &. Since the elements of € are the ones corresponding to 0 in this 
homomorphism R/€. Equation (19) shows that $ is an ideal. 

Suppose § is associative and D a derivation. D is also a derivation in the 
restricted Lie algebra determined by ®t. Hence the d-algebra of 9 as an asso- 
ciative algebra is a restricted subalgebra of the d-algebra of 9 as a Lie algebra. 
Moreover the inner derivations x—>[x, a] are derivations of the associative R 
since 


[xy, a] = [x, a]y + «[y, a]. 


Thus $ is a restricted ideal in the d-algebra of the associative R. 

If M is associative, D its d-algebra, DeD and ce€ the centrum of # then 
c,=c,=c and it is easily verified that DceD also. Hence D has € as well as 
§ as a set of multipliers under which it is invariant. A subalgebra € of D 
which contains with every element E also Ec for every c in € will be called a 
€-subalgebra of D. 

If Ris arbitrary, DeD the elements keM such that kD =0 are called D-con- 
stants. Their totality is a subalgebra. If kD=0 for all D then k is a constant. 
If ® has an identity 1 we have 1?=1 and hence 1(1D)+(1D)1=1D or 1D=0 


* The centrum is the set of elements c such that [c, x] =0 for all x in R. 
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so that 1 is a constant. More generally if D, is a subalgebra of D we denote 
the set of elements k in ® such that kD, =0 for all DieD; by R(D1). R(Ds) is 
a subalgebra. On the other hand if 9; is a subalgebra of # we define D(M:) 
to be the set of derivations E such that 1.£=0 for all x,e%:. D(M1) is a re- 
stricted subalgebra of D. Evidently D(R(D;)) > Di and R(D(Mr)) > Ri. If R 
is associative with centrum €, D(R:) is a restricted €-subalgebra of D. 

S is a characteristic subalgebra of R if it is mapped on itself by every ele- 
ment of D. The subalgebra of constants Ro, the centrum € and the powers of 
® are characteristic. If S is characteristic, D(S) is an ideal. In particular 
D(G) is an ideal containing $% if M is associative or a Lie algebra. The deriva- 
tions mapping ® on the characteristic subalgebra S also form a restricted 
ideal G. In the case of a Lie algebra or an associative algebra the ideal asso- 
ciated in this way with € is the annihilator of %, i.e., the set of elements G 
such that [a,, G| =0 for all a,. This is an immediate consequence of (19). 


II. DERIVATIONS IN AN ASSOCIATIVE ALGEBRA WITH A FINITE BASIS 


6. In the remainder of the paper 8 will denote an associative algebra 
with a finite basis over §. We propose to study the d-algebra D of R. 


THEOREM 4. Jf R=RiOR: and RK? =Ri, R? =Rz then D=D: BDe2 where 
D; is isomor phic to the d-algebra of R;. 

M, is characteristic; for R? =R: and so the arbitrary element x, of M: 
has the form }>y,21, v1, 21€%1. Hence 11D =>> (y:21)D = >> (yD) 21 +091 (21D) eM 
since this is an ideal. Similarly R. is characteristic. Let D; be the ideals map- 
ping ® onto R;. Since Ri N R2=0, D1 ND2=0 and hence [Di, D2] ¢D,N Dz 
=0.¢ If x=x1+%, xieM; and D any derivation, the mappings x-2.D=xD, 
and x—*,D =xD; are derivations in D; and D2 respectively. Since D=D,+Dnz, 
D=D;,GD_2. The isomorphism between D, and the d-algebra of WR; follows 
directly from the fact that the transformations of D, induce all the deriva- 
tions in Rt, and map 2 into 0. Similarly D2 is isomorphic to the d-algebra 
of Re. 

Let x, %2, - - - , x, bea basis for R over F¥ (R=mF+txmF+ --- +x,F) and 
suppose x4"; =)_%,Ypis, Yois€B- If Dis a derivation in R and 


(xD, xD, oe x,D) = (x1, °°" s x,)A, A= (a4), i 5€8 , 
then the condition (x,;x;)D = (x,D)x;=x;,(x,;D) gives 
(20) 2. AkpVoii = ys VkpiXpi + be Vkip%pj (i, d; k= 1, 2, i r), 
p p Pe 


a set of n* linear homogeneous equations for the coordinates a;; of A. Con- 


t [%,B] denotes the smallest subspace of D containing all the elements [A, B], where AeA, BeB. 
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versely if A is any matrix whose coordinates satisfy (20) the linear transforma 
tion D determined by A satisfies («;«;)D =(x,D)x;+4;(x,;D) for all i, 7 and 
hence (xy)D =(xD)y+<x(yD) for all x, y, ie., Dis a derivation. Now suppose 
KR is a field containing § and let Re=rmK+xK+ --- +x%,RK and D* be the 
d-algebra of Rg (over K). Evidently the matrix A also determines a deriva- 
tion D* in Rg. Furthermore since the maximum number of linearly independ- 
ent solutions of (20) in & is the same as in § it follows that if D,, Do, - - - , D, 
is a basis for D then D*, D¥,---, D* is a basis for D*, and if [D;, D;] 
=) Dytpii, D? =>°D, vi (Hpi, Mri), then [A;, A;] =DAbosi, A? = DAM: and 
hence [D*, D*]=>°D#u,:;, (D*)” =>_D;v,:. Thus we have proved 
THEOREM 5. If D is the d-algebra of R then Dg is the d-algebra of Rg. 


7. We now consider the d-algebra of a semi-simple algebra §®. Since 
R=Ri GRO --- OR, where MR; are simple and R? =R; we have as a con- 
sequence of Theorem 4 


THEOREM 6. The d-algebra of a semi-simple algebra is a direct sum of alge- 
bras isomor phic to the d-algebras of its simple components. 


We suppose therefore that ® is simple and let € denote its centrum. € is 
an algebraic field over § and is characteristic. Let © be the subfield of con- 
stants of ©. Because of (19), 


[D,, Ds|co = [D1co, D:| = [D,, Deco, 


where co here denotes the multiplication determined by the element co of Go. 
Thus D as well as % may be regarded as an algebra over ©. We may there- 
fore suppose that €)=§, i.e., the only constants in € are the multiples of 1 
by elements of §. In this case we shall show that € is an inseparable field of 
a simple type over §. 
Let c be any element of € not in §. Since cDeG, we have 
o(c)D = (ch +o +--+: +)D 
(21) = (ret! + (7 — Ie + + + Yr-1)(cD) 
= $¢'(c)(cD), 

where ¢’(A) is the formal derivative of the polynomial ¢(A) in the polynomial 
ring §[A]. If ¢(c) =0 is the minimum equation of c and D is chosen so that 
cD #0, (21) gives ¢’(c) =0 and hence ¢’(A) =0. Thus c is inseparable. In par- 


ticular if the characteristic p=0, €=§ and ® is a normal simple algebra. 
If p+0, c? =ye§ since c?D = pc?-!(cD) =0 for all D. 


Lemna 1. If § is a field of characteristic pO, the polynomial \”—a is 
either irreducible or a pth power of a linear factor in §[X]. 
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Suppose A? —a is reducible and ¢(A) of degree </ is an irreducible factor, 
say 


AP — a= P(A)YA), (P(A), WA) = 1. 
Differentiating we obtain 
0 = ro(d)1o' (AWA) + O()'W'(A). 


y’(A) #0 implies that ¢(A)” divides r@(A)"-'p’(A)W(A) and ¢(A) divides 
rp’(A) P(A). Since (A) 0 and (P(A), ¥(A)) = 1, it follows that r = p and hence 
¥(A) has degree 0 contrary to the assumption y’(A) ~0. Hence y’(A) =0 or 
¥(A) has degree 0 and may be taken to be 1. Then r¢(A)*-'9’(A) =0 and so 
r=p,\”—a=¢(A)?. 

We return to the consideration of the structure of € in the case p+0. If 
€ #§F choose cieC, ¢§. cx? =yie§. The polynomial A” —y: is irreducible in § [A]. 
For otherwise \?—7y:1=(A— 5)”, de and AX7>—yi1 = (A—41)?=(A—4)?, 41 = beF 
contrary to the choice of c. The order of §'=§(c:) over § is therefore p. If 
C+ FF choose coeC, ¢F'. co? =y2eF and the polynomial \”—7z is irreducible 
in §'. Hence §?=§' (ce) = F(a, ce) has order p over F' and consequently p? 
over §. Continuing in this way we prove that €=§ (1, c2, - + - , Cm), C? =Yi 
and € has order p” over §. 

8. We determine first the structure of the d-algebra D of a normal simple 
algebra ®, i.e., C=. The following theorem is fundamental. 


THEOREM 7. If Gis a semi-simple subalgebra of R, any derivation in S may 
be extended to an inner derivation in KR. 


By Wedderburn’s theorem § is the totality of ¢X¢ matrices with coordi- 
nates in a normal division algebra G. In particular the elements z of S are 
such matrices and we have a representation z—z of S by matrices in G. We 
suppose first that this representation is irreducible. If D is any derivation 
in © it is readily verified that 


z 0 z O 
(22) 2—( ), s—( ) 
0 z 2D z 


are also representations of S by matrices (2¢X 2#) in G. Since, as E. Noetherf 
has shown, every representation of a semi-simple algebra by matrices in a 
normal division algebra is completely reducible, any two representations with 


+ This proof is an extension of an argument communicated to me by R. Brauer. 

t E. Noether, Nichtkommutative Algebra, Mathematische Zeitschrift, vol. 37 (1933), pp. 514- 
541. The theorem is stated here only for simple algebras but the proof given is also valid for semi- 
simple algebras. 
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the same irreducible parts are similar. Thus the two representations in (22) 
are similar, i.e., there exists a fixed non-singular matrix 


a a 

G12 22 
OL lee a ee 
2D z do, de22 doi deo 02 


203; = 412, 212 = 4122, (zD)ay1 + 2d21 = a212, 


such that 


for all zeS. Hence 


(2D) ai2 + 222 = 222. 


By Schur’s lemma, ay, and ay are either 0 or non-singular and both cannot 
be 0 since A is non-singular. If a0, we set a= —d2,a:7' and if a,=0, we 
set @= —d0;5!. Then ae® and zD = [z, a] as was to be shown. 

If z—z is not irreducible it is completely reducible and so there exists a 
fixed matrix b in ® such that 


21 


and z—z; are irreducible representations of ©. As before 


awe 
2 , z— 
(2D); 2: 0 4 


are similar representations of © and there exists a matrix a; such that 
(2D) ;= [z:, a;]. Then if 


a 


a 
b-'(zD)b = [b-'2b, a] and zD= [z, bab-"], bab-"e®. 
As a special case we have 


THEOREM 8. The d-algebra of a normal simple algebra contains only inner 
derivations. 


Corotiary. If R is simple, D(C) =. 
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If DeD(GC), (xc) D =(xD)c for all x and all ce€. Thus D is a derivation of R 
considered as an algebra over ©. By Theorem 8, D is inner and so D(G) ¢ &. 
Since $§ > D(C) we have equality. 

Suppose again that ® is normal simple. Theorem 8 implies that 
D=I2NR/F where M is the restricted Lie algebra determined by the associa- 
tive R and § is the centrum consisting of the multiples of 1. We may extend 
& to the field R such that Ny = &, is the complete matrix algebra of order n? 
over &, i.e., R, has a basis ej; (7, 7=1, 2,---, m) such that e,je..=6,e:2. 
We consider the structure of the Lie algebra &, having basis e;; also and 
multiplication table 


(23) [eij, exe] = Sjxein — Seren ;. 


The centrum of &, is & the totality of multiples of 1 =e::+é2+ - - - +€nn. 
This is an ideal as is &,/ =[&,, &,]. From (23) follows that e:., e::—€s0€ Rx, 
if ~s. Evidently every element of &,/ has trace 0. Conversely if a=) e;,;0; 
and tr(a) =au+a2+ :-- +an.=0, 


@ = (€11 — Cnn) + (€22 — Cnn)O2e + >> > 4+ (€n—1.n—-1 — Cnn) @n—1,n—-1 

+ ys Crs@isERn 

t¥s 

and so 8,’ is the set of matrices of trace 0 and is generated by e1—€nn, 
€22—€nny * * * y €n—1.n—1— Enns Cts (#5). These n?—1 elements are evidently line- 
arly independent and hence form a basis for &,). Since (€ss—€::)” =€ss — xt, 
e, =0 if 0 is the characteristic of R, &,/ by (15) contains the pth power of 
every element belonging to it, i.e., &,’ is a restricted ideal. &,/ contains 1 if 
and only if tr(1)=”=0 (mod ). 

Suppose % is an ideal ¥R in &, and b=) e;,8;;«B, ¢R. Suppose 
first B..~0 for some pair u, v, u¥v. If n>2, choose t¥v, ~u and then 
[[[d, eon], ecu], eee Bart =eneB. If pX2, [[b, Cou], eu] (—2Bur)-!=erueB. If 
all 6, =0 then 6b =enBirte2282+ - ~~ +énnBan and since b¢R, BuuX 8.» for some 
pair uv and hence [6, eu] (Buu —Bvv)~! =euveB. Thus in any case unless 
n=p=2 % contains an e,:, s*t and since by (23), [es, Rr]J=R/, BIKA. 
If B¥R,,BV=Ky. 

Any ideal of &,/8 the derivation ring of the associative algebra &, has 
the form 8/R where & is an ideal in the Lie algebra &, containing &. If pin 
the only such ideals are & and &,. Hence &,/8 is a simple Lie algebra, i.e., 
has no proper ideals. 

If p| 2 and either p¥2 or n>2, &,/& has one proper ideal &,/ /& and this 
is restricted. It may be shown by a direct argument similar to the above that 
&,! /R is simple except when p =n =2 and hence the Lie algebra &,,/ & is semi- 


Pema Tey 
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simple. Since &,/ / is the only proper ideal in &,/& the latter is not a direct 
sum of simple ideals. 


THEOREM 9. If R is a normal simple algebra of order n* and p | n* then 
the d-algebra D of R is simple. 


THeoreM 10. If R is normal simple and p| n? but either p~2 or n>2 ®D is 
semi-simple though not simple. 


To prove these theorems we note that a proper ideal 8 of D becomes a 
proper ideal Sg of Dg the d-algebra of Itg when F is extended to KR. By choos- 
ing R so that Ry = Rn, De, /K it follows that D has no such ideals if p}n?. 
If p|n? and either p¥2 or n>2, [D, De,’ /K is a proper restricted ideal 
of Dg and hence D’=[D, D] is a proper restricted ideal in D. D’ is simple 
since Dg is. 

If n= p=2 it is easily seen that &2/ and hence ® is solvable. 

9. We consider next the d-algebra D of the other extreme case, namely, 
R= C=F(ci, co,---, Cm) where c” =y; and the order of R over § is p”, 
px0. Let D be any element of D and consider the correspondence D— 
(aD, cD,---, nD) mapping D on the space #™ of ordered m-tuples of 
elements of . This correspondence is linear relative to § and since 
oD=caD= --- =cnD=0 implies that D=0 it is (1-1). Moreover if 
(di, do, ---, dm) is an arbitrary element of R‘” there is a DeD such that 
cD =d;. For R&YF[M1, As, - - - , Am|/B where F is the ideal having the basis 
W—y, WP—w,---, bP —te BE GOe---, hel, O~--, Reb’ **) 
dm(Mi, ---*, Am) are arbitrary polynomials, then the transformation D de- 
fined by 

c(M, Re, ene » \m)D - > et > _—. = di(\, he, ail! Xm) 
i Or; 

is easily verified to be a derivation in §[A1, Ae, - ~~ , Am]. If (Ar, Ae, - - - , AmeB 
then zDe¥ also. It follows that D induces a derivation in §[A1, de, - - - , Am|/¥B, 
i.e., in R and since d,(A1, - - - , Am) Were arbitrary, D may be chosen so that 
c,D =d;. We have therefore established an isomorphism between D and R™ 
considered as vector spaces over §. The order of #™ is mp” and hence the 
order of D is mp” also. 





Lemma 2. If R is any commutative field, D a derivation in it, and § the 
subfield of D-constants, a necessary and sufficient condition that the elements 
V1, Yo, °- + » Vr be linearly dependent over § is that the Wronskian 


t If p=0 a fundamental theorem due to E. Cartan, Thése, Paris, 1894, states that a semi-simple 
Lie algebra is a direct sum of simple algebras. The algebras %,/S for p| n show that this does not hold 
for 0. A second example of this type will be given below. 
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V1 Ve eee Vr 
yD y2D aera yrD 
= 0. 
yD"! y2D"! - +s SS 


The usual proof of this result for analytic functions is valid here.f As a 
consequence we have 

Lema 3. The differential equation y(D’'+D*-*a,+ --- +a,) =0, aie®, 
has at most r solutions y,, Yo, - - - , Vr in R linearly independent over §. 

It has been shown byR. Baerf that if Risa field of the type §(c1,c2, - - -, Cm), 
c® =7.e%, there exists a derivation D such that the D-constants are precisely 
the elements of §. Let D denote a fixed derivation of this type and set cD =c’ 
for any ce®. D?, De’, --- are derivations and since ® is commutative the 
transformation Dap+D’a,+ --- +D*"‘a,_1 is a derivation for arbitrary 
right multiplication a; (=a;,) in R. If Dap +Da,+ - - - +D?""dm_1=0, i.e., 
y(Dayp+Dra,+ --- +D?"™ ans) =0 for all y in ®, it follows by Lemma 3 
and the fact that § is the set of D-constants that all a;=0. Thus as the a; 
vary in 9% we obtain in this way mp” linearly independent (over §) deriva- 
tions and hence the complete algebra D. We shall therefore call D a generator 
of D. Since D”” is a derivation we have 

De = D?™'bn_y + DD?” “bm_2 + + > - + Dbo. 
Taking commutators with D we have by (19), 
0 = DP bya + DD?” “byl_2 + + - > + Dbd, 
and hence b/ =0,i.e., b; =8,«%, and 
(24) De” = D?”™ Bn + D?”"Bn—2 + > > > + DBo. 
As a consequence of (19), we note also 
(25) [D*a, Db] = Da — Dba, 


where a‘ =aD”. If E=Da+0 then the E-constants are the same as the 
D-constants since the multiplication a is non-singular and hence E£ is a genera- 
tor of D also. 

THEOREM 11. The d-algebra of the field R=§ (C1, C2, - ~~ , Cm), CP =i is 
simple except when p=2,m=1. 


Tt See, for example, T. Chaundy, Differential Calculus, Oxford, 1935, p. 106. 
tR. Baer, Algebraische Theorie der differentiierbaren Funktionenkorper. 1, Sitzungsberichte, 
Heidelberger Akademie, 1927, pp. 15-32. 
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Let 80 be an ideal in D and E=Dbo+Db,+ - - - +D”b;, b;40, 7 <m, 
belong to $B. We call 7 the length of E and suppose E chosen in % so that 7 
is minimal. We assert that 7=0. For if 7 >0 we may suppose };=1. This is 
evident if b/ =0 or b; =8,;e§ and if b/ ~0, [E, D(b/)—'] =Db*#+Db¥+ - 
+D"e%. But if E=Dbo+Db\4+ - -- +D”b;1+D” then 


[E, Da] = D(abi — a'by — ++» — aD; — a) 
+ D?ab{ + “o-9 + Dr” ab}_;. 


[E, Da] has length <j and may be chosen #0 since by Lemma 3 a may be 
chosen so that abf —a’bo— -- - —a‘”*);_,—a) 40. This contradicts the 
minimality of 7 in 8 and shows that E=Dbo, bo +0. Since E as well as Disa 
generator of D, by changing the notation we may suppose that 8 > D. Then 
% > [Da, D]=Da’ also. Since the null space of the linear transformation D 
in ® has order 1, the order of 9’ the set of all a’ is p"—1 over §. If 1¢M’ the 
smallest space containing all a’ and 1 is ®. Since 8 > D and Da’, $ will then 
contain Da for all a in ®. Also if p~2, 8 24[Da’, Db]+4[Da’b, D]=Da''d 
and since a” is not identically 0 and 6 is arbitrary, 8 > Da for all a. Suppose 
finally that p=2 and ®’21, say u’=1. Here > [[D’a, D], Db] =D*a’’b 
+Da’'b’’. If m>1, a”’ is not identically 0 and hence b may be chosen so that 
a’b=u. Set a’b"=v. B2>[D'%u+Dv, Da|+D(va+ua’+a)'’=D*a and 
[D?a, Db|+D*a’b=Dab’’. Thus in any case unless p=2, m=1, B> Da for 
all a and since [D*b, Da]+Dab=D"b’a, B> all Da so that B=. 

If p=2, m=1, D has order 2 and hence is solvable. In all other cases the 
algebras D are simple algebras which, like inseparable fields, have no counter- 
parts for p=0. 

If E is any derivation, the totality of expressions E”a,+E”*"a,+ - - - 
+Eag, a:e® is, by virtue of (15) and (19), a restricted R-( = €-)subalgebra 
& of D. Conversely if € is any restricted R-subalgebra of D, € is generated in 
this fashion. To prove this let E=D?go.4+D*" "git --- +Dg., goxXx0, be an 
element of smallest length in ©. Since € is an Rt-algebra we may suppose that 
go=1and then E=D”"+D""g,+ --- +Dg. is unique. If F=D”h)+D”" "hy 
+--+ +DhyeE, fee and 

F, = F = El hy = Dr! ko + iE _ Dhky-1 


by (15) and (25). F; has length <f—1 and belongs to G. Repeating this proc- 
ess we obtain an expression for F of the form E”“ao+ - - - +Eay. 

If as in I we denote the elements of § which are constants for all the deri- 
vations in © by R(G) it is clear that R(E) coincides with the subfield S of 
E-constants. On the other hand if E is any derivation, S the set of E-con- 
stants, then the argument at the beginning of this section shows that E gen- 
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erates the d-algebra D(S) of R considered as a field over S. Hence D(S) =G, 
i.e., 


DR(E)) = &. 


If S is any subfield of R, D(S) contains an element E such that the E- 
constants are precisely ©. Hence #(D(G)) cannot be larger than S and so 


R(DCS)) =S. 


We have therefore proved 


THEOREM 12. There is a (1-1) correspondence between the subfields S of KR 
containing § and the restricted Rt-subalgebras E of the d-algebra D of R over F. 
The correspondence is given by either €=D(S) or S=R(G). 


10. We now suppose that ® is simple and that R>€>§ where C= 
H(c1, C2,°- +, Cm), C? =yi and p#0. Let D denote the d-algebra of R over 
§ and € that of € over §. If DeD, D induces a derivation in € and hence D 
is homomorphic with a subalgebra ©, of €. Since D(€) is the set of elements 
corresponding to 0 in this homomorphism, we have €,~D/D(€). But by 
the corollary to Theorem 8, D(©) = $ and hence G:YD/3. We wish to show 
that G =6G. 

§ may be regarded as a normal simple algebra over € and there exists a 
separable field €(s) over € such that 2X €(s) = C(s),, the matrix algebra of 
order ? with elements in €(s). As has been shown by Albert? the separable 
extension €(s) of the inseparable field € has the form R(c, - - - , Cm) =Cg 
where & is a separable field over §. Now consider Rg. The centrum of this 
algebra is €g =€(s) and if x1, %2, - - - , X.2 form a basis of over € they are 
also a basis for Rg over Cg = C(s). It follows that Rg = R X C(s) = C(s)n = (Cg) a. 

The d-algebra of Rg is Dg and the ideal of inner derivations of Dg is Kg. 
If E* is any derivation in Gg over &, the correspondence > .¢;;¢;*—>)e:;(c;*E*), 
ci*e€g is readily verified to be a derivation in Rg inducing E* in Gg. Hence 
Deg/Bg is isomorphic to the complete d-algebra of Gg and so has order mp™ 
over &. Since De/Se™@(D/3)eg, D/F has order mp” over §. Comparing or- 
ders we have E2D/ 3%. 

THEOREM 13. Suppose R is a simple algebra of order n? over its centrum 
C=§F (a, c2,-- +, Cm), 6? =i, pXO. Then the d-algebra of D over KR is semi- 
simple unless p=2 and either nS2 or m=1. 


Let % be a solvable ideal in D. 8+ $f is an ideal and (6+ 3)/$ is a solva- 


t A. A. Albert, Simple algebras of degree p* over a centrum of characteristic p, these Transactions, 
vol. 40 (1936), p. 113. 
t 8+ denotes the smallest space containing B and 3. 
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ble ideal in D/$32G. But by Theorem 11, € is simple. Hence (8+3)/3 =0 
or $+3$=3 and $c. However, by Theorem 10, $ is semi-simple and so 
$=0. 

D is not a direct sum of $ and a second ideal. For we have seen (§5) that 
the elements commutative with all elements in $ are those mapping & into €. 
If F is such an element, then F* the extension of F maps Rg into Cg (cf. 
Theorem 5). If e;;F* =c,*e€g, it follows from e;;e%: = 5;,e;, that c;*=0. Hence 
(e;,c*) F* =e,;(c*F*) for c*e€g. If this belongs to Gg we must have c*F* =0. 
Thus F* =0, F=0, and ®& is not a direct sum. 


III. THEORY oF D-FIELDS 


11. In this part we propose to study R=§ (c1, co, - - - , Cm), C:” =i, P¥O 
relative to the fixed derivation D and shall obtain several analogues of theo- 
rems on automorphisms of cyclic fields. Without loss of generality we may 
assume that § is the field of D-constants and hence D is a generator of the 
d-algebra of R. We have seen that D satisfies (24), 


De” = D?”'B, + D?” "B+ --- + DBm, 


and no equation of lower degree of the form D’+D"—'a,+ --- +4,, aie®. 
Suppose yi, yo, --- , Vpm is a basis for R and 
(yD, yD, Pe YpnD) = (v1, Yo,°"* Yom)A A= (a;;). 


If f(A) is the characteristic function |\1—A]|, then by the Hamilton-Cayley 
theorem, f(D) =0. Since the degree of f(A) is p” we have 


(26) fO) =| — Al =r" — 00" "8, — - -- — Bn. 


Since the characteristic and minimum equations of A are identical, A is simi- 


lar to 
(0 0 ) 


Bm 
1 0 
Bs 
0 








10) 


It follows that ® has a basis of the form z, zD, zD?,--- , zD®"-,i.e., Risa 
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cyclic space relative to the linear transformation D.7 

A polynomial of the form \”+)?""pi+ - - - +Ap, will be called a p-poly- 
nomial.t A subfield S of ® containing § and vD for every v in S will be called 
a D-subfield of R. Thus S is a space invariant under the transformation D. 


THEOREM 14. There is a (1-1) correspondence between the D-subfields of R 
and the p-polynomial factors of f(X). 


Any subspace © of 9 is cyclic with generator w. If g(A) is a polynomial 
of least degree such that wg(D) =0 then g(A) is the minimum function of D 
acting in S and the order of S =degree of g(A). g(A) is therefore uniquely 
determined by © and is a factor of f(A). For if h(A) =f(A)g(A) +g()r(A) 
=(g(A), f(A)) then wh(D)=0 and since g(A) is minimal, g(A) =h(A). Con- 
versely if g(A) is a factor of f(A), f(A) =g(A)R(A), the vectors v such that 
vg(D) =0 form an invariant subspace S. G@>zk(D), sd(D)D,--- if sisa 
generator of 9, and if the degree of g(A) is 7, zk(D), k(D)D, - - - , sk(D) D7“ 
are linearly independent. Hence the order of S is =r. On the other hand the 
minimum function of D in © is g(A) so that order of S is r, © =(zk(D), 
zk(D)D,---). Thus we have a (1-1) correspondence between the invariant 
subspaces S of # and the factors g(A) of f(A). If S is a field, D is a generator 
of the d-algebra of S over § and hence g(A) is a p-polynomial. Conversely 
if g(A) is a p-polynomial and 1, 72€S, i.e., ng(D) =7g(D) =0, then since g(D) 
is a derivation, 2:22g(D) = (v1g(D))v2+2:(v2g(D)) =0 so that S is closed under 
multiplication and hence is a D-subfield of ®. 

Suppose g(A)=A”+A”"pi +--+ +Ap., h(A)=A”~ +A” a+ -- > +o 
and e<f. Then g(A) —h(A)”% =A" "714+ --- +A7-4. By repeating this pro- 
cess we may express g(A) in the form 

g(r) = hd)" + hd) tay + + RA)wey + r(d) (w1 = 7), 
where r(A) is a p-polynomial of degree <p’. Since r(A) is the remainder ob- 
tained by dividing g(A) by (A), by continuing the euclid algorithm we find 
that (g(A), A(A)) is a p-polynomial. 

If k(A) is any polynomial (coefficients in §), then 


Aw = Rk(A)qi(A) + 54(d) G - 0, 1, 2, ae ); 
where degree s;(A) <degree k(A) =r. Since there are at most r independent 
polynomials of degree <r there exist elements, ao, a1, - - - , a, not all 0 such 


that s,(A)ao+s-i(A)ait --- +50(A)a,=0 and hence 


ft For a discussion of cyclic spaces see Jacobson, Pseudo-linear transformations, Annals of Mathe- 
matics, vol. 38 (1937), p. 496. 

t This term is due to O. Ore, On a special class of polynomials, these Transactions, vol. 35 (1933), 
p. 560. 
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h(d) = Aap + AP + ++ + Aa, = RA) DS gi(ADaz;, 


i.e., any polynomial is a factor of some p-polynomial.f Since the h.c.f. of p-poly- 
nomials is a p-polynomial, the p-polynomial of least degree divisible by k(A) 
is unique. We denote it by {(A) }. 

Now suppose @ is a subspace of # invariant under D and (A) is the mini- 
mum function of Din S. Let {G} denote the enveloping field of S. {S} isa 
D-field and D has minimum function {k(A)} in {G}. If S, and G: are in- 
variant subspaces, fi(A), ke(A) the corresponding minimum functions, then 
S:+G,. and SN GS, are invariant and the associated functions are respec- 
tively [i(A), Re(A) ] and (i (A), Re(A)). 

12. Let M denote the algebra of linear transformations generated by D 
and the multiplications of #. Since D?”—1a, + D?”"—*a,+ - - - +a)m=0 implies 
all a;=0, Mt has order p* over § and hence is isomorphic to §,» the algebra 
of all p"X p™ matrices in §. The multiplication of the elements of It may be 
ascertained from the multiplications of the elements of # and the rules 


(27) (a) a~=Da+a’,_ (b) f(D) = D*”™ — De” "Bg, — --- — DBn = 0. 


Let c be an arbitrary element of ® and consider the powers of Di: = D+c. 
From (27a) we obtain by induction 


(28) Di = (D+ c)* = D¥+CisD*'Vi(c) + Ci,2D*-*V2(c) +--+ + Vile), 


where 

(29) Vilc) =c, V (ec) = Vile)’ + Vi-rloe. 
For k=’, (28) specializes to 

(30) Dei = (D+ 6c)” = D®¥ + V,(o). 


D, evidently satisfies (27a), and from (30) and (27b) we have as the con- 
dition that D, also satisfies (27b), 


(31) V(c) = Vom(c) — Vym-s(c)Bi — ++ > — Vilc)Bm = 0. 


On the other hand if D, satisfies (27) the correspondence D—D,, a—a defines 
an automorphism of 9% and conversely. Since every automorphism of 
IN Fp» is inner there exists an element BeM such that 


B-aB =a, B"D,B = D 


for all a in R. Since R has maximum order for a commutative subfield of MN, 
B=be® and hence the second condition gives 


{ This result is due to Ore, loc. cit., p. 581. 
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(32) c= bd’," 
i.e., c is a logarithmic derivative. We have therefore proved 


THEOREM 15. A necessary and sufficient condition that ceR be a logarithmic 
derivative is that (31) hold. 


This is an analogue of Hilbert’s theorem on the elements of norm 1 in a 
cyclic field. V(c) takes the part of the norm and derivation that of the gen- 
erating automorphism of the cyclic field. 

We denote the set of logarithmic derivatives by &%. Since —b’/b 
=(b-')’/(b-)and 6’/b+c'/c =(bc)’/bc, 2 is a group under addition and the 
correspondence b-—>b’/b establishes a homomorphism between the multiplica- 
tive group of # and &. The elements corresponding to 0 here are those of §. 
Hence 22N/§. 

By means of the recursion formula (29) we may prove by induction 


(33) Vie SP, Pun r=+—(=)'(5): mo 
iol alp!--- \1! 2! 
where the summation in P;; is extended over all non-negative integers such 
that 
eters}: +-@ 4, atBryt-::: =). 


(The coefficients in P;; are understood to be the integers obtained by cancel- 
ling the common factors in j!/(@!8! - - - )(1!)#(2!)*- - - .) By (33) it is easily 
seen that V,(c) =c?+c-». Since 


Dy = (D,*)? = (D** + Vy-(0))? = D* + V,i(0), 
we have 
(34) = Vile) = (Vc)? + (V -(c)) PF, 
and hence 
(35) V (ec) = cP + (c(P-D) vt 4 (c(n*-D) vr Ew. ec Oi-D, 


Then V,i(c)’=c and so by (27b), (V(c))’=0, i-e., V(c)e§ for any c in R. 
Also by (35), or more directly by (30), 


(36) V(b +c) = V(b) + Vic). 
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THEORY OF NON-LINEAR SINGULAR 
DIFFERENTIAL SYSTEMS* 


BY 
W. J. TRJITZINSKY 


1. Introduction. The most important published paper dealing with this 
subject is a recent work by the present authorj in which further references 
to the literature of the subject will be found. A method, introduced for the 
first time by Trjitzinsky in (T1), which is specifically applicable to non-linear 
problems lies at the basis of the developments in the present work. 

In this paper we consider the system of non-linear differential equations 


(A) Py f)) (2) - a;(t, yas Yn) G = 1, ‘++ ,n; pan integer = 0),§ 
where 


(1.1) a;(t, Yi,- ++ » Yn) = Lit, Y1y- ++, Yn) + alt, Y1,°°* 5 Yn), 
(1. 1a) 1,(t, Th" *s Yn) - LO +--- +4, i(D) yn, 


#1 


dilly Y1y*° 5 Ya) = DLeiWinstgeee-sinlA V2 Ine 


(1.1b) kage 
(41, 4,°°° , SOV A+- -+i,2 2;7 = 1,---, 2m). 


The coefficients /;,;(¢), ;ai:,...,;,(2) are assumed to be analytic at t= © for 
|¢| =r (>0), while the series al the second member of (1.1b) are supposed 
to be convergent for|| 


(1.2) |e] 27; |», lyel,--+ 5 lonl Se. 


Moreover, it will be assumed that the linear system obtained by letting 
gi(t, V1, + * » Yn) =O (7=1,---, 2) ts actually of order n, and that it is not of 
Fuchsian type (cf. §2, italics preceding (2.6)). 

The analytic theory will be developed for the complex neighborhood of the 
singular point t= «©. The main results of this work are embodied in the theo- 
rems at the end of §§7, 9, 10, and 15. 


* Presented to the Society, September 9, 1937; received by the editors December 9, 1936. 

t W. J. Trjitzinsky, Analytic theory of non-linear singular differential equations, Mémorial des 
Sciences Mathématiques, Paris. In the sequel this paper will be referred to as (T). 

¢ This method has been also applied in the paper by W. J. Triitzinsky, Non-linear difference 
equations, Compositio Mathematica, vol. 5 (1937), pp. 1-66. 

§ pis taken as small as is compatible with the stated hypotheses. 

|| p is taken sufficiently small so that the function represented by the series is analytic at every 
point of the specified region. 
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The system (A) contains as special cases some of the important instances 
of dynamical differential systems. From the point of view of dynamical ap- 
plications the real variable theory is important. However, in so far as the 
problems of the present paper are concerned our interest lies in the complex 
plane. A considerable variety of new situations of mathematical interest arises 
in the field now under consideration. 

We shall also consider systems (B), obtained from (A) by assuming that 
the 

1;, ;(t), i4i,,65,-++,6n(0) 


are all independent of t and that p=0. These systems are of importance in 
dynamics. Our concern here, as well as throughout the paper, is with the 
analytic character of solutions “in the small” and, as stated before, with the 
complex neighborhood of the singular point. 

Finally, in §§11-15 an investigation is given for systems (C) of the form 


(C) A-Py {D (x) = a;(X, ¥,My,°**, Yn) G - 1, “>? ore integer p = 0) 
where is a parameter and where the second members are analytic in x, yi, - + - Yn 
ath=o,y=--- =y,=0, for x on a real interval, and continuous in x on this 


interval. The theory of such systems will be given for the neighborhood of the 
singular point \= «. The precise formulation of this problem, together with 
some references, will be found in §11. 

2. Semi-formal aspects. Formal solutions of the system (A) will now be 
constructed. These will appear as series, in general divergent, whose coeffi- 
cients are functions determined by a sequence of well-defined analytic proc- 
esses. For these reasons the construction and consideration of these solutions 
can be referred to as the domain of “semi-formal aspects” of the theory of 
systems (A). 

Consider now the linear system associated with (A), 


(LA) tPy 2) (t) = L(t, wa Ps Yn) (i = 1, syncs n) 
(cf. (1.1a)). By hypothesis 
(2.1) | (Us,s() | 4 0.t 


The general asymptotic theory of such systems has been given by Trjitzin- 
sky.f It will be assumed that the reader is acquainted with the main results 


+t A=(a,;) is to denote a matrix of n? elements (i, 7=1,- +--+, m) with the displayed element in 
the ith row and jth column. The symbol | (a;,;)| =| A| is to stand for the determinant of A. The in- 
verse of the matrix A will be denoted by A~( =(a;,;)~). 

t W. J. Trjitzinsky, Analytic theory of linear differential equations, Acta Mathematica, vol. 62 
(1934), pp. 167-226. In the sequel this paper will be referred to as (T2). 
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and methods contained in (T2). 
The system (LA) can be written in matrix form as 


(LA;) Y(t) = YA), Y(t) = (y,;(), 
where 
(2.2) A(t) = (¢?l;, ;(t)) (i,j = 1, Pon n). 


The elements of a row in Y(é) will constitute a solution of (LA). The system 
(LA;) has a singularity of finite rank at t= «. 

The following definitions will now be introduced. 

DEFINITION 1. Generically {t,} (gq an integer =O) is to denote an expres- 
sion 

po(t) + pilt) log SH oes + pat) log*%, 

where p;(t) (j=0, -- - , g) is a series, possibly divergent, of the form 
(2.3) Pi.0 + pjat—'l* + pj,2t~?/* +.--- 
(k a positive integer). {t}* is to stand for an expression {t} 4. 

DEFINITION 2. A curve B will be said to be regular if it is analytic in every 
finite part and extends to infinity where it possesses a unique limiting direction. 

DEFINITION 3. A region R will be said to be regular if it is closed, extends to 
infinity, and is such that for t in R |t| =ri(>0). The boundary of R is to be 
simple and is to consist of an arc ¥ of the circle |t| =r; and of two regular (cf. 
Definition 2) curves extending from different extremities of y. Generically 
R(@:, 02) is to denote a regular region for which the two regular curves (making 
part of the boundary) have limiting directions 0, and 02, respectively. The number 
|@:—62| will be termed the opening of R. 

DEFINITION 4. Generically [t], is to denote a function of the form 

polt) + pilt) logt + --- + pet) log, 


where p(t) (j=0,---, g) is a function, analytic for t# © in a regular (cf. 
Definition 3) region R, such that 


(2.4) pit) ~ p;(t) (¢ in R), 


where p;(t) is of the form (2.3).t [t]* is to stand for |t],. 


t The implication is that a regular curve (|¢| 2r’) is representable by an equation Rf(#)=0, 
where f(¢) is analytic for |¢| 2r’, but may possess a singularity at i= «. 

¢ Unless otherwise stated asymptotic relations are asymptotic in the ordinary sense, i.e., to 
infinitely many terms. Thus, if a(#)~ao-+-a;t-"/*+ --- (¢ in a regular region R) to infinitely many 
terms, one has a(t)=ao+--- anit Yk, (t)t-/*( | an(t)| <bn; tin R) for n=1, 2,---. Tf n 
cannot be increased beyond mp the above relation is to mo terms. 
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One may write [¢],~{t}, and [¢]*~{z}* (¢in R). 
The system (LA;) possesses a formal matrix solution 

(2.5) S(t) = (ss,i(t)) = (ets 50,, (2), 


where 


ii-1 
(2. 5a) Os(t) = DS quitter ks (integer ks > 1;i=1,---, 31,21), 
v=0 


the r;,; for a fixed i may differ only by rational numbers, and 
(2.5b) o;,;(t) = {the (i,j = *** ,n).t 


Moreover, formally | S(#)| does not vanish.§ 

In consequence of a hypothesis made in §1 the system (LA) is not of 
Fuchsian type; that is, not all of the polynomials Q;(t) (i=t, - - - , m) involved 
in (2.5) are identically zero. We let B;,; denote a regular curve along which 


(2.6) RQ:(t) — Qi) = 0. 


It will be understood that there are no B;,; curves corresponding to any pair 
of values i, 7 for which Q;(t) =Q,(2). Let 


(2.6a) Ri, Ri,-->, Rw 


be regular regions (cf. Definition 3) separated by the B;,; curves (formed for 
all admissible pairs of values 7, 7) in such a way that interior to any such re- 
gion there is no B;,; curve. Consider a particular region R/ of the set (2.6a). 
It is of the form R(6x,1, 9x,2) (cf. Definition 3) where, let us say, 6:,150:,2. 
Let Bi. and Bi, denote the regular curves forming part of the boundary 
of R; and possessing at infinity the limiting directions 6;,, and 6; 2, respec- 
tively. 

In view of the Fundamental Existence Theorem given in (T:) and in con- 
sequence of the connection between single mth order linear differential equa- 
tions with systems, the following can be asserted for any fixed k (1<k<N’). 
If 0;,;=9:,2, the matrix equation (LA;) has a matrix solution 


Y(t) = (ys, (2) (i,j mi,---, n), 
whose elements y;,;(¢) are analytic in R/ for t# ©, while 


(2.7) Y(t) ~ S(t) (tin Ri). 


t (T2), Pp. 171. 

t It is seen that the o;, ;(¢) can be so selected that the r;,; are independent of j. 

§ This implies that when | S(2)| is formally computed as an expression of the type (exp. [poly- 
nomial in ¢*]) ¢ {t} (cf. Definition 1), not al! the coefficients in {¢} are zero. 
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The implication of (2.7) is 

(2.7a) ys, s(t) = e@(4rs.i[t], (i,j =1,---,m;¢in Rf) 

(cf. Definition 4). If 0:,1<6x,2 there exist regular overlapping subregions of 
Ri, 

(2.8) rR = R(Ox,1, Ox,2) Re = R(Gx,1, 9x,2), 


whose boundaries contain B;,, and B;,,,, respectively.f The regions (2.8) can 
be so selected (depending on the polynomials (2.5a) ; for details cf. (T2)) that 
(LA) possesses two matrix solutions, 


(2. 8a) V(t) = (yi), V(t) = (1y:,;(4)), 

such that 

(2.8b) V(t) ~ S@ (¢in,Ry), 
(2. 8c) iV (t) ~ S(é) (tin ,Ré). 


Let P(t) stand for a polynomial (2.5a) which is not identically zero. It is 
clear that one may find a regular region R’ = R (6’, 0’’)(0’<6’’) such that 


cP) ~wO (tin R’). 

Since not all of the Q;(#) are identically zero it is observed that there exist 
regions 
(2.9) Ri, Be,*-- , Rv 
such that, if R stands for a particular one of them, the following statements are 
true: 

(i) R is a regular region (cf. Definition 3) which is a subset of a region 
referred to in (2.7), (2.8b), (2.8c). 


(ii) There exist polynomials of the set (2.5a), Q:,(4), Q:,(4),---, 0.0 
(1 <m sn) such that 


(2.9a) e%() ~ 0 (v= 1,2,---,m;tin R). 


As a matter of notation, which does not entail any loss of generality, the poly- 
nomials referred to in (2.9a) will be designated as 


(2. 9b) Qi(t), Q(t), --- , Qm(#). 
Moreover, without any loss of generality one may write 


(2.9c) RQx(t) < RO.) < --- < ROn) (tin R). 


t The other regular curve, which forms part of the boundary of ,R¢ (or :R¢ ), is interior to Ré 
and has at infinity the limiting direction of Bi,, (or Bi,1). 
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In the sequel, unless stated otherwise, we confine ourselves to a particu- 
lar region R referred to in connection with (i), (ii), and (2.9b). In consequence 
of (i) there exists a matrix solution of (LA;), oY (#) =(oyi,;(é)), such that 
(2.10) oV(t) ~ S(t) (tin R). 

We consider now a solution of (LA) of the form 
(2.11) 1y (2) = poe o¥n, i(2) j= 1, ides 1), 

A=1 


where C1, C2, + * , Cm are arbitrary constants. The non-linear system (A) of §1 
will be formally satisfied by the series (in general divergent) of the form 


(2.12) yi) = 1yi(t) + ayi(t) +--- + yt) +--- G= 1,---,m). 


Here the ,y,(#) (v=2, 3,---) will be determined in the sequel as certain 
functions analytic in R(t¥ «) and of the form 


ky ke ken 

Wilt) = C2 °° * Cm y pokegse* Rm 356 

(2.12a) vil) oy 2 Mk ,keg.**skm tie) 
(ki, ko, - +>, km [O; ki thet: > thn =»). 


The functions 1y,(é) will be representable by (2.12a) with v=1 if we let 
(2.12b) oVn iL) = 1k hgh i) (A= 1,---,m;j=1,---,™m), 


where k, =1 and k;=0 for iAX. 

To determine the terms of the series (2.12) these series are substituted 
in (A). If we take account of (1.1), (1.1a), (1.1b), it follows that, since 
y(t) (j=1, --- , 2) is a solution of (LA), we have 


oo 


(2.13) ym vy fg (t) mia t? > L(t, am? * *% Vn) _ t?qj G = 1, ltiid, n), 
van? v=2 
where 
, = Be. con take Val 
(2.13a) = Daina TLE ord | 
(i1,--++,in 20; +--- +H, 2 2). 


The first member in (2.13) may be written in the form 


(2.14) 7 >» ce ee ot, PNK y,¢+*,kmily "°° 9 Mte:-+- aged s 


vmd kyte ss thm=v 


where 





wiesersar ty 











<P EMRE 
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(2.14a) L; = MNky, +, km :i(t) —_ t?1;(t, ee , oo 


We now proceed to derive a formal expansion of g; according to powers 
of 1, -- +, Cm. First it is noted that, with 7, >0, 


[ > xO = Dp wWanYa’** Ja 


v=1 Puettt, %g=l 


=D LD  wndanYa'** Ya (1S %1,%2,°--). 


Vtg Mb ty LY 


In view of (2.12a) it is observed thatt 


(2.15) 


at 8 
km B 
Iii vga = =-Ii bs -** Cm ow 
B=1 B=1 kP+-- eat 
(2. 15a) a) x ~—r , , 
- kyo thie kalp-- koe Knits + +e Kegn® 
= zz ; Ci" a rT km ete? .-++talte 
keyb,- ++ gt : 
* gM +++ ktin cee Vig MKy A+++ kmiaiay 


the summation symbol of the last member above being specified as follows: 


D° = Tk = 0; bit + bat He $ het = 3 


(2.15b) fa 
ki? + ky? + -- A hm? = vey e sp Ry the bs + Re = Ma). 


It is next inferred that 


fa a ee 
(2.16) II vaya = ps ci! cts ++ cm hes, — "Meg? 
B=1 Deb-<<lagny 
where 


— te (2) 
(2. 16a) a = P 7 jboss shite er na Mk e,+++,egtare 
k 


DP = Dl te FA = by he + a = a5; 
(2.16) Rebs + thm = Omg Reb thm = ny be thm = a5 
“ee 2 ee 
Substitution of (2.16) into (2.15) will yield 


a1) [Dx] =O Daal. atyetees 


v=1 y=ta bi +-+++bm=7 


+ Here the superscripts attached to the ; do not indicate powers. 
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with 
b1,°°+ bm i€a + 8m it 
(2. 17a) We - > Petting J 
Vibes = 
It will be convenient to introduce the notation 
aitg 8, bm, 81,°+* bm ihe 
(2.17b) ty = D> G1'+*+ Cm We ; 


By +++ +bn= 7 


We may then write 


a HL Sno) =H Sot= 5 Mos 


a=] v=] a=1 Ya=ig Yn 


(v1 2 th, Y2 = t2,°**, Yn 2 tn). 


In (2.18) the terms can be grouped so that 


(2.18a) Ti[ X.»0)*- > > We" 


a=1 v=! Haeiytesst+in Yetoos+7_=H q=l 


(m2 i,--+,%n 2 i). 


Before we proceed further, the product involved in the second member 
of (2.18a) will be expanded. In view of (2.17b) 


Se ane -- a oe 3 am ‘8 
*@ 1 q@ q°1, ” im '**@ 
I ~~ II >» C1 *** Cm va 


q=1 q=1 95:+++++abm=Y7¢ 
> Bites tnd, 1b2t+-+++ndb2 19m+***+nbm 
= C1 Ce -** Cm 
(2.19) Pe a 
1815°** 18m 84 2515°** 425m ‘8s nO11°** dm itn 
ta, 2 wy ynWn 


(id + --- + 16m = V¥13 261 + ++ + bm = Y23° °° jndi +: + nim = Yn)- 
Substitute 16, +25,+ --- +n5,=h, (g=1, 2, - - - , m) in (2.19). Then we have 


Ld PF hy hm (3) 18155 °* 615mm 284 nbist ttn dm iin 
(2.19a) Il a = ¥ C1 °° * Cm ya +W1 ih ae ann ’ 
q=1 hisses shm 1915°** on dm 
where 
(3) 
(2.19b) pm = Do [a+ ++: +d, = hg(q = 1,--- ,m); 


1 H+ idm = V15 °° + nd + +> + dm = Yn]. 
Now, as indicated in (2.18a), y:i+ --- +y,=a. Hence in (2.19a) 


Ene ELA Lx. 


q=1 q=1 i=1 tol 














eae re 
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We shall write 


(2.19¢)  «. eg@inea 
1915°**ondm 
Then (2.19a) will assume the form 
ba 6 hy Bhs, *** lg %.*** 80 
(2.20) II ig = D> «a'::: au. , 
q=1 bytes phi =H 


Substitution of (2.20) into (2.18a) will yield 
(2.21) J] | > alt) | “<e = . «as. 
a=1 L y= Haiytesspin hyte++thm=H 


where 


Iyseee sham hysee* Rm ity, ee? yin ; 4 
(2.21a) HAGy, +n = } i wilhin»--c4n (1 2 M1,°°* 5 Yn 2 tn). 
Vite +yn=H 


Substitution of (2.21) in (2.13a) will result in 


pe Se So eS 


(2 22) s=2 §,+°+-+in=s H=s hy+++++hm=H 
= ts 3 huees, 
ya = c. nies Py er we 
s=2 H=s hyt+-+:+hyn=H 
where 
eee, haeees, 
(2.22a) ait ” = = G4, ,+++, in —.o. 


Stes spines 


If we denote the expression following the second summation symbol of the 
last member of (2.22) by 0,,x-;, it is inferred that 


oOo o H 
(2.23) qi Zz _ 0.,H:j = >» bi 0,Hij- 
e=2 H=s H=2 a=2 


By substituting the expression for 90,,;; in (2.23) one obtains 


= hy in,*** lig 
(2. 23a) get Tle 


H=2 hyt++++hm=H 
with 


hy,e+*shm a Raster 
(2.23b) als ot wa. 


In consequence of the italicized statement following (2.13a) and in view 
of (2.23a) it is inferred from (2.13) that 
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ic 


hy hm 
> C1 *** Cm Lt, H1hy,-*+shmily " * * 9 Hh, +++ hm in) 
H=2 hyte+++hm=H 


oe 
hy a oe 
=> LD a'::: tat’ aT; 
H=2 hyt-++t+hyn=H 


Thus the following set of differential equations is obtained : 


hystss hm 
(Sx) Lit, Ah, +++shm ily 2° 9 HMA + sign) = nT; 


G=1,2,---,m;8#=>ht-:: +hnj3 hy 20,---, hn 2 O) 


(cf. (2.14a)). There exist systems (Sy) for w=2, 3, - - - . It will be shown that 
the systems (S:2), (Ss), - - - can be solved in succession in order to determine 
all the ,::,---,%,;; involved in the formal solutions (2.12) of the system (A), 
§1 (cf. (2.12a)). 

We shall now establish in detail the nature of the dependence of the sec- 
ond members of (Sq) on the »nar,--- im;i- Let 


(4) a (3) i. a 
(2.24 => > ym te (v1 2 it, -- +, Yn & te) 


amd types tines Yet seb yn—H 181,°+* nde 


(cf. (2.19b)). Here s<ua. For if s>a it would follow that yi+ --- +y¥,.24+ 
- ++ +7,=s>a, which would be contrary to the equality yi+ --- +7.,=2. 
Consecutive application of (2.23b), (2.22a), (2.21a), and (2.19c) will yield 


H 
| ree ree 
aT; = Dd Asi; 


s=2 


H hystttshm 
= be > G45 ,,-++,8n Gs Me 


s=2 §,+++++in=s 


(2.25) 
a hye ++, hm 845° °° 8m ‘ 
= 7 } i G45, , +++ ,in > R 7 Maier 4 
oud by-+°° ++-tame ites n=H f 
(4) Me abies sabe ihe 
= > eo II yea ° 
a=1 


In consequence of (2.17a) and (2.16a) it is finally deduced that 


n 
hhys0** slog (4) ad1,°** adm ita 
wT; - a 0s,,---én LI] + VaPris Mig ia 


a@=1 ¥yt++++%o=Ya 


(4) 2 (2) ‘a 
= } > 0i,,--+40 LT : e > Il Ve Nky +++ km ie 


@=l ryt es +% =a ky}, +++ leat r=1 


(2.26) 


(a =h+--- + hn) 
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(cf. (2.24), (2.16b)).+ Im (2.26) the expression displayed after the product symbol 
with respect to a (a=1,---, m) is to be replaced by unity for every a for which 
4a =0; moreover, for every such a we have ya =9. 


DEFINITION 5. I yk,,--+skmia the subscript v will be called rank . 


It will be now established that 7I'":***: is independent of the ,nk,,---.kmsa 
of rank =u. To prove this one notes that, in view of (2.26), the ranks of the 
yk, ,+++skgja iInVOlved in gI'"""**™ satisfy the conditions 


(2.27) m+ - ++ +e = Ya 2 te (a2 = 1,2,---, mn); % 21(R=1,2,---); 
(2.272) vit---tm=8; at---+i,22; % 20 (R=1,---,n). 
Thus 

(2.27b) Qit--- +H) t(mnt- > +m) +--+ Fit: ++ +) = 2. 


The number of terms in the first member here is 7,+ -- - +7,. If we had a 
v, =H the left member in (2.27b) would certainly be = #+1 since there are at 
least two terms (we have i,+ - - - +7,22) in this member, while all the », 
are 21. This makes the truth of the italicized statement subsequent to Defi- 
nition 5 evident. 

The »’s of rank one are known; they are the functions defined by 
(2.12b) where the oy;,;(#) are elements of the matrix solution oY (¢) = (oy;,;(2)) 
of (LA). It is to be noted that in R, oY (é) satisfies (2.10). The .Pj""'* 
(t+ --- +hm=2;m20,---, hm2=O;7=1,---, m) can accordingly be de- 
termined as functions of ¢. One may then determine all the n’s of rank two 
with the aid of the system (S2). In general, if the n’s of ranks 1, 2,---,a#—1 
are known, the zI'j":"**-= may be computed as functions of ¢ and the n’s of 
rank a may be then constructed as solutions of the system (Sy). Thus a 
mechanism has been set up for determining the functions ,y,(t) of (2.12a); 
i.e., a device for computation of consecutive terms of the formal solution 
(y(t), --- , wn()) (cf. (2.12)) of the system (A) of §1. 

A matrix equation 


(2.28) Y@) =VYOAOD+GH (VO = (9.5); GO = (¢s,s)) 
is satisfied by 


(2.280) = CVD; CW = f G)Y-Udr = (4.42)), 


where oY (¢) = (oy;,;(é) is a matrix solution of 
(2. 28b) Y(t) = VA). 


fT In (2.16b) let 6;= 6; and y=7a. 
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If the g;,;(¢) =g,(¢) are independent of i, it is not difficult to verify that the 
c;,;(t) =c;(t) are independent of 7. The same will be true of the 


(2.29) nM) = 9) = SaWendd. 


A=1 
By writing 
A(t) = (t7h,(t)); ges(t) = git) = te; ""™(), 


we accordingly infer that the system (Sy) is satisfied with the aid of the 
formulas 


(2.30) HDA, ---shm iit) = Dy ex(torn. (2), 
A=1 
where 
nade ™,..- «an 
® t p hiss+* hm 
(2.30a) => f T wT, (7) oDr,.a(7)dr 
» 


i=1 


G=1,---,njhat--- +hn =aj;h,y 20,---, hn =O). 


In (2.30a) the of;,;(r) are the elements of the inverse of the matrix (oy;,;(r)); 
that is, 


(2.30b) (oFs,i(7)) = (oys,i(7))7*. 
The above may be summarized as follows. 


Lemma 1. Let R be a region referred to in connection with (i), (ii) (subse- 
quent to (2.9)) and (2.9b). Let oY (t) be the matrix involved in (2.10). The system 
(A), §1 is formally satisfied by series (2.12) for 7 =1, ---, n, in general diver- 
gent. The first term, yy;(t), in such a series is defined by (2.11). The subsequent 
terms ,y,(t) are of the form (2.12a) with v=2,3,---. The coefficients 
»Mk1,-++skm:i(t) involved in ,y;(t) can be determined in succession with the aid of 
(2.30), (2.30a), (2.30b), and (2.26). (In connection with (2.26) cf. italics sub- 
sequent to (2.26) and Definition 5.) 


Note. R can be replaced by a more general region. However, we restrict 
ourselves to regions of the stated kind, inasmuch as only corresponding to 
such regions will “actual” solutions of (A), §1 be obtained. 

3. Preliminaries to integration. It is to be noted that 


(3.1) oYr,a(t) = esr, [2], (tin R;\,a=1,---,n). 
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Thus the elements of the matrix (2.30b) are of the form 
(3. 1a) ofr, (7) = e~Aale-nt+#[7]* — (w rational; 7 in R; Ay, X= 1,--- , n) 


(cf. Definition 4, §2)). In view of the notation (2.12a), we have 


— hye + skgr ia(T) = exp [ ky"Q,(r) . a | km’ Qm(7) atti 
sia (kit +--+ thn’ =1;k? 20;a=1,---,n;7 in R). 


In consequence of (2.26), 


O84 th-~Oe fn £ o° Th ome.. satualt? 


a=1 y+: *+%Q=ta 


With the aid of (2.16b) and (3.2) one obtains 


II vgMe sl ++ slg? aT) = exp [(ei + ee ky')Q1 + 


r=1 
1 ia (hype phe @ ry pee op (Rent: © + hina) ran 
Rm “Fe k\Om|t _[-]* 
— + (km +++ + ROm] [7] 


= exp (5,0, + Py rN aa re. 


Application of the summation 


> _ 


rite tigate 
(cf. (2.16b) with 6;=.6,) to the left member of (3.3a) will yield the function 
(3. 3b) F = generic form of the last member of (3.3a). 
With the aid of (2.24) and (2.19b) it is inferred that 


Ire = exp [(151 + ee $e) t- >> $date > + ndm)Om | 


a=1 


(3.3c) GB rts tart + Gdet nom PT 
7 [7] 


= exp [JiQi(t) +--+ + hmQm(z) Jr fe Je, 


Since ,a;,,...,:,(7) = [7 ]o, in view of (2.24) it is concluded that 


hisss+shm (3) _h 
(3.4) Tj (r) = bs > > | lll — Ai aS Pe 
Bybee stine2 yates styn=2  181,°++ on dm 
where ¥1=4, --- , ¥n=t, and 


(3.4a) Fi: ....+;+++ = generic form of the last member of (3.3c). 
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The combined summation represented by the three displayed summation 
symbols involved in the second member of (3.4) is not with respect to 
(iy, -- - , Am). Hence, in view of (3.4a), 


(3.5) oP" '"(r) = exp [MQrlr) +--+ + hnQm(r) Jr [7 ]* (7 in R), 
(3. 5a) Wnt -++ thn =2, 6 20,--+,hm 20; G=1,---,m. 


If we make use of (3.5) and (3.1a), we infer that the integrand displayed 
in (2.30a) (for #=2) is of the form 


(3.6) exp [Q(r)]r"[r]*, 
where 
Q(r) - h,Qi(r) +--+ + hnQm(r) = Qx(7); 

r=hyyt- ++ t+ hatm—ntwrt p. 

In view of our present purposes it will be essential to integrate expressions 
of the form (3.6) (Q(r) a polynomial in r'/*; k an integer =>1) in such a man- 
ner that the integral is of the same generic form as the integrand, with r 
possibly changed. This can certainly be achieved by the methods of Trijitzin- 
skyt if RQ(r) does not change sign in R. Now, when one examines the par- 


ticular integrand (3.6) for which (3.6a) holds, the following is noted re- 
garding Q(r). If \>m we pick out an 4,( >0)f and write 


Q(r) = [hQi(r) +--+ + (ha — 1)Qa(t) + + + + + ln Qm(7) ] 


(3.6a) 


(3.7) 
+ Qa(r) — Qa(r). 
Here 420,---, ha—120,--+, An2=0; thus, since one may write in con- 
sequence of (2.9a) and (2.9b) 
(3.8) RQiv(r) S «++ S ROn(7t) < 0 (r in R), 


it is inferred that the real part of the expression within the brackets of the 
second member of (3.7) is certainly negative in R. In this connection we make 
use of the fact that 


Wy t+ + + hart (ha— 1) thet--> +h =1, 
as can be seen from (3.5a). On the other hand, by (2.9c) 
R(Qa(r) — Q(r)) S 0 (7 in R). 
Whence it is concluded that, for \>m, 


+ Cf. (T:). 
t This is possible in view of (3.5a). 
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RQ(r) < 0 (rin R). 


Moreover, by (2.9a), (2.9b), exp [Q(r)]~0 in R. Suppose now that \<m. 
If 4, >0 we have 


Q(r) _ hyQi(r) + ee + (hy = 1)Qx(7) + dotnet + hnQ (7) 
with 4,20, ---,m1—-120,---, Am=O and m+ --- +(m—-1)+--- +hn 
=1. Hence exp [Q(r) ]~0 (r in R) in this case as well. If \<Sm and 4 =0, the 


following is noted. Some hk, (1Sa<X)f may be positive; by (3.8) one then 
has R(Q.(7) —Q,(r)) $0. Since 


Q(r) = [AsQalt) + ++ + (ha — 1)Qa(t) + ++» + hmQm(z)] + Qalt )— Or(r) 
(iy 20, +++ ha 120,+++ hm ZO;ha+ ++ + (ha— 1) +--+ + hm = 1), 


it is inferred that, for the case under consideration, RQ(r) <0 and exp [Q(r) } 
~0 (r in R). In the remaining case, when \ Sm and &,=0 one has hij =/o= - - - 
=h,=0. This necessitates that some ha (A<aXm){ should be positive, and 
we have 


Q(z) = — Qr(r) + MrsiQnga(z) + > + + AmQm(7) 


(3.9) 
(Anas 2 0,° ++ 5 tm 2 0; Inga t+ thm = 2). 


Now RQ(r), where Q(r) is given by (3.9), will not necessarily maintain its sign§ 
in R, unless \ =m, in which case some h, (1 Sa<X) would have to be positive. 
If, more generally, functions are considered of the form 


(3.10)  Q(r) = giQilr) + g2Qo(7) +--+ + gmQn(7) = > ger tv 


v=0 





where the g; ({=1, - - - , m) are real, and where, unless Q(7) =0, the leading 
term actually present is 

(3.10a) grrr lk (0S S/-—1;9,, 40), 
it is observed that, with 

(3. 10b) gd r'il#1, gg2etalke, ~~, gril im 

respectively denoting the leading terms in Q,(r), Q2(r),---, Om(r), we neces- 
sarily have 

(3.10c) sb. LA 

es. k 


ft This may arise only if \>1. 
t This may occur only if \<_m. 


§ Examples can be given when RQ(r) changes sign in R. 
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where l’ is the greater one of the numbers 1;/k; (t=1,---, m). The regular 
curves along which RQ(r) =0 will possess at infinity limiting directions 7 
satisfying the equation 


l— V1 
R(q,r-!*) = | gy, || 7 |"? /* cos a. + (- : i] = 0 


(9, = Z Qvi3 T = Z T). 





(3. 10d) 


These directions have accordingly the values 





k T 
(3.10e) fo = Hm = -| = + me — 4] (m=0,+1,+2,---). 
oe 


Thus they differ by non-zero integral multiples of kr/(l—). By (3.10c) 


kr 


l—y 





IV 


(3.11) -s 
3. 7 


At this stage it will be convenient to introduce a definition. 

DEFINITION 6. Let R denote a region satisfying conditions (i), (ii) of §2. 
Let Q(r) be a polynomial of the form (3.10). A region W will be said to be of the 
order v(=1) with respect to Q(r) if the following conditions are satisfied. 

(I) W is coincident with or is a regular (cf. Definition 3, §2) subregion of R. 

(II) W=W.,+W.+ --- +W,, where Wi,---, W, are regular non-over- 
lapping regions such that along W;,i+:, the common boundary of W; and W i+: 
(i=1,---, v—1), RO(r) =0, while interior to W; (i=1,---, v) RO(r) does 
not change sign. 

When v=1 Condition (II) is to be replaced by a statement to the effect 


that RO(r) does not change sign in W. 
With v>1 and 6; ,;,; denoting the limiting direction of W;,i.: (¢=1,---, 
v—1) at infinity, it may be supposed without any loss of generality that 


O12 < O23 << +++ < Ova». 
One may then write 


(i=1,2,---,v— 1). 





95,641 = 91,2 + (i = 1) 


l-—y 


Lema 2. With R denoting a region satisfying (i) and (ii) of §2, let W be 
a regular subregion of R of opening (cf. Definition 3, §2) less than 1/l', where l’ 
is the number referred to in the italicized statement in connection with (3.10b), 
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(3.10c). The region W will then be of order <2 (cf. Definition 6) with respect 
to every Q(r) of the form (3.10).f 

In consequence of this lemma, R can be covered with a finite number of 
regions of order <2 with respect to every Q(r) of the form (3.10). The in- 
equality “<2” cannot be replaced by the equality “=1” because, generally, 
it is impossible to find a regular subregion W of R (of opening however small) 
such that for no Q(r) of the form (3.10) is there a curve RQ(r) =0 interior 
to W. 

The truth of this lemma can be inferred as follows. Consider a region 
W=R(a, a2) (cf. Definition 3) for which, as required by the lemma, 
0<a:—a,<7/h. Unless implied otherwise we take a fixed set of numbers 


£1, °° +, gm. If Q(r)=0, W will be of order unity with respect to this Q(r). 
If Q(r)#0 let the regular curves (Definition 2) be designated by 
By, Be, crt. 


and let the limiting directions at infinity be the numbers 


fi, Bo, are a 
respectively. It is a matter of notation to arrange these numbers so that 
Bi<Pe<---j;fSm 


and so that B,, if not coincident with the boundary of W for which limiting 
direction is a, lies exterior to W in such a way that between B, and the men- 
tioned boundary of W there is no curve B; (t=2, 3, - - - ) for which 


(3.11a) Bi < Bi Sm. 


The implication of the above is that, if (3.11a) holds for i=2, the curve B, 
must extend interior to W (in which case necessarily 82 =a). 

For some subscript v (>1) B, will be either coincident with the boundary 
of W, for which the limiting direction is a, or it will lie exterior to W so that 
between the boundary of W, just referred to, and B, there is no curve B; 
(i<v) such that 


(3.11b) a, SB; < B,. 


If, however, (3.11b) holds for i=»—1, the above necessitates that we should 
have a2=8,_1, while B,_; extends interior to W. 

Corresponding to a particular Q(r) (#0) of the form (3.10), W has been 
covered by a succession of v—1 adjacent regions separated by the curves 
B., B;,---, B,-1, all interior to W. Designate these regions by 


{ I’ is independent of the choice of Q(z); i.e., /’ is independent of g:, +++ , gm. 
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(3.12) 4, Hee, +++, Bre (Rit = R(Bi, Bis1)). 
With the leading term in Q(r7) given by (3.10a) one has, in view of the state- 
ments preceding Definition 6, 


kr 7 
(3.12a) B.-1 — Bz = (vy — 3) —— 2 (v — 3)—» 
l— yn 1 


whenever v>3. 
When v3 there are at most two regions (3.12), and W will be of order 


<2. If v>3 consider the region : 
R?.3 4 --- + R” 2?! = R(Bs, B,-1). 
It will be interior to W.f Now W = R(au, a2). Thus 


Cy 
(3.12b) Bv-1 — B2 Sazg—-— a < z 

1 
This, in view of (3.12a) implies that 

" 
6-9— <>" v>3 (v an integer). 

These inequalities are, however, incompatible. Hence v <3 necessarily and W 
is at most of the second order. if 


In the sequel, unless stated otherwise, W is to denote a particular regular 
subregion of R with opening <7/l’. 

4. Integrations. Let W = R(au, a2), a1<az (cf. Definition 3, §2) be a region 
such that a2—0,<1/l’. Consider the problem 


ee 


(4.1) y(t) = e@zra(t) 
where, unless Q(t) =0, 

I-1 ‘ 
(4. 1a) Qt) = Legal (0sS/-—1;4, #0) F 
and (l—v,)/k Sl’. Assume a(t) to be of the form 4 
(4. 1b) a(t) = [t]* (t in W) 


(cf. Definition 4, §2). 

It is not difficult to see that Lemma 2 holds when Q(?), instead of being 
assumed to be of the form (3.10) is given by (4.1a). The essential fact is that 
the inequality subsequent to (4.1a) holds. Thus W is of order <2 (with re- i 
spect to all the Q(t) of stated type—provided, of course, that l’ is fixed). In this ' 


Tt That is, all of its points, with the possible exception of those on the circular part of its bound- 
ary, are interior to W. 
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connection “order” is specified according to Definition 6, §3. When Q(é) #0 
we have W =W,+We, where 


(4.2) W, = R(au, B2), We = R(Ba, a) (a, S Bz, S az), 
unless 
(4. 2a) W = Wi = R(q, a). 


The symbols involved here have the same significance as in §3. With B; de- 
noting the regular curves satisfying the equation RQ(t) =0 and 8; denoting 
the limiting direction of B; we have B, interior to W (in case (4.2)) or there 
are no curves B; interior to W. The curve B, is exterior to W or is coincident 
with the right boundary{ of W and the curve B; is exterior to W or is coinci- 
dent with the left boundary of W. However, in view of our present purposes, 
it will be necessary to examine this case in greater detail, taking advantage 
of the conditions satisfied by W. 

When W=W, the integration methods given in (T2) are applicable. In 
the case of W=W,+W, an extension of these methods will be necessary. The 
latter case will now be considered. 

By hypothesis a(t)~a(t) (tin W), where 


(4.3) a(t) = {t}* 
(cf. Definition 1, §2). As demonstrated in (T.) the formal equation 
(4. 3a) sY(t) = e2#ra(t), 


associated with (4.1), possesses a formal solution 





(4.4) s(t) = e@sr+~o(t), 
where 
(4.4a) o(t) = {2}*, =1- (- —\ (1i-l’sw<i). 


Retaining in the power series involved in o(¢) the first 6; terms only, we obtain 
a certain function o,(¢). Apply now the transformation 


(4.5) y(t) = e@Mtrtag (t) + a(t) 
to the given equation (4.1). It is observed that z(¢) will satisfy 
(4.6) 2(t) = ¢(d), 


where 


t The “right” boundary of W is that one of the two regular curves, forming part of the boundary 
of W, which appears on the right when the region W is faced from the origin. 
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d 

£) = Ava) — — [eeertag:(t) | 

(4.6a) : 

= ¢2()4-5(t) (| b(t) | < b;tinW), 

as can be seen from the developments given in (T2). The essential fact to be 

noted is that in (4.6a) 8 (=(@:)) can be made as large as desired by choosing 

8; sufficiently great. The function b(t) will, of course, be analytic in W (t¥ «). 

Suppose, for instance, that RQ(t)>0 interior to Wi. Let t denote the 

point where B, meets the circular part of the boundary of W. A solution of 
(4.6) will be defined as follows: 


(4.7) (0) = fo + f ¢(r)dr, 


(4.7) — f "t(n)dr. 


In (4.7) the path of integration is interior to W2 when ¢ is interior to W2s:and 
it is interior to W, when ¢ is interior to W;. This path is along B, when ¢ is 
on B,. In (4.7a) the path is along B,. We deliberately avoid using the notation 


(4. 7b) - 2(t) = foe (¢ in W) 


unless further qualifications are introduced. This is because, for ¢ in W,, there 
may exist paths (¢, ©) extending interior to W, for which the displayed in- 
tegral (4.7b) diverges. Formulas (4.7) and (4.7a) define a solution of (4.6) 
analytic throughout W (t# ~). 

If ¢ is in W, and there are no curvest 


ARQ) _ P 


— (¢ =| ¢| exp [(— 1)"26])t 


(4.8) 





between ¢ and Bz, we shall write 


(4.9) z(t) -(f + f scar ({e’| =|e#]). 


The first integration displayed here is along B:; the second is along an arc 
of the circle |r| =|¢|. With the aid of (4.6a) it follows that 


t The whole discussion here and in the sequel is given sufficiently far away from the origin so 
that no two distinct regular curves, under consideration, intersect. 

t All such regular curves have limiting directions distinct from those of the regular curves 
RQ(t) =0 (cf. (T:)). 
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dr 
gt 





(4.9a) | z(t) | < o( f+ f ero 7 |-8+2 


By taking #;, sufficiently great the inequality —8+2=0 will be secured. Since 
RQ(r) increases monotonically as 7 describes the circular arc |r| =|¢| from 
t’ to t, it is inferred that 





eRQ(r) | 7 |—8+2 


attains its upper bound, for the combined path under consideration, at ¢. 
Thus 


(4.9b) | a(t) | <8| acorss| ( f f ) 


As established in (T:) we have, when r=r exp [(—1)?6], is on Be, 
6 -— Bo = for~?/*¥ + fy tik 4+... (pan integer 2 1), 


dr 
9 








the series here involved being convergent for r27; (ri sufficiently great). 
Hence along Be 


(4.9c) | dr| = [r2(d0)? + (dr?) ]1/2 = (1 + gur-/* 4 gor2/k# 4 - )| dr], 
so that along B, 
(4. 9d) | dr| <g|dr|, 


where g ( >0) is independent of r and depends only on the curve Bz. Thus 








(4.10) f “ <iq ({¢’| =[¢]). 
On the other hand, 
(4. 10a) flee flFl- See cock, 

er | 7? elrl {al | ¢| 














since Zt’— Zt is obviously bounded when ?’ is on Bz and ¢ (|¢| =|¢’|) is any 
other point in W. By (4.10), (4.10a) it is inferred from (4.9a) that 


(4.11) | <(t)| <(g + 2')b | coco | 


when ¢ is in W, while no regular curves (4.8) are between ¢ and B:. In other 
words, if no curve (4.8) extends interior to W, the inequality (4.11) will certainly 
hold throughout W,. 

Suppose now there are regular curves (4.8) interior to W;. As indicated in 
(T:) there is just one curve (4.8) between B, and Be. Hence there will be only 
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one curve (4.8) interior to W;. Let Xo be its limiting direction. Then ¢ 


(4.12) a S Xo < fp 
and 
(4.12a) Xo = 3(Bi + Br). 


We need to obtain an inequality for |z(#)| when ¢ is in W, between the curve 
(4.8) (with the limiting direction A.) and the right boundary of W, (i.e., of W). 
(4.7), (4.7a) will now be written in the form 


(4.13) = ttnt(f +f, )roar (je| =[2]). 
Here ; 
(4. 13a) i= f ¢(r)dr 


with the integration extended over the circular part of the boundary of W; 
(to and ¢ representing the points where Bz and the right boundary of W 
meet the circular arc). The first integral displayed in (4.13) is along the right 
boundary of W. The second is along an arc of the circle |r| =|¢|. If B, had 4 
the same limiting direction at infinity as the right boundary of W, that is, i 
if 8, =a, a contradiction would necessarily follow, since it has been previously 
assumed that a1<82Saz. In fact, one would have 62:—8; (=8:—a1) Sa2—a1 
<1/l’; on the other hand,t 


kr 


l-—y 





Bb. — Bi = 


IV 


T 
l’ 


Hence, whenever there exists a curve RQ(t) =0 interior to W, a: >6;. We will 
have necessarily 


. ia. innate i ean SEeeo os 


l— V1 
a = cos («, + as) > 0. 


tycoon 


t RQ) =| go] [4] %"* cos (Ge, + a+ si o= 26 4 


and 


l-—y 


k 





® roW=- Lv, an. 
& RQ) = —|4n| 0] -29"(—"*) sin Qs SO) - 


mer 


Thus the limiting directions of the curves RQ (¢) =Oare the values of 6 for which cos (9, + ((/—11) /k)0) 
=0, while those of the curves (4.8) are the values of @ for which sin (9,,+-((/—v1)/k) 0) =0. 
t This is a consequence of an inequality stated in connection with (4.1a). 
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Accordingly along the right boundaryt of W ° 
(4.14) RQ(r) = a| qr,|| 7] /*(1 + ge) (2| q»,| > 0), 


where g,—0 as |r|—>~. In consequence of (4.14) it is inferred that there 
exists a number r(@) so that, for all ¢’ on m the right boundary of W and such 
that |¢’| >7(8), we have 


(4.14a) | area] < | oer(yy-*|, 
when 7 is restricted to the part of the mentioned boundary between é) and ?’. 
Whence, in view of (4.6a), 


t’ t’ 
sof |amrs||ar| so) aerwys| far! 
te te 


t’ 


f sear 


ty 











nates < by | e22(47-#44| (|1"| 2 r(8)). 
Take b’ (=b;), depending on 8, sufficiently great so that 
in < b’ | 66") (4")—B+1 | (| t' | < r(B)). 
We then have : 
(4.15a) | < b’ | E(t") (g") B41 | 
t 


for all ¢’ on the right boundary of W. 

On the circular arc (¢’, #) constituting the path of integration in the second 
integral displayed in (4.13), RQ(r) attains its upper bound at ¢ (¢ between the 
right boundary of W, and the curve (4.8) extending interior to W,). Thus by 
the same reasoning as before one obtains 


t 
f ¢(r)dr 
t’ 
If we apply the relations 
le] =le], eae] s] ee 


(4.16) < dg’ | ees-8+1 | , 








to (4.15a), in consequence of (4.16) we infer that 


( f + f soar 


where b’’ may depend on 8. When ¢ is between the right boundary of W and 
the curve (4.8) (extending in W,), we have 


(4.17) 








<b" | eacoy-# |, 


t Use is made of the fact that, if 6=f(r)(r=r exp[(—1)/20)] is the equation of this boundary, 
one has lim f(r) =a, asr> ©. 
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(4.17a) | e-Qcngstt| < | Oe (APH | << By” (j’| =[2]), 


where ¢’ has the significance indicated before and b/’ may depend on 8. With 
the aid of (4.17) and (4.17a) from (4.13) we obtain the inequality 


(4.18) | 2(t)| < be| e@e-#+1 | (b, dependent on B) 


jor t in the region specified in connection with (4.17a). In view of (4.11) it is 
seen that (4.18) is valid throughout W, in any case. 

When / is in W, there are the following four possibilities. 

Case 1. The regular curve (4.8) whose limiting direction is (6:+/2)/2 is 
coincident with the left boundary of W, or extends interior to W2. 

Case 2. The curve (4.8) mentioned in Case 1 extends exterior to W2, while 
Q2 > Be. 

Case 3. a, =, and there exists a regular curve 


(4.19) RQ(r) = — h(< 0),t 


with limiting direction 62, which is coincident with the left boundary of W2 
or extends exterior to W2. 

Case 4. a2 =, and for no hk (>0) is there a curve (4.19) satisfying the 
conditions laid down in the formulation of Case 3. 

In Case 1 one has 


(4.20) RO(r) = — a’| r|-”/*(1 + gg) (a’ > 0) 


where g,—0 as |r| — along the curve (4.8) under consideration. The func- 
tion z(t), as defined by (4.7), can be expressed as follows: 


(4.21) «a =(f +f ) s(erar (Jal =|¢)). 


Here the first displayed integration is along the curve (4.8); the second is 
along an arc of the circle |r| =|¢|. With the radius of the circular part of the 
boundary of W sufficiently great (but independent of 8), the upper bound of 


| eQ(r)-—B+2 | 


is attained at ¢, when r is the variable of integration in the first displayed in- 
tegral of (4.21). This follows from (4.20). On the other hand, along the arc 
(t:, 4), |exp [Q(r)]| increases monotonically, attaining the upper bound at ¢. 
Thus an inequality like (4.9b) is obtained. With the aid of a reasoning closely 
analogous to that employed in deriving (4.11) it is inferred that in Case 1 


(4. 21a) | 2(t)| < ay| e¢-8+1| (tin W2). 


+ Regarding such curves cf. (T2). 
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In Case 2, a relation like (4.20) will hold along the left boundary of W2. 
This follows from the inequality 8; >a2>(2. We express 2(#) as in (4.21) with 
the first integration involved there along the left boundary of W2. Making an 
assumption as stated in italics subsequent to (4.21) we conclude, as in Case 1, 
that (4.21a) holds (for ¢in W:) in Case 2 as well. 

In Case 3, —hSRQ(r) SO for 7 in We. Thus 


(4.22) e*<|en| <1 (r in We). 
On writing (4.21) with the path of integration as in Case 2, we note that 


| ¢Q(r),—B+2 
‘ 





< | t |-8+2 


when 7 is on the combined path of integration. In view of (4.21) one accord- 
ingly has (cf. (4.6a)) 


(4.23) | <(t)| < oleroe( f+ f) 


Inequalities (4.10), (4.10a) will hold with g and g’ having a meaning analo- 
gous to that previously assigned. Whence it is concluded that 


(4. 23a) | 2(t)| < (g + g’)b| ¢|-+ (tin W2). 


In view of (4.22) it is inferred that (4.21a) holds in Case 3, provided that we 
take 


dr 
7? 








a, = e(g + g’)d. 


In the remaining Case 4, RQ(r) will be monotonically decreasing along the 
left boundary of W: (as |r|>» along this boundary), provided that the 
radius of the circular part of the boundary is taken sufficiently great. Along 
any circular arc 
(ty, 2) (lal =[¢l), 
where #, is on the left boundary of W; and ¢ is in W2, RQ(r) will attain its 
upper bound at ¢. The repetition, then, of the argument of Case 2 will yield 
an analogous inequality for | z(é)|. 

In view of the statement previously made in connection with (4.18) it is 
now seen that (4.18) (with a suitable be, dependent on 8) will hold throughout 
W =W,+W.. If we write 


(4.24) 2(t) = e@“4yr+~z, (2) 
it is accordingly observed that 
(4. 24a) | zi(t)| < be’ | ¢|-*’ (p’ =B—1+7r'+w)t 


t r’=real part of r. 
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for tin Wi+Ws:. Moreover, B’— © with B;— ©. By virtue of (4.24) and (4.5) 
it is concluded that the following is true for every positive integer a. 

The problem formulated at the beginning of this section possesses a solu- 
tion y.(#), analytic in Wi+W, (t# ©), of the form 


(4.25) Yat) = e@srt"n,(t), 
where 
(4. 25a) Na (t) a a(t) (t in W, + W2) 


to a terms (cf. (4.4a)). Let a; be any integer >a. One has 
(4.25b) lat) — Valt) = Caya = C2 #*(ne,(t) — nalt)). 


With the aid of (4.25a) (stated for a and for a) it is concluded that the con- 
stant Ca,,« must be zero. To demonstrate this it is sufficient to let ¢ recede to 
infinity along the curve ROQ(?) =0, separating W; and W2, and to note that 
the last member in (4.25b) will then manifestly approach zero. Thus all the 
solutions y.(¢) are identical. Whence it can be asserted that (4.1) has a solu- 
tion y(t), analytic in W1+W, (t# @), of the form 


(4. 26) y(t) = e@¢rtn(t), 
(4. 26a) . n(t) ~ o(t) (t in W: + W:) 


(cf. (4.4a)), the asymptotic relations being valid in the ordinary sense. The above 
will hold also when RQ(t) >0 interior to W; and RQ(é) <0 in W2. 

We shall now consider briefly the case of (4.2a). The curves Bi, By will 
both be exterior to W = W,, or one of them will be coincident with a boundary 
of W,, while the other one is exterior to W;. One now has 


(4.27) Bi S a < ae S fe (as - a1 <= 5 Bi). 

Suppose first that RQ(#) <0 (interior to W:). If the regular curve (4.8) 
with the limiting direction (6:+ .)/2 is not exterior to W: the function z(é) 
(solution of (4.6)) will be expressed as an integral extending from infinity 
along the curve (4.8) to a point 4, (|4| =|¢|) and from 4 to ¢ along an arc 
of the circle |r| =|¢|. If the mentioned curve (4.8) is exterior to Wi, an in- 
equality for |z(#)| is obtained with the aid of an integration, extending from 
infinity to 4(|4| =|¢|) along that one of the two regular boundaries of W 
which is nearer to the curve (4.8) ; from #4 the path of integration is continued 
(away from the curve (4.8) towards #) along an arc of the circle |r| =| ¢]. 
With the radius of the circular part of the boundary of W; sufficiently great 
(this choice can be made independently of 8, 8:) it is observed that 
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Jar], [etre s| 


will be monotonically increasing along the specified paths, from infinity to ¢. 
With the aid of the reasoning previously employed in proving (4.26), (4.26a) 
for tin W:+W, the truth of (4.26), (4.26a) is again made evident in the new 
case under consideration as well; the remarks regarding the choice of path 
are to be noted. 

Suppose now that interior to Wi, RQ(t) >0. The following is observed. If, 
for instance, the right boundary of W, is considered, either 


(4.28) | er) 7-B | > «0 (for every B > 0) 
as |r|» along this boundary, or 
(4. 28a) | e267) 7-8 | —0 (for some 8) 


as |r|—> along the mentioned boundary. We have 6; Sa1 <a2 Sf». It is ob- 
served that (4.28) will holdf when a: >{;; (4.28) may hold even when a; =§). 
However, with a; =(;, the case (4.28a) will sometimes occur. Since the equali- 
ties 

a, = fi, a, = Bp 


cannot be satisfied at the same time, only one of the following two cases may 
present itself (when RQ(#) >0 interior W =W,). 

Case (a;). Along both regular boundaries of W; (4.28) is satisfied. 

Case (a2). Along one of the boundaries of W, (4.28) holds, while along 
the other we have (4.28a). 

In the Case (a;) if the curve (4.8) (between B, and B;) is exterior to W:: 
or is coincident with one of the regular boundaries of W,, the path of integra- 
tion is to be taken from a point on the circular part of the boundary of W, 
along that one of the regular boundaries of W, which is further removed 
from the mentioned curve (4.8). Along this boundary of W, integration is 
to be extended to #, (|4| =|¢|). The path is further extended along an arc of 
the circle |r| =|¢| from 4 to ¢ (¢ in W,). If, in the Case (a:), a curve (4.8) 
extends interior to W;, the path is taken from fo, the intersection of (4.8) 
with the circular part of the boundary of W,, to ¢. When ¢ is, for instance, 
between the curve (4.8) and the right boundary of Wi, the path is deformed 
so as to extend from ¢ along the circular part of the boundary of W; to the 
intersection with the right boundary of W;; the path is further continued 
along the latter boundary to 4, (|4| =|¢|) and from & it is finally extended 
along an arc of the circle |r| =|¢| to ¢. An analogous deformation is made 


when # is in W; to the left of the curve (4.8) under consideration. Given a, 


¢ Along the left boundary of W, (4.28) will certainly hold if a2<s. 
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however large, a solution (4.25), (4.25a) (¢in W1) can be obtained. The vari- 
ous solutions y,(¢) will in general differ by constants distinct from zero. How- 
ever, any particular one of the y.(¢) will maintain in the ordinary sense and 
throughout W, the asymptotic form of the formal solution. The latter fact 
is due to the relation 


ee) ~O (¢ in W,) 


which certainly holds in Case (a:). The above choice of the path having been 
made, the following property will hold. If || 27s (rs sufficiently great), the 
upper bound of |7~-* exp [Q(r)]|, for 7 on the path under consideration, will 
be attained at r=/. 

Consider now Case (az). Suppose, for instance, that (4.28a) holds along 
the left boundary of W:; let 8 (>0) be sufficiently great so that we have 
(4.28a). In this case integration will be precisely as in the previously dis- 
cussed case when W = W,+W2, where W,; and W; are separated by the curve 
B, along which RQ(t) =0, RO(t) >0 in Wi, and tis in W;, (cf. the developments 
stated in connection with (4.8)—(4.18)). One needs only to replace B, by the 
left boundary of W;. The result will be precisely analogous to the one ob- 
tained in the previous case. 

Consider now the following modified problem: 


(4.29) y(t) = tras), 

(4. 29a) Q(t) = polynomial in t'!*, 

(4.29b) a(t) = [t]* (t in R’), 
(4.29c) ee ~ 0 (t in R’). 


Here R’ = R(x, a2) (a1 <az) is a regular region (cf. Definition 3, §2). In view of 
(4.29c) it is not difficult to infer that not more than one curve (4.8) may ex- 
tend interior to R’. Hence the reasoning of the type employed in the text be- 
tween (4.27) and (4.28) is again applicable leading to an analogous result. 
An examination of the preceding developments of this section enables us 
to assert the following. 
Let the region W =R (au, a2) be subject to the condition 


us 
(4.30) O45 =~ < op 


and let the radius r’ of the circular part of the boundary of W be suitably 
great. With ¢in W and & (|4,| =| ¢|) on a regular boundary of W or on a regu- 
lar curve RQ(r) =0 or on a regular curve (4.8), as the case may be, the path 
of integration indicated in the previous discussion extends towards 4 
along one of the mentioned curves either from infinity or from a point 
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on the circular part of the boundary of W (as the case may be);} from 
i; the path extends towards ¢ along an arc of the circle |r| =|#|. The upper 
bound of |exp [Q(r)]|r|-7| (y>0), when r is on such a path, is attained at 
7 =t (at least for |¢| =r’’>r’). A similar statement (with y =0 and W replaced 
by R) will hold, with the condition (4.30) deleted, when the problem (4.29)- 
(4.29c) is under consideration. 


Lemma 3. Consider the problem represented by (4.1), (4.1a), (4.1b) with 1’ 
fixed. A solution of this problem can be evaluated as follows: 


(4.31) y(t) = f ‘Qz"[7] dr = 62(eyrto[z]* (t in W) 


(cf. Definition 4, §2), where 


l— vy 


(4. 31a) i-Feieet-—— <1, 


unless Q(t) =0, when w=1. For the problem (4.29)-(4.29c), with the leading 
term in Q(t) given by gt”!* (q¢#0; v’>0), a solution of the form (4.31) will exist 
for tin R’; in this case 


, 


Vv 
(4.31b) w=1- ; <3 


5. Formal solutions. Let R be a region of positive opening, referred to in 
§2 in connection with (i), (ii), (9a), and (9b). Thus, when 7 is interior to R, 
we have 


(5.1) RQi(r) S +++ S RQOm(r) < RQmsi(r) S -- + S ROn(r). 
Also 
(5. 1a) er) ~ 0 (i= 1,--+,m;r7in R). 


Let l’ be the number defined in the italicized statement made in connection 
with (3.10b), (3.10c). Finally, let W=R (a1, a2) (0<a1 <a2; a2—a1 <1/l’) de- 
note a subregion of R. 

Our purpose will now be to determine the coefficients of the series (2.12) 
(cf. (2.12a)), that is, the 


(5.2) Hh, +++, iE) 
(hy, +++, hn ZO; +-*> +h wasjul,---,s;0=1,2,---). 


{ In a certain case the path extends from a fixed point on the circular part of the boundary of W, 
along this part to the intersection with one of the regular boundaries of W and from there on along the 
latter boundary towards 4; from #, it is continued to ¢ along a circular arc. 
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For a =1 the functions (5.2) are seen to be of the form (3.2). With the aid of 
(3.2) the relations (3.5), (3.5a) were obtained; that is, the form of the 


(5.3) alii (r in R) 


was determined. 
Before proceeding further we note that, in consequence of (3.1), (3.1a), 


(2.30), and (2.30a), one may write 
(5.4) HMA, «sh it) = Do exe Uy, (2), 4 
A=1 ' 

where : 

b 
n t 
(5.4a) site > ghee “re. tlds, 
\,=1 

(5.4b) -vnalt) = [r]*, — Prralz) = [r]* (rin R). ‘ 
by 

Here the y,,;(r) and 7¥x,,,(r) are independent of #, ky, - - - , tm. For #=2 the A 

integrand displayed in (5.4a) has the form (3.6), (3.6a). Lemma 3, §4 is seen K 

to be applicable for evaluation of all of the integrals involved in (5.4a) for 

u =2 when tis in W. The integral displayed in (5.4a) for a =2 will be of the 





form ; 
(5.5) exp [410,(t) +--+ + hnOn(t) — On(t) |thirits+thmtm—ry+0+ p+ [¢ | * 


when ¢ is in W. Here wz is taken the same for all of the involved terms in 
(5.4a) for a =2; we is rational and w,<1. It can be asserted that c,(#) has the 
form (5.5) when ¢isin W (and a =2). Substitution of these forms in (5.4) (for 
H# =2) will yield, in view of (5.4b), 


2h, «++ iit) = exp [MrQi(t) + - - + HmQm(t) thirst hmrmtw, [f]* 


oho oye . 


(5.6) 
(In,--+ +, hm 2O; i + -++ tHhyn = 2;7 =1,-°+,n;tin W). 

Here wf =w+p+we. On taking account of (3.2) in view of (5.6) one may 

write 4 


ker yte + phn Pmt (vr—1) wy ¢ 
[7] 


5.7 rMk yt ,+++ sky” sa(T) = EXP [y'Qi(r)+ » ++ +Rm’Qm(7) |: 
- (rin W; ki’, +--+, Rm ZO; RV +--+ + kw" =v,3;0 =1,--* , 3», = 1,2). 
We shall now substitute (5.7) in (2.26) (for 7 =3). If the equalities of (2.16b) 
and (5.7) are used it is inferred that 


ta 


(5.8) Il +++ = exp [5:Q,(r) ao SmQm(7) [rditrte st omrme? Cr arig Iw, [7]*, 


r=1 
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where 

(5.8a) (Ya, ta) = >> (v — 1) = Ya — ia: 
r=1 

The symbol 


}¥ ye (5; - adi) 


’ 
ee a Se 


(cf. (2.16b)) applied to the product (5.8) will yield a function 
(5.8b) F = generic form of the last member of (5.8) (rin W). 
In view of (2.24) and (2.19b) (where a =3) 
Og +++ + nde = hg (gq =1,---,m); 
WE tw =H Sit > t= 2,3. 
Accordingly, in consequence of (5.8b) (with 6;=.6,) and (5.8a), one has 


(5.8c) 


65. aq) LL Fe! = exp [isQsle) + +++ + hn Qn(e) Jorrt-thermr oie] 
, a=1 (s= ip +--+ + ig;7in W). 
Since without any loss of generality one may consider that w/ =0 and since 


the only values that s may assume (when # =3) are 2 and 3, it is concluded 
thatt 


(S.9) Ir = exp [InQi(r) +--+ + dmQm(z) |rbirst--thmrmpes[s ]*, 


We next write 


Bia,°** elim . 
| ae iV gees Ynizbase*%ondm — F2iy,+++,6n | AY 
(5.10) tines anitestntm = Hines LY 


generic form of last member of (5.9). 


Next it is noted that the first summation symbol of the last member of (2.26) 
is defined by (2.24), (2.19b); this summation is extended only over the sub- 
scripts of the left member of (5.10). The generic form displayed in (5.9) does 
not contain these subscripts. Hence, for 7 in W, 


(5.11) aor = » gy ihn = generic form of last member of (5.9). 
Assume now that, with a rational wy, > ws (wy-1Sw+p+1) and for r inW, 
one has 


f r@-eer! = 70! - (2-2)! = 7% [7] since (2—s)w2’ is rational and <0. 
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— = exp [ 2101(r) +--+ ImQm(7) |rharits ++ hmrms (a— Vhs [7 | * 

(hy,--+ hm ZO; tg +--+ thn =q+1;j=1,---,n), 

@%hy.°++ gt aT) = exp [ kiQ3(r) +.eet RmOm(r) |rkitsts + +kmrm a-ha [7 | * 

(ki,-++, km ZO; ki +--+ +hn =g;a=1,---,n) 

for g=1, 2,---,#—1 (423). For 4 =3, that is for g=1, 2, relations (5.12) 

and (5.13) have been established previously in (3.2), (3.5), (5.6), and (5.11). 

Substitute (5.12) with g=4—1 in (5.4a). The integrand there displayed 
will be of the form 


(5.12) 


(5.13) 


(5.14) eer 7 |* (7 in W), 

where 

(S.14a)  Q(r) = MQi(r) +--+ + UmQm(t) — Q(z), 

(5. 14b) r=hyit--> + hntm—ntot pt (a — 2)wa-r 

with 

(5.14c) hy, > ++, Am2O0; Mt + tha =H (23). 

In view of (5.14c) and (5.1) it is inferred that, for \>m, one certainly has 
2) ~ 0 (r in W). 


When A S<™m, Q(r) will be a linear combination (with constant coefficients) of 
(5.15) Qi(r),-- + , Qm(r) 


only. With (3.10b) denoting the leading terms of the polynomials (5.15) 
it is recalled that 1’ was defined as the greater one of the numbers /,/k; 


(¢=1,---, m). Thus, when AS™m, Q(r) is of the form (3.10) and, unless 
Q(r) =0, there will be a leading term, 
grrr (qr, ~ 0;1 — 1 > 0), 


present in Q(r); moreover, we shall have (/—v,)/kS/’. It is accordingly seen 
that, when A<™m, Q(r) will be a polynomial of the variety of polynomials 
involved in the integration problem (4.1), (4.1a), (4.1b). On the other hand, 
when A>m, since exp [Q(r)]~0 (7 in W), it is observed that Q(é) will be a 
polynomial of the type which could occur in the problem (4.29)-(4.29c), pro- 
vided one lets R’=W. Thus Lemma 3, §4 is applicable for evaluation of the 
integrals involved in (5.4a). With the aid of this lemma and in view of (5.14) 
we conclude that we may write 


t 
(5.16) f (integrand displayed in (5.4a)) = e@(¢r+~a[t]* (tin w), 





sane Qi ee ae 


ROR mR ee hs UN IIE NTN 























1937] NON-LINEAR DIFFERENTIAL SYSTEMS 257 


where wy is rational and wy <1. The functions c,(é) (cf. (5.4a)) will be all 
of the generic form of the last member of (5.16). Hence, in view of (5.14a), 
(5.14b), one obtains from (5.4) and (5.4b) 


Hh, +++ shi) 


(5. 16a) me yA exp [2:0,(t) +--++ haQm(t) ]ehitcte them 2) ug tug [¢]* 
A=1 
(tinWjit---+h,e =H;j =1,---,n), 
where wy =wt+p+wy Sw+p+1. Let wy be the greater of the numbers wy 
and wy-1. Necessarily wy will be rational and wy Sw+p+1. On noting that 


{H—2) (wip-s—wy +o —w = [f]q, 
in view of (5.16a) it is inferred that, for ¢in W 
(5.17) wmig.-++shm ig) = exp [AiQr(t) + + ~~ + BmQm(t) thiretss therm Dwg [p]*, 


This, however, implies that (5.13) holds also when a is increased by unity; 
that is (5.13) holds for g=1, 2, - - - , #, provided that in (5.13) we write wy 
in place of wy-1. This is possible for g=1, 2, - - - ,#—1 because wy_1—wy is 
rational and non-positive. 

To determine the form of 44:T' "= use will be made of (5.13), with 
wy-1 replaced by wy, and of (5.17). Substituting the known forms of the 


on...:j(2) (=1, 2,--- ,) in (2.26), where a is replaced by #+1, one obtains 
(5.18) II - ++ = generic form of the last member of (5.8) (w2 replaced by wu). 
r=1 


Here (5.8a) will hold. The summation symbol, displayed subsequent to (5.8a), 
applied to the product (5.18) will yield 


(5.18a) F,/ = generic form of the last member of (5.18). 
By virtue of the relations (2.24), (2.19b), where # is replaced by #+1, one has 
10g + --- + ndg = hg (q=1,---,m); 
it tr St Etlat--- +s = 2,3,---, a+. 


Thus from (5.18a), where we put 6;=.6;, and in view of (5.8a) it is inferred 
that 


(5.18b) 


Ire = exp [A101 (r) + nae + ItnQm(r) |rbiritss therm, A +1—2) wy [7|* 


a=! 


(5.19) = exp [hnQa(r) +--+ + RinQmn(r) |rbarets+hmrmy 1)! [| 


(s=ii+--- +i, =2,3,---,a+1;rinW), 
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since wy, 20 and wy is rational. The functions (5.10) will have the generic 
form of the last member of (5.19). In view of this fact 


hy,o*+ hm ( hyse+ shim 
H4i0'; = > A ee 
(5.20) = exp [MiQi(r) + << ~ + AnQm(r) |rharetes therm Ot) [7] * 
(r in W), 


since the summation here involved is only with respect to the subscripts of F. 
We accordingly conclude that relations (5.12) and (5.13) will be certainly 
valid for #=3,4,--- whenrisin W. The numbers wy are rational and 


(5.21) Os w! Swi S---Swot+ptt. 


Lema 4. Let R be a region of positive opening (cf. Definition 3, §2), re- 
ferred to in §2 in connection with (i), (ii), (5.9a), (5.9b). As a matter of notation, 
within R we have (5.1) and (5.1a), the Qi(r) (¢=1, - - - , m) being the polynomials 
involved in the formal matrix solution (2.5) of the linear differential system(LAj), 
§2.+ The highest power of r actually present in Q;(r) being designated as r'i!* 


we let l’ denote the greatest of the numbers 1;/k; (i=1, --- , m). Let W be of the 
form R(a, a) (cf. Definition 3), where 

(5.22) _ O<a—a<r/l', 

and be a subregion of R. The system (A), §1 will possess a formal solution 
(5.23) s(t) = 19) + avid) +--- + VO +--- G = 1,2,---,#), 
where, with cy, C2, - + - , Cm denoting arbitrary constants, 


ky ke len 
ry) = C1 Co + * Con MR ys hgs-+ sk Hl 
(5. 23a) y(t) oe. 1 Nk ks km ii ) 


(hi,-+ +, km [Oj kit het: ++ thm =v; fj =1,--+,m). 
In (5.23a) the coefficients are functions which for t in W, have the form 
(5.24) smey,-+-skm s(t) = exp [iQi(t) + - >» + RmQm(t) Jetrete--+Amrmpo—Dws [2], ,) 


(cf. Definition 4, §2).t The w/ satisfy the conditions stated in connection with 


(5.21). 
Note. A function [#],;.) involved in the second member of (5.24) satisfies 


an asymptotic relation 


[t]oc) — {th ow) (¢ in W) 


t This system is identical with (LA), §2 and is the linear system associated with the non-linear 


problem (A), §1. 
t It might happen that g(v) > © asy. 


—— 


or Ae TOE 
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(cf. Definition 1, §2). The formal expression {t} ,) contains power series 
(generally divergent) of the form 


po + pit! *» + pot-2/*» +. -- (k, an integer > 0). 


The k, (v=1, 2, - - - ) may approach infinity with ». 

In general the series (5.23) will diverge. 

6. Transformations. With Lemma 4, §5 in view, consider the trans- 
formation 


(6.1) yi(t) - Y ;(t) + p;(t) G = 1, oe n), 
where 
(6. 1a) Y ;(t) = ryilt) + ays(t) +--+ + w-iy;(t). 


Here the ,y(t) (v=1,---, N-1;j7=1,---, ) are the functions (5.23a) and 
(5.24). N is a fixed positive integer (which may be taken as large as desired). 
This transformation is to be applied to (A), §1. 


We let 
(6.2) la| <e’ (c’ >O;%4=1,---,m). 
Denoting the part of a region G for which | t| =r’ by G (|t| =r’) we observe that 
(6.3) | V,()| <p’ [j= 1,---,n;tin W(|t| 27], 
where 
(6. 3a) 0<p' <p, 


where. is the p of (1.2), if r’ (depending on N and c’) in (6.3) is taken suffi- 

ciently great. In order that (6.3) hold r’ may be taken independent of N, 

provided c’ (depending on N) of (6.2) has been taken sufficiently small. 
Substitution of (6.1) in (A), §1 will yield 





(6 4) t-?p i (t) sana L(t, PR°**s Pn) a e-eY (t) + L(t, Yi, cae Y,) 

+ gilt, ¥i + pr, >> +, Yn + pn) Gj=1,---,m), 
where 

gilt, Y; + Pl," ** ) = qilt, VY, igs Y,) 
(6.4a) De tages rt) - - - pn") 
(vy,2 0, --- sn ZO0;n+rt+::- + yy, = 4, 2,--+), 
Ort ten 
“+ Yn !aty,,---,0n:i(6) _ qilt, ya" **s yn) | 
O41 nS O"""Vn 

(6.4b) 


(y1 - Y,(2), ee te Y,,(2)) 
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(cf. (1.1b)). In view of (6.3) and the convergence conditions satisfied by the 
series (1.1b), the series (6.4a) with 7 =1,---, m are absolutely and uniformly 
convergent for tin W, provided 


(6.5) | x(t) i, Pe oi | pn(é) | s p”’ 
where 
(6.5a) O<p”<p-p?’, 


with p’ defined as in (6.3a). 
We may write (6.4) in the form 


Pp) (t) a L(t, Ply" * "yy Pn) - Gilt, Ply" *"*s Pn) _ F(t) 


_ G= i,-°: n), 
where 
(6.6a) Gi = Do etnyy-essonsa(t)pi® «+ pa 


Pyteestenzl 
(cf. (6.4b)) and 
(6.7) F(t) = ?Y (@) — Lt, Vi, +--+, Vn) — gilt, Vi, - ++, Vn). 
To determine the form of F,(é) we first note that, by (2.23a), 
6.8) a ¥urs Y= Dates ewe). 
H=2 hyt++++hm=H 


We now recall that the functions 


(6.9) a" ""(), 
referred to in §5, depend only on the functions 
(6.9a) ok, +++ slg 3b) 


of rank less than a (cf. Definition 5 and (2.26)); the functions (6.9a) have in 
W the form (5.24). It is clear that the function (6.8) can be given by the ex- 
pression g;(t, y1,---, Yn) (n()=s(4),---, yn(t) =s,() the formal series 
(5.23)) provided that in the latter expression all the functions (6.9a) with 
rank equal to or greater than WN have been replaced by zeros. Hence, in (6.8), 
one has 


phyyere 


(6.10) , ie CT in 


in the second member of (6.10) the functions (6.9a), for which v= N, are replaced 
by 0. In view of the statements in connection with (6.9), (6.9a), and (6.10) 
we have 


ee 


alien 


7 

















nae - 
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mt) (a = 2,3,---,N). 


(6. 10a) ap") = a 
For #>WN (6.10) will, in general, not hold. However, in view of (2.26) and 
in consequence of the indicated connection between the coefficients in (6.8) 
and the functions (6.9), it is inferred that, for ¢in W, 


thy, 


T; “em (gy = generic form of Pe t) 
= exp [MQilt) + - ++ + AmQm(E) thiret ss +hmrmg 2). [2 ]* 


for all values of the subscripts and superscripts (cf. (5.20) and (5.21)). 

In view of the developments of §2 and in particular in consequence of 
(2.13) and (2.14) we see that if in the second member of (6.7) one replaces 
the Y; by the y;(¢) (formal solutions referred to in Lemma 4, §5), respectively, 
this member can be formally expanded as follows: 


oe 
H ( 
(6.10b) 


(6.11) > Zz a v— ng ee 7 


ym? kyte phi 


where 
a) 


(6. 11a) wNky++ skit) = a oy ()) —I;(t,--*)- Jv; 
From the definition of the functions (6.9a) it follows that 
(6.11b) wNkis-+ km ft) = 0 


for all values of the subscripts. 
If in (6.11) the functions (6.9a) of rank = WN are all replaced by zeros we 
obtain an expansion of (6.7), 


oe 


(t). 


(6.12) r= > S at++> hab 


ve? kyte seth 


rhy,eee 


(6.89a) Reward mF sro tglld — -*+) = 3, 


where the functions (6.9a) are replaced by zeros for v= N. Thus, by (6.10a), 
(6.11a), and (6.11b), 

(6.13) Nkss++shim s(t) = ody-++sbgrs(t) = 0 (» = 2,3,---,N—1), 
(6.130) Niel) = — OT) @=N,N+1,---). 
Thus F;(¢) is representable by 


(6.14) —~pet FS a So. 


v2N kyt++++km=y 


In view of (5.21) one may replace wy-1 in (6.10b) by 
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(6.15) o=wtptti. 


Since 
[e]* < | ¢|te, 


where £ is positive, however small, the inequality being inferred from Defini- 
tion 4, §2, we accordingly obtain 





(6.16) [re OD | < gegsee stent) | #[- +80, (tin W), 
where 
seek (t) = RiQu(t) + + + + + RmQm(t) jet et sss +kmrm 

6.160) Str rretnl®) = exp [hiQs08) + ++ + bn Qe(t) eb 

(rn = 11 +O, ++ Tm = Fmt). 
Hence by (6.2) and (6.14) we have, for ¢in W, 
(6.17) | Fy(t)| < ko(c’)¥ | te] Sg ee ea (f) 

keys + +hm=N 


(cf. (6.16a) and (6.15)), where kp is a constant independent of c’. 
In the series (6.6a) the coefficients are given by (6.4b). In view of (1.1b) 
it accordingly follows that 


vty yatan 


(6.18) eyeamitl) = SE sdretdnersensda(DCr +++ Oh Y;'()--- 2), 


where 
(6.182) = 1 2, ++ We ZO; MH +m ZS2—(+--- +m). 


Since, in W, Y;(t)~0 (i=1, - - - , m) and since by (6.18a) for m+ - - - +»,=1 
we have Ai+ --- +A, 21, it is inferred from (6.18) that 


(6.19) Oy, ---mit) ~O (tin Wen+--- +, = 1). 
Furthermore 

(6.19a) Oly,,0++,pn:g(t) = jo,,-+-,on(b) A §Br,,-+,0n(8) (yn +--- +» 2 2), 
where 

(6.19b) iBr,.---nt) = So ---~0 (tin W). 


Ait: as *+h,21 


By (6.19) equation (6.6) may be written in the form 


(6.20) tp) (t) = F(t, Pl," "yy Pn) ad qi (t, Pl," ""y Pn) = F ;(t) 
(j= 1,---,%), 


where 





we 








ones mmreaiicen Sean _ 











a 








— eg . 
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(6. 20a) qi(t, Pl," " "4 Pn) na ps Oy, ,-+-yn:(8)P1 an pn 


Wyte e+ on22 


(cf. (6.19a), (6.19b)) and 
(6.20b) I*(é, Py ***s Pn) sical 1;(t, Ply" ** Pn) (in t for ¢ in W).t 


Lemma 5. The transformation (6.1), (6.1a) applied to the non-linear system 
(A), §1 will yield a system (6.20). In (6.20) 1,* is linear in pi,--- , pn, the 
coefficients of pi,--+, pn being analytic, for t~ ~@, in W; moreover, (6.20b) 
holds. The q;* are given by (6.20a) and have coefficients analytic for t in W 
(t# ©). The series (6.20a) converge absolutely and uniformly (for t in W 
(|¢| =r’) and provided (6.2) is satisfied) whenever the inequalities (6.5), (6.5a) 
hold. The F(t) are analytic in W (t# ©) and the |F;,(t)| satisfy in W inequali- 
ties (6.17). These assertions are made under the supposition that p’, r’, and c’ 
(of (6.2)) have been selected so that inequalities (6.3a) and (6.3) hold. 


7. The First Existence Theorem. We shall write for brevity 
Gh y,++-skm int) = Exp [RiQa(t) + - ~~ + RmQm(t) ]etstrt--+hmim 


7.1 
( (7; = 75 + h) 


and, with »>0, 


(7. 1a) quin(t) = 2! Wyss (| 


(ki 20,°-+, km ZO; Ri t+ ++ thn =). 


If we recall that Q;(r) =qer'/*#+ --- (i=1,---, m), where g:*0 and 
1;/k;>0, and take account of 


(7. 1b) RQi(r) S RQ(r) S - ++ FS RQn(z) (r in R),t 
it is inferred that necessarily 

l l LK & Ten 
(7.2) a Se See ee 

ky ke he Ress Rm 


where 1<m<™m. In fact, if the contrary were the case, for some »(1 S»<m) 
one would have 


Ly4t 





&, 
a2 —< 
(7. 2a) . 


Ry4t 


We shall write 7 =angle of r. Let 7=7» be some ray, interior to R, with 7> 


T (6.20b) is to mean that J;* —1;=),(é)pi+ - - + +0n(é)pn, where b;(t)~0 for i=1,- ++ , m and for 
tin W. 
t Ris the region of Lemma 4, §5. 














264 W. J. TRJITZINSKY [September 


distinct from the limiting directions of the regular curves bounding R. Sucha 
ray exists since by hypothesis R is of positive opening. We have 
Lyaa 


t l, - , 
rv, = cos (<. + rag) < 0, Avg = Cos (as + 7) <0 
k Roast 





(7.3) 
(Qs = 2 qi35i=1,---,m) 

since the above cosines can vanish only when 7» is replaced by the limiting 
directions of the regular curves 

RQA7r) = 0, RQ41(7) = 0, 
respectively, and since in R 

er) 0, eur) WY, 
Now (7.1b) necessitates that along 7 =7» we should have 


eed oe S| grr] Maal 7 





ly+i/ kyt1 +.--- : 








qv 
that is, 





| Qe qrst| Negroes (a> 0), 


which can be seen in view of (7.2a). In the limit, as |r| > along the ray 
7 =7o, this will yield the inequality 





AY |rle+---< 


0s | qr | ae 
which contradicts (7.3). Hence (7.2a) is impossible and the truth of (7.2) 
has been made evident. 


DerFinitTion 7. Let R be a region of the type specified in Lemma 4, §5. Let 
W be a subregion of R of the character indicated in the same lemma. Thus, 
W =R(au, a2) (cf. Definition 3, §2), where 0<a2.—a,<7/I’ (cf. (7.2)). Let W; 
denote a subregion of W of the form 


(7.4) W; = R(ay + &, ae — &) (E > 0 and sufficrently small) 
where the two regular curves bounding W; are the rays 
Lt=a+t, Lt=a,—£é (lt] 2 rf), 
res pectively.} 
In consequence of the definition of W; we have 


l 
(7.4a) — | ge| 005 (4s + 4) Be =e) >0 (i= 1,-+-,m) 


1 
for rin W;. 


t The rest of the boundary of W, consists of an arc of the circle |t | =r ; 





a ae 
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DEFINITION 8. If G is a regular region such that, whenever t is in G, all the 
points of the ray Zr= Zt (|r| =|t|) necessarily belong to G, and if g(r) is 
positive and defined in G, it will be said that q(r) is monotone in G, provided the 
upper bound of g(r) (Zr= Zt; |r| =| t|) és attained at t for every t inG. 

Lemma 6. Let W; be a region as given in Definition 7. With 

Or) = ger" +--+ (| qe] #0;8=1,--- ,m) 


(cf. (7.2)) and with e=e(£) denoting the number involved in (7.4a), let v(é) be 
the least integer equal to or greater than 


(7.5) etlal ot: <>, 
€ 

Write 

(7.6) rAk,,-++,4rsa(7) = | Qk,,+++,kaysh(7) | | e-Onlr) 77> | 


(cf. (7.1)), where 
(7.60) b20,--:,k- 20; bj+--> +h =vZ ve); X1=1,2,---, 8. 


There exists then a number r' =r'(é, h), independent of d, ki, - - - , ku, such that 
the functions (7.6) are all monotone (cf. Definition 8) in W; (|t| =r’). 


To prove this lemma first take r’ =r; ,, sufficiently great so that the functions 
(7.7) | e%(rrz7i | (Gj =1,---,m), 
(7.7a) | exp [Q.(r) — Qa(r) Jr7-* | (ism;i<n) 


are all monotone in W; (|t| =r’). The possibility of such a choice follows with- 
out difficulty if we note that in W; 


(7.7b) RQ(r) < 0, RQi(r) — Qx(r)) < 0 


for the values of the subscripts indicated in (7.7), (7.7a), while on the other 
hand the following is true. If 7, denotes the limiting direction of any one of 
the regular curves 


(7.7¢) RQi(r) = 0, RQs(7) — Qr(z)) = 0 GSmM;iSm;i<nr, 


then, for r (with 27 =7) in W;, we have |7:—7| =¢() >0. 
In view of the statement in connection with (7.7) we infer that the func- 


tions 
(7.8) | Gry.-+-,9q:a (7) | (v4 = 0, “* * ot = 0) 


(cf. (7.1)) are monotone in W;, (|t| 2r’),f these functions being expressible 


t The statement in connection with (7.8) can be made also when m is replaced by m. 
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as products of non-negative powers of functions monotone in W; (|¢| =r’). 
Let \>m. By (7.6a) some k; (¢<m) will be positive. Thus, if we write 


(7.9) rAk,,+++,esa(7) = | Qky,+++,kimy+++ kesh (7) | | C2 QM Ar | , 


we observe that the statements made in connection with (7.8) and (7.7a) 
are applicable to the two factors of the second member of (7.9). Hence the 
functions (7.6) with X>m are monotone in W; (|t| =r’). 

Suppose \=m and k, >0. Then 


(7.9a) rAk,.-+- az a(T) = | Qkey.+++ kyle ke ta(T) |. 


The statement in connection with (7.8) is again applicable, and the functions 
(7.9a) (ASM, kx >0) are seen to be monotone in W; (|t| =r’). 

Suppose Xm, k,=0, and some k;>0 (i<d). We then write (7.9) and 
demonstrate, as before, that the functions (7.6) are monotone in W; (under 
the conditions just stated). 


It remains to consider the case when \<m and ki =ke= --- =k, =0. Nec- 
essarily one must have \<™m since otherwise k,+ - - - +k; =0, contrary to 
(7.6a). One may write 
(7.10) Ax,,---ega(7) = | e@(T){—Th thy TrA41++ + -+hmTm |. | Go,+++,0: tnat—aasa,-++ kg —g(7) |, 





where 

(7.10a) Inn 20,°+* A> ZO; Ing +--+ tha = vO; Sk 
(G=X+1,---,m) 

and 

(7.10b) Q(r) = — On(r) +hreiQrgil(t) + ++ + haar). 


Sets of integers (Ay41,---, 4a), satisfying (7.10a) exist if (7.6a) is assumed 
(as it now is). Moreover, there is only a finite number of such sets. The second 
factor in the second member of (7.10) is monotone in W; in consequence of 
the statement in connection with (7.8). It will be necessary to consider the 
other factor. The real part of the function (7.10b) is of the form 


(7.11) RQ(r) = g(7) |r|" +---, 
where 


a. 7 slole esr 


+ [— Iasi] g4r| cos Gul’?) — --- — d| gu| cos Ga +77). 
By (7.4a) and (7.10a) 
[+++ ] = (angi +--+ + hme = v(be. 














Sg 
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Thus from (7.11a), in view of the definition of »(¢) given in Lemma 6, we get 


(7.11b) — g(r) = o(Se—|m| = etlal | —|a|=e (7 in W,). 
€ 


If (7.11) and (7.11b) are used it can be shown that 


RQ(r) = 7) | 7/"(A + ¥(| 7], 7)) | 2 (8 > 0), 
where |y(|7|, 7)| <v(r in W;). Hence there exists a number 
(7.12) r = r(t, h; Iyas,..., hin) 


such that the factor of the second member of (7.10) is monotone in W; 
(|¢] =r). By virtue of the italicized statement subsequent to (7.10b) it is 
concluded that the lemma holds, with r’ =r’ (é, #) defined as the greatest of all 
numbers (7.12) (A=1,---,#—1; M41, ---, 4a such that 41:20,---,h,20 
and Angi t --- +ha=v(é)). 

Consider now the functions (6.20a) ; they are represented by series satisfy- 
ing the convergence conditions stated in Lemma 5, §6. Write 


(7.13) | ps| < o*, | w.| < w* (¢=1,---,m), 
where 
(7.13a) p* + w* <p”. 


We then have |p;| <p’’, |p:+wi| Sp’’ ((=1, ---, 2). With the conditions 
of Lemma 5 satisfied one may write 


“ qi 
qi'(t, Pi + Wi1,°°* 5 Pn + Wn) 298 qi (t, Pl," *"*y Pn) - ‘ae Ws 

t=1 Ops 

(7.14) +> zz Qitry-+-rnW1 a Wn 
(vy, 20,---,m20;n+--- +», = 2), 

where the functions q;.»,,...,», Satisfy 
(7.15) | Qi01,---ml S @’ 
provided (7.13) and (7.13a) hold. In view of the character of the coefficients 
Qy,,---,», i(é) in the series (6.20a), it is seen that g’ can be selected as a con- 


stant independent of ¢. Since in (6.20a) + --- +v,22 it follows that 


oq} ‘3 k kn 
= pm Ok, ,+++ kn) P1 "as Pn . 
Ops kytee-thn2l 


and, by (7.13), 
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- dq; We wes 

(7. 15a) roa < q''p (q’’ independent of #). 
Pi 





By (7.15), (7.15a), and (7.13) 
(7.16) | g(t, pr + wi,---) — g#(t, a1, -- +) | < ng"p*w* + g(w*)? 


(q independent of #). Thus the following is true. 
Let t be in W (|t| =r’) (cf. Lemma 5, §6). Assume that (7.13), (7.13a) are 
satisfied. Then 


| g(t, Pit Wi,°** 5 Prt Wn) i qi*(t, ,*** » Pn) | 


(7.17) a oe. 
< (q'p* + qu*)u*, 


where q', q are independent of t. These inequalities will continue to hold when 
the p; and the w; are functions of ¢, provided that the inequalities (7.13), 
(7.13a) continue to hold. 

With the aid of the systems 


—p (1) 
t "pj: x(t) —_ LF(t, Pl:ky * * * 5 Pn: x) = q(t, Pl: k—-1, °° * 5 Pn: k—1) sane F(t) 


(7.18) . 
G=1,---,n;k=0,1,---), 


we shall seek to determine in succession the functions p;:, (j=1,---, m; 
k=0,1,--- ). In (7.18) let 


(7.19) pj:-1 = 0 (j=1,---,m). 
Write 

(7.20) Pi:k — Pj:k—-1 = Wyk Gj=1,---,#;k=0,1,---). 
Thus 

(7.20a) Pick = Wot Wirt +: H Wye. 


The set (7.18) is equivalent to the sequence of systems 


—p (1) 
(7.21) t wy.o(t) — UP (t, io, * » Wao) = — F; (2) G=1,---,n), 
—p (1) 
(7.218) ‘ "we alt) — UPC, wisn ++ 5 Wer) = Ber 
P G=1,---,n;k =1,2,---), 
where 
(7.21b) Sick = QF (t, pr:n—o Wi: k-1, °° 5 Pn: k—~2 HH Wa: 1) 


— qi (t, Pl: k—2) °° * 5 Pn: h-2)- 


Under suitable convergence conditions the series 





25 a 
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(7.22) p(t) = wjo t+ Weit--- Gj =1,---,) 


will constitute a set of “actual” solutions of the transformed system referred 
to in Lemma 5, §6. 

In view of (6.20b) it follows that, from an asymptotic point of view, the 
solutions of the linear system, obtained from (6.20) by replacing the second 
members by zeros, are identical with the solutions of the system (LAj), §2. 
Thus the systems (7.21), (7.21a) may be written in the form 
(7.23) w;-2(t) = D> (er ey") (j=1,---,#;k =0,1,---), 


hat 
where 
et n t 
(7. 23a) Ps “t) as > Lr: pO DEAF OF PE RUN (5) dr, 
A,=1 
Here 
(7.23b) gi0 = — F,(t) 


and 

(7.23c) y(t) = [t]*, 2PY’@ = [¢]* (tin W). 
In view of (7.23c) 

(723d) | y*4(Z) |, | pr(t) | <| ely (’ > 0;¢in W). 


Thus from (7.23) and (7.23a) it follows that, if | g;..| Sg. (j=1,---,), 
n t 

(7.24) | wy elt) | < my? dD | er Mente’ if gx | en e-ntetee’ | | p-1-e'dz | 
A=1 


for tin W and provided the integrals involved in the second members of (7.24) 
exist. 

Henceforth, unless the contrary is stated, ¢ and r will be in W; (cf. Defini- 
tion 7) and we shall suppose that all the previous results (including equations 
(7.21), (7.21a)) have been established with m replaced by m, where m is the in- 
teger occurring in (7.2). Moreover, we shall take N =v(é) (cf. Lemma 6). 

By (7.1a), (7.1), and (6.17), 


(7.25) | Flt) | < got(r) = Ro(c’)® | + |-%*8qw. a(7) (@=o+ptl)). 


In view of (7.25) and (7.23b) it is seen that the function, obtained by dis- 
regarding the factor |r-!~’dr| in the integrand displayed in (7.24) (k=0), 
_is less than 


(7.26) [Ro(c’)* | x |&*2*’ ][qy-a(r) | eaPze-at | ] = i*(7) (r in W;). 








270 W. J. TRJITZINSKY [September 


In consequence of (7.1a), (7.1) 


(7. 26a) is*(r) = Ro(c’)% qu: no(7) | ETO Crathe) | , 
where 

(7.26b) ho = G+ a, ao = (E + 2e’)/(N — 1). 
By (7.6) 


(7.260) iG) = be” Dae aa 
(kit---+ka = N 2 r(). 


From (7.26c), with the aid of Lemma 6, it is inferred that i,*(r) is monotone 
(cf. Definition 8) in W; (|t| 2r’(E, ho)). 
In the sequel, whenever t is in W; and r is the variable of integration, the 
path will be selected along the ray 
Lr= Zt (|r| =e). 


The integral displayed in (7.24) (for &=0) is less than 
. 1 

(7.27) ite f |r|“ | dr| = — i | t|-* 
€ 


when ¢ is in W; (|¢] 2r’(, ho)). With the aid of (7.24) (for k=0), (7.27), and 
(7.26a) we obtain 


24,2 


ny 
(7.28) | wizo(t)| < weF(t) = wo| t\—gv:ng(t), wo= = bale)" 


(Gj =1,---,n;tin We (|t| = r'(E, ho)). 








Write 
1 
(7.29) hy = ho + a, aot ao + 2¢’) 
(cf. (7.26b)); 
n>y2 
(7.29a) w= — (6=q(1+ p") +49) 
€ 
(cf. (7.17)); 
(7.30) T(t) = wowsgn: a,(t) 


(cf. (7.28), (7.1a), and (7.1)). 
One will have 


” ” 


» TOS 








(7.31) wi(t) < (tin W(|¢| = r*)), 


1+ p” 1+ p” 





_ 


— 2 
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where r* is some number =r'(£, ky), 21’(E, ho); (7.31) can also be obtained for 
tin W; (|t| 2r’(&, A) provided c’ is taken sufficiently small. 

Since (7.21b) (for k=1), (7.19), and (7.28) are valid, and since, by (7.31), 
wé'(t)<p’’, it follows from (7.17) thatT 


(7.32) | gi:r(t)| < d(we()? = gt(d) (tin W,(|t| =). 
It will now be proved that 
(7.33) | w3.1(4)| < TO we) = wF(t) (tin W,(|t| =r). 


In fact, if we disregard the factor |r-'~’dr|, the integrand displayed in 
(7.24) (for k=1) is less than 


b(weF(r))? | e~Pra-rntS420" | = Hag? | 7 |AotS+2¢’ gy, 4 (7) 
- [gn: ng(t)e~AP7--—~ho J 
By (7.26b) and (7.29), —Ao+@+2e’ =Na. Hence, for k;=ho+a, one has 
| 7 |-Met@+20’Gy. 46(7) = gu:a,(7). 
Thus the function of (7.34) is equal to 
(7.34a) bwo?qn: n,(7) > wAk,,-++, thg(7) » 


kyt-+-+hn=N 


(7.34) 


In view of the inequalities satisfied by r* and in consequence of Lemma 6 
it is observed that the functions (7.34a) \=1, - - - , m are monotone in W; 
(|¢| =*). Hence the integral displayed in (7.24) (for k=1) is less than the 
product of the function of (7.34a) (with 7 replaced by #) by 


(7.34b) f ' r-'dr|; 


that is, by (1/e’) | ¢|-«’. Making use of this fact, we infer from (7.24) (for k = 1) 
that 


nN 2én 
| wia(t)| < = Do bworgn: a(t) 2D rMyseesst molt) + | eM(#| = wi LE). 
€ \=1 kytee-+kpeN 
By (7.6) and (7.29a) 
wrt) = (wows)qn: n,(4) (wo | t|-*s) > Qky,+++,Kashg(@) « 


kyte+ +k 


With the aid of (7.30), (7.1a), and (7.28), the truth of (7.33) is deduced from 


this relation. 


¢ In the second member of (7.32) b could be replaced by g(<d); this, however, is avoided in 
order to simplify subsequent developments. 











272 W. J. TRJITZINSKY [September 


By (7.33) and (7.31) 





” 2 
(7.35) wt) 5 (—* :), wilt) S wi), wilt) + wh <p" 
p 


for tin W; (|t| r*). 

In consequence of (7.21b) (for = 2), (7.35), and (7.17) 
(7.36) | gi2(t)| = | qi (t, wi:o(t) + wisilt),---) — P(t, wizold),--- ) | 

< (q/wa(t) + quid) wik(t) S bwo(t) wi) = g#(2) 

for tin We (|t| =r*). 

Assume now that for tin W; (|t| 2r*) and for i=1, 2, ---, k (22) we have 
(7.37) | g;.«(t)| < gd) = bw) wt), 
(7.37a) | wj-ss(t) | < whilst) = T(t) wF (0) (Gj =1,--+,m). 
In (7.32), (7.36), and (7.33) this has been established for k =2. 

By (7.37) and (7.37a) (for i=k) 
(7.37b) ge (t) = bT*(t)(we(d))?. 
Thus, by (7.37) (for i=) 
| gie(7) | | eH AD (rp tt20" | < bT (7) (w#(r))? | EA (gry torre’ | 

= b( wows) guia (7) Wo gu: ho(7) | e “nt | ° ates 


k-1 k-1 
= bwo?(wow:) gu: n,(7) > rAk,,-+-,k ino(7)( | r| 
kytes +k =N 


a’. a 
@+2 —ho 


. qn: ho(T)) . 


Making use of the formula subsequent to (7.34), one obtains 


| gi: (7) | | EO (r) p17 +ot26’ | 
(7.38) 


k+1 k-1L k 
<bwo w, qn: h,(T) p wAk,.-++,kegshg(T7) 
kytes sth =N 
The functions gy‘s,(7), »Ax,,---,2mn,(7) are monotone in W; (|t| =7*). Hence 


the integral displayed in (7.24) is less than the product of the second member 
of (7.38) (with r replaced by #) by the function of (7.34b), that is, by (1/e’) 
|¢|-*’. In view of this fact and (7.6) it is deduced from (7.24) that 





, n>? " oa 
(7.39) | w;.(2)| <( 6) a4 ‘eal FF  le...scail. 
€ 


, 
kyte se +khyaN 


By (7.29a) and (7.1a) 
(7.40) | Wj: (2) | < wit (t) = (wowign :n,(t)) ¥(wo | t |g sng(t)) 


t Because r*2>r’(é, ho), r*=r'(E, in). 





ee 
~ 
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for tin W; (|¢| =7*) and for j =1, - - - , m. Making use of (7.30) and (7.28) one 
obtains 


(7.40a) wi(t) = T'*(d)we(d). 
Furthermore, by (7.31), (7.37a) (for i=1, --- , &), and (7.40a) 





i” * p” : * ies 

(7.41) w(t) s (+) we (t) (¢=0,1,---,&). 

Hence 

(7.42) pita(t) = welt) + --- + wilt) < (1 + p”) w(t). 

Alsof 

(7.42a) wit(t) < (2) we < wit(t) (tin We | ¢| = *)) 
1+ p 


and, by (7.31), 





k ” t 
(7.43) pir-i(t) + wi (t) = wt D(- =) < (1 > p’’) weF(t) = rs 
i=0 


By (7.21b) (cf. (7.21a)), in consequence of the statement in connection 
with (7.17), 


| 83. r41(2) | = | qi (t, pr: e—-1(2) + wi: e(t), ++ * ) — QF, prea), - + + 5 Pn: a(t) | 
< (q’p#i(t) + quit(t)) wi (0). 
Thus, by virtue of (7.43) and (7.42a), we have in W; (|¢| 27*) 


(7.44) | 83: e+1(t) | < [q!(1 + op”) wi(t) + qwe(t)]wi() = g&u(d). 
Whence, in view of (7.29a), 
(7.44a) girilt) = bwo'(t)wi(t). 


In consequence of (7.40), (7.40a), (7.44), and (7.44a) it is observed that 
the relations (7.37), (7.37a) will necessarily hold when & is replaced by k+1. 
It has therefore been proved that these relations hold for k=2, 3, - - - . Thus, in 
particular, in view of (7.31) one has 





” k 
| wix(t)| < wk) < ( =) we (t) 


GG=1,---,m;k=0,1,--- ;¢in W.(|t| = r*)). 


(7.45) 


Tt (7.42), (7.42a) may be replaced by more precise inequalities and the developments could be 
given with a smaller 5. 
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Accordingly it is seen that the series (7.22) are absolutely and uniformly 
convergent, and 


(7.46) | pi(t)| < (1 + p”)w#(4)(S p”) (j= 1,--+,), 
when t is in W; (|t| 2r*). 
From (7.21a), in view of (7.37), (7.37b), (7.40), (7.40a), we obtain 
| ws lt) | =| geet) FOF, wire, - +, wea) | S| gend| 


$KD| wil) | < [Or(wF + Kal) ]we(). 


t=1 


Thus, by (7.31), 





” k 
(7.47) | o?wja(t)| < v( :) wit) (8° =b + Kn).4 
1+p 
Hence the derived series 
(7.48) Dd wyilt) Gj=1,+++,n) 
k=0 


are absolutely and uniformly convergent in W;. These series represent the 
derivatives of the functions p;(¢) (involved in (7.46)), respectively. By (7.47) 


(7.49) ps (t)| <b(1 + p”)we() | #|? (tin W,(|t| = r*)). 
We are now ready to formulate the following existence theorem. 


Tue First ExistENcE THEOREM. Let R be a region referred to in §2 in 
connection with (i), (ii), (7.9a), (7.9b). With Q(r) (i=1,-- - , m) denoting the 
polynomials involved in the formal matrix solution (2.5) of the linear system 
(LA)), §2, as a matter of notation we have in R 


RQi(t) S RQAt) S--- S RO); e%O WYO (t= 1,--+,m). 
Moreover, the Qi(r) will be supposed to be so selected that, on writing 
Oi(r) =qir'! + --- (G=1,--- , m; 9:0), we have 


edi ghee lt tended 


ky ko “ kn Rw Vs ba 


Let W be a subregion of R of the form R(ou, a2) (cf. Definition 3, §2) where 
0<a,—a<1/l’. With &>0, however small, W; will denote a subregion of W 





t Here K is a number equal to or greater than the absolute values of the coefficients of the linear 
differential operators /;* (j=1,- +--+ , ); these coefficients, being asymptotically identical with the 
corresponding ones in the /; are therefore bounded for ¢ in W¢. 
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of the form W,=R(aité, a:—&) (cf. Definition 7). Let N be an integer = v(é), 
where v(£) is the number defined in Lemma 6. 

The non-linear system (A), §1 will possess‘a solution y,(t) (j=1,---, n), 
whose elements y;(t) are analytic for t¥ © in W; (|t| 2r*), while at t= ~ they 
will generally be singular. Moreover, 


(7.50) yi(t) ~ s(t) (Gj =1,---,n;tin W(|t| 2%). 


Here the s;(t) are the formal series given by (7.23), (7.23a), (7.24) of Lemma 4, §5 
under the supposition that in that lemma m has been replaced} by m. The 
asymptotic relations (7.50) have the following significance. The y;(t) are func- 
tions of the form 


= ky he kz 
(7.50a) y= DY caer’ ++ Hm eld) + 0d), 
v=] ky+-++++ky=r 
where ¢,--~, Cm are arbitrary constants (|\c;| Sc’; i=1,---, m) and 
Mey,o+-k- Gt) = exp (RiQa(t) + + + - + RaQ (t) Jehirts-tHemraey oer [7] 04) 
(t in We(| t| = r*)) 
(cf. Definition 4, §2, and (5.21)), where w/ <w+p+1. Furthermore, the func- 


tions p;(t) =p; (c1, - - - , Cm, t) are analytic for tx ~ in W,(|t| =r*) and satisfy 
in this region the inequalities 


| p,(t) | < h'(c'\¥ | t| ave 


(7.50b) 





« = | exp [h:Q.1(¢) + - ~~ + RoQa(Z) Jetoret---+kmrm| = wp*(t), 

(7.50c) Kyte: +ky=N 
p; (t)| < h"| t)’wp*(t) G=1,---, ah =ot pt1t an) 
(cf. (7.26b)), provided |c;| <c’ (i=1, ---, m). The above holds under the sup- 


position that c’ has been taken sufficiently small and that r* is sufficiently great. 

Note. The term “asymptotic relations” applied to (7.50) is justifiable be- 
cause in the neighborhood of t= « the “remainder” term in (7.50a), that is to 
say, p;(t), is essentially of the same order of magnitude as 


k kn 
} oo — Cu NTNK,,--- ke iit). 
hype +kR=N 


In fact, for ¢ in W;(|t| =r*), the absolute value of the above function is less 


than 
h’ | t|-#-**' yp*(0). 


We consider it extremely likely that facts of the type of those stated in the 


¢ This obviously has no effect on /’. 
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above theorem will hold in the region W itself, even if in the formal series (in- 
volved in Lemma 4, §5) m is not replaced by m, this being true at least when W 
is subject to the condition that its opening (cf. Definition 3, §2) is less than 
a/(21’). An attempt to prove this conjecture leads to analytic difficulties even 
greater than those encountered so far. 

8. Formal solutions for systems (B). The First Existence Theorem (§7) 
is of course applicable to systems (B), §1. However, in view of the specialized 
(as compared with systems (A), §1) character of these systems, results of a 
more precise character, valid in more extensive regions, can be obtained by 
treating (B) directly. We have 


ql) 


(B) yi (t) = aj(y1,--- , Yn) G=1,---,), 
(8.1) O(¥1,°°* , Yn) =U 91,° ++ » Yn) + i91,° °° se), 

(8. 1a) Uilyiy- ++, Yn) = Li b+ Hein, 

(8. 1b) QilViy ++ 5 Yn) = Deegan Ye 


(41, 22,°°+,in ZO; +--+: +i, 2 2;7 =1,---,n), 
the series in the second member of (8.1b) being convergent for 


(8.2) ly|,---, | oe] So-t 


Associated with (B) there is a linear system 


(LB) ¥9 = Ula, -+ + In) Gj=1,---,m) 
which is equivalent to the matrix equation 
(LB)) Y(t) = Y)B, Y(t) = (ys,;(¢)), 
where a it 
B = (I;,;) (i,7 =1,---,m). 


Here elements of a row in Y(#) will constitute a solution of (LB). 
The characteristic equation{ 


(8.3) E(a) =| (1:,; — 6:,;a) | = 0 
has roots 
(8. 3a) G1, Q2,° °° 5 a (15 XS 0; a, # a, for k ¥ v) 


of multiplicities 


m1, M2,°** , My (m+ me+---+m=n), 


¢ The same remark is made as in the footnote in connection with (1.2). 
t Here (4;,;) is the identity matrix; i.e., 5;,;=0, for ij, and 6;,;=1. 
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respectively. The equation (LB;) will possess a matrix solution 


(8.4) Y(t) at (e% ‘pi, s(t) (i,j - 1, Tht n) , 
where 
gi =a (i= 1,---, m1); Qe = ae (i =m, +1,---, m1 +m); ---, 
(8.4a) : 
qi = & (§=m+--- +m iti,---,%), 
and the #;,,(/) are polynomials in ¢ of degree at most 
m,—1 (fori=1,--- , my), 
m,—1 (fori=m,+1,---,m,+ mp), 


(8.4b) 


m1 — 1 (fori =m +--- +m iti,:--,). 


It will be assumed that not all of the roots of the characteristic equation (8.3) are 
zero. Thus in (8.4) at least one of the gq; will be distinct from zero. 
In the sequel there will be occasion to consider the matrix 


(8.5) Y-\(t) = Y(2). 
Since it satisfies the equation 
Yo) = — BY(i), 


whose characteristic equation is E(—a) =0 (cf. (8.3a)), if we take account of 
the interchanged role of the rows and columns we conclude that 


(8.5a) Y'"(t) = (5:10) = @i,s(De-%) 


where the #;,;(¢) are polynomials in ¢ of degrees at most as stated in (8.4b) 
(with 7 replaced by 7). Moreover, 


(8. 5b) (Bi, s(t)) (De) = (64,4) = Te 
DEFINITION 9. S(a1, 2; 7) will denote the sector 
aS LiS<a: ({¢| 27). 


Let the B; denote the rays along which R(qit)=0 (whenever the constant qi, 
under consideration, ~0). Let 
(8.6) : SSe,°°° 
denote the sectors separated by the B; rays and not containing any of these rays 
in their interiors. 


In the above set of sectors (8.6) there is certain to exist at least one sector 
S such that the following holds. 





278 W. J. TRJITZINSKY [September 


In the set of numbers q; (i=1, - - - , m) there are some, say 
(8.7) Gass Vins “°° > Vin (limen), 
all distinct from zero, corresponding to which 
(8.7a) R(qi,t) <0 (r= 1,---,m;tinS). 


As a matter of notation the functions qit involved in (8.7a) will be designated 
as 


(8. 7b) quit, q2t, "=e a Qnlt . 


Henceforth, unless the contrary is stated or implied, we consider a particular 
sector S of the above description. It will be designated as 


(8.8) S(a1, 2; 7) (a; < a) 
(cf. Definition 9). 
Let ¢:,---, ¢m denote arbitrary constants, and consider a solution of 


(LB) of the form 


(8.9) iyilt) = Do cre'py, i(2) (j=1,---,n). 


rA=1 


We shall seek to satisfy the non-linear system (B) with the aid of the 
formal series 


(8.10) yt) = vit) + ay(t) +--- + y(t) +--- j= S,°°: ,%), 
where 


b 
yi(t) = Zz ae > fate ons 
(8. 10a) oe 

(ki,-->, km ZO; ki +--+ thn =). 


For v=1 the coefficients in (8.10a) are already known. In fact, by (8.9), 
(8. 10b) ert py, i(t) = Mk .+++ she ie) (rv = 1, i m; j = i, a n), 


where k;=0 for i¥X and &, =1. 

On substituting (8.10), (8.10a) in (B) it is found that the coefficients 
involved in (8.10a) satisfy the linear non-homogeneous systems (Sz), §2 
(1 =2, 3,---). Furthermore, in place of (2.30) and (2.30a) we now deduce 
in consequence of (8.5a) and (8.4) 


(8.11) HK. <++ sh ib) = > cr(t)e%*py, i(2), 
A=1 


where 
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had t | ree scallion 
(8. 11a) a= > Fat pase ar. 


Lent 


Here the 


en 
are given by (2.26). 


Lemma 7. Consider the problem (B) at the beginning of this section. Let 
Y(t), as given by (8.4), be a matrix solution of (LB,). A mechanism for construc- 
tion of formal solutions (8.10) (cf. (8.10a)) of the system (B) is given by (8.11), 
(8.11a) (cf. (8.5a) and (2.26)). 

It will be convenient to introduce the following definition. 

DEFINITION 10. Generically [t, v] is to denote a polynomial in t of at most 
the vth degree. 

By (8.10) 

(8.12) K7,--- 4 :a(7) = exp [(kigi +--+ > + Rmgm)r][7, m’] 


(m’ the greater of the numbers (8.4b)). In view of (8.12) the left member of 
(3.3a) becomes 


(8.13) exp [(61g1 + - + - + dmgm)r][7, iam’). 
Applying the summation displayed subsequent to (3.3a) to (8.13), we get 
(8. 13a) F = generic form of (8.13). 


In view of (2.24), (2.19b) we have 


(8.13b) Ire = exp [(igi + --- + hmqm)t|[7, sm’]  (s= is +--+ +i). 


a=1 


By (3.4) 
hyyee+ shim (3) ad 
T; ( = jQis,-++,in Fi 
(8.14) - “ - ie pn! I 
= exp [(figi +--+ + hmgm)7][7, 2m’). 
Since 
Bi,i(7) = [7, m’ | (i,j _ s, state n) 


in consequence of (8.14), it is observed that the integrand displayed in (8.11a) 
is of the form 


(8. 14a) exp [(Jigi + -- > + hmgm — g)7][r, 3m’). 
Hence the integral displayed in (8.11a) is expressible as 
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(8. 14b) exp [(Aigi +--+ + hngm — gt] [t, 3m’ + 1], 


where 3m’+1 may be replaced by 3m’ whenever Mgit - - - +/mgm—Q. 0. 
One further finds that c,(#) has the generic form of (8.14b). Hence, by (8.11) 
(for H =2), 


(8.15) Mhy, +h gt) = exp [(hagi + - > - + Amgm)t|[t, 4m’ + 1]. 
In view of (8.12) and (8.15) 


Mieys-+sk alt) = exp [(kigi +--+ + Rmgm)][7, pr] 
(po, = v(3m’ + 1) — (2m’ + 1); v = 1, 2). 


On writing k; =k (i=1, - - - , m), v=v,, substitute (8.16) in (2.26) (for H =3). 
The product (5.8) will now be of the form 


(8.16) 


(8.17) exp [(d:g1 +--+ + 5mgm)7][r, pa ], 
where 
(8.17a) Pe = , Py = Ya(3m’ + 1) — ig(2m’ + 1) 


r=1 
(cf. (5.8a)). Applying to (8.17) the summation symbol subsequent to (5.8a) 
one obtains ‘ 
(8.18) F{ = generic form of (8.17). 


In view of (5.8c) 


(8. 18a) a a | 


a=1 


where, by (8.17a), 
(8.18b) pe’ = Di pad = 3(3m' +1) — sm’ +1) (S=irt-++ +i). 


Here s may assume only the values 2 and 3. Hence in (8.18a) we may replace 
[r, p/’ | by [r, 5m’+1]. Thus the functions involved in the left member of 
(5.10) will possess the generic form of (8.18a) (where the indicated replace- 
ment has been made). If now the first summation symbol of the last member 
in (2.26) is extended over the functions (5.10), it is seen that the generic form 
will remain unaltered. Thus 


(8.19) By" = exp [(igi + <-> + hmgm)t] |r, 5m’ + 1]. 


Assume that, with pg=q(3m’ +1) —(2m’+1), 
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(8.20) en" = exp [Cag + +--+ ngn)t) (7, pg +m] 

: (Ii,- ++, htm ZO; t+--- thn = g+1;7=1,---,n), 
and 
(8.20a) aMeys-+-skmie(T) = exp [(kign +--+ + kmgm)7][7, pe] 


(ki,--++, km ZO; ki t+--- thn =Q;a=1,---,n) 
for g=1,2,---,H—1 (x23). 

Substitute (8.20) (for g=a—1) in (8.11a). The integrand involved in 
(8.11a) will be of the form 


exp [(Aigi + - ~~ + Aimgm — gr)7][7, px—1 + 2m’). 
Thus the integral displayed in (8.11a) is 
(8.21) exp [(Aigi + - ~~ + himgm — grt] [t, px—1 + 2m’ + 1]. 


Here 2m’+1 may be replaced by 2m’ whenever Migit -- + +hngm—9. 09. 
Whence ¢,(é), as given by (8.11a), will be of the form (8.21). Finally, from 
(8.11) one obtains (8.20a) with g replaced by u. By making use of the relations 
(8.20a) (for g=1, - - - , H) we are going to prove that (8.20) holds for g=u. 
For this purpose use will be made of (2.26) (with u replaced by +1). In 
view of the equalities of (2.16b) it follows that 
(8. 22) II - - - = exp [(6:g: + --- + 8ngm)rJ[7, pe J, 

r=1 
where, since + --- +v:,=Ya (cf. (2.26)), px is given by (8.17b). Next it 
is inferred that 


(8.23) ya pi I] - - - = generic form of (8.22). 
— r=1 


Vist’ Via kyyeee, 


Denoting the first member above by F,’ , in view of (2.19b), it is deduced that 
(8.23a) J] Fd = exp [(tigi +--+: + hmgm)t|[7, of’] (s= ii t--- + in), 
a=1 


where, by (8.17a) 
ps’ - > pe = (3m’ + 1)> Te (2m! + 1d ta 


Now, since in (2.26) has been replaced by u+1, in consequence of (2.24) 
one has y:+ - -- +y¥,.=H+1. Thus p/’ =(3m’+1)(u+1) —(2m’+1)s, where 
s=2, 3,--+,H+1. Whence p;’ <ps’ =px+m’ and, accordingly, 
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ii,,---sin LL Fe = exp [(igi + +--+ himgm)t|[t, on +m’). 
a=1 
Extending over the left member of the above relation the summation symbol 
with the superscript (4), one finally obtains 


uw = exp (Arq 5 ile hmgm)t \[r, pu + m’ | 
(i, ++ hm ZO; a +s > the =~Aa+1;j =1,---, mn). 


Thus it is seen that the relations (8.20), (8.20a) hold for g=1, 2,---. The 
following result has been established. 


Lema 8. Consider the non-linear system (B), the associated linear system 
(LB) (matrix system (LB,)) and the matrix solution (8.4) of (LB;) (cf. (8.3), 
the statement regarding the zeros of E(a), (8.4a), (8.4b)). With (8.6) denoting 
the sectors in each of which the R(git) (i=1,---, m) do not change sign, 
let S be a particular sector of the set (8.6) such that there are some qi, say 
Gis Yisy*** 5 Vim (LSmn), all distinct from zero, for which R(q;,t) <0 


(r=1,---,m;tin S). As a matter of notation designate the q;,t involved in these 
inequalities as quit, got, - ~~, Qmt. The system (B) possesses a formal solution 
(8.24) S(t) = ryi(t) + ov) +--> G=1,---,m) 
where 


ill) = DS ct - ++ cm exp [(kign + + - + kmgmdt] [t, pe] 


(8. 24a) oe 
(iy BO +> be BOAF+-- +d, ere e $,2,---). 
Here (:,--+, Cm are arbitrary constants, p,=v(3m'+1)—(2m'+1) (m’ the 


greatest of the numbers (8.4b) and [t, p,] represents generically a polynomial in t 
of at most the p,th degree. 


Note. For v2v’ (v’ sufficiently great) the p, can be taken smaller compared 
to the p, given in the lemma. In fact, one may take p,=v(3m’)+a’(v2v’). 
This is because Aigit - -- +hngm—Qx (20, - ++ , htm20; n+ --- +hm=v) 
will certainly be distinct from zero (for \=1,---, m) whenever » is suffi- 
ciently great. 

9. The Second Existence Theorem. In general, the series (8.24) will not 
converge in S or in any given regular subregion (cf. Definition 3, §2) of S. 
However, as seen from the Existence Theorem of §7 there exist “actual solu- 
tions,” asymptotic to the formal solutions (7.24) (in the sense of that theo- 
rem) in certain regular subregions of S. 

We shall follow up the method previously employed in establishing the 
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theorem of §7, in order to obtain certain simplifications not directly obtain- 
able from that theorem; more precisely, in order to obtain better results for 
the problem now under consideration. 

The c; will be again subjected to the inequalities (6.2). Applying trans- 
formation (2.1) and (2.1a) to the system (B) of §8 the inequalities (6.3) and 
(6.3a) should be satisfied. Now, in general, for ¢ in S (6.3) will not hold, no 
matter how smal] ¢’ is taken (unless ¢;=¢2= - - - =Cm=0, which is a case of 
no interest). This statement is seen to be true because of the presence of the 
polynomials [#, p,]. When the roots of E(a)=0 (cf. (8.3)) are all distinct, 
(6.3) can be made to hold in S by taking c’ sufficiently small. We have 
S =S(a, a2; 7) (Definition 9, §8). There exists a regular subregion of S, 


(9.1) R’ = R(a, a) 
(Definition 3, §2), such that 
(9. 1a) | evstg3m’+i| < 4 (i=1,---,m;t in R’).t 


In R’ (6.3) can be satisfied with c' (>0) sufficiently small. Assume, for the 
present, that c’ has been so chosen. In place of (6.10b) one now has 
phyyees 


(9.2) xv; “ (t) - exp (rig: + iat + hmgm)t|[t, PH-1 + m’ |. 
Thus (6.14) will become 


—Ft) => ps c++ + ce" exp [(kign + °° 


v2N kyt++++km=r f 
(9.3) + kmgm)t}[t, pra + m’] 


= p-4m'—2)° pis Pig eee Pa exp [(kiqi + eee 


v2N kyte+++khm= 1 
+ kemgm)terom'+0) [—. aw | 


where the [(1/é), --- ] are polynomials in (1/#). Hence, in view of (9.1a), 


(9.4) | Fi(t)| < ko(c’)¥| t|-*™’-? Sega... sea (2) (t in R’) 
kyt++++hm=N 

with 

(9.4a) Bky.---skm(t) = | exp [(Rigs + ++ - + mgmt ]eVOm’+0 | 


(Ait---+km = WN). 


For ¢ in R’, in place of (6.19), (6.19a), and (6.19b) one may merely assert 
that the 


(9.5) Gy,,-++,0n:f(t) (vy t+--- +», = 1) 


+ The second member in (9.1a) can be replaced by any constant (+ ~). 
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and the 
(9.5a) Bov---.alf (v4 + its Ts + Vn = 2) 


are bounded. 
However the following is noted. There exists a regular subregion R of R’ 
(cf. the statement made in connection with (9.1) and (9.1a)) of the form 


(9.6) R= R(e, a2) 
(cf. Definition 3, §2) such that 
(9.6a) eut ~O (i=1,---,m;tin R). 


Since in R, Y;(t)~0 (j=1, - - - , 2) it is observed that the functions (9.5), 
(9.5a) are asymptotic to zero for ¢in R. 


Lemma 9. The transformation (6.1) and (6.1a) applied to the system (B) 
of §8 will yield a system 


(9.7) pj (t) — LA(t, pr, -- + 5 pn) = Git, pry °° y Pa) — Ft) (FG =1,---, 0), 


where 


qi*(t, Pa *** » Pn) ~~ qi(p1, ie! Pn); LF (i, Ply** "5 Pn) sia Li(p1, — Pn) 

(9.7a) : ; 
(j =1,---,;tin R) 
(cf. (9.6)).t For tin R and |c;| Sc’ (i=1, --- , m) the F;(t) satisfy (9.4) and 


(9.4a). Also, for tin R (|t| =r) and |c;| Sc’ the series (6.20a), representing q;*, 
converge absolutely and uniformly.t 

In order to obtain a solution of the system (9.7) by methods of the type 
of those used in §7, it is necessary to apply the methods of Trjitzinsky (cf. 
(T2)) to establish the character of the solutions (within appropriate regions) 
of the linear system 


(9.8) p; (t) — UF (t, pr, --- » pa) = 0 (j= 1,---,m). 


Now (9.8) is equivalent to the matrix equation 


(9.8a) (p:.(t)) = (0.1) Cea(d)) (i,j =1,--+,m), 
where, by (9.7a), 
(9. 8b) (jt) ~ (li) (tin R). 


t In (9.7a) g*~gq;, for instance, is to mean that in g* and q; the corresponding coefficients of the 
powers of pi, ~~ , pn differ by functions of ¢, asymptotic to zero in R. 
t With proper choice of r and c’. 
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In view of (9.8b) the formal matrix solution of (9.8a) is the same as that of 
(LB;) of §8; that is, it is given by (8.4). While the matrix (9.4) happens to 
constitute an “actual” matrix solution of (LB;), in general of course it is not 
an “actual” solution of (9.8a). Regarding “actual” solutions, we recall the 
pertinent facts derivable from the Fundamental Existence Theorem of (T2) 
and briefly outlined in §2 (cf. the text in connection with (2.6)—(2.8c)). To 
make applications to (9.8a) one needs to write 


(9.9) S(t) = (e%*pi, (4)) = (e% tpi, (2) 

and let Q,(t)=git (i=1,---, m). Here the 7; are certain integers and the 
1p:,;(t) are polynomials in (1/#). All the B;,; curves, that is the regular curves 
along which 

(9. 10) R[(qi — git] = 0 (whenever qi ¥ qj) 
and the B; curves 

(9. 10a) R(qgit) = 0 (whenever g; ~ 0), 
are rays of the form Z/=a constant. 


DEFINITION 11. S’ is to denote any sector which can be constructed as fol- 
lows. Consider the sectors separated by the rays (9.10) (i, 7=1,---,), no such 
rays extending interior to any of those sectors. There will be some sectors (of the 
above set) containing subsectors, interior to each of which a number of the func- 
tions R(qit) is negative.t Take a particular such subsector S"’, 


S” = S!(y1, ¥2; 1) (v1 < ¥2) 
(cf. Definition 9, §8). As a matter of notation we may now write 
(9.11) R(qit) S - ++ S RGQmt) S RQmyit) S --- S Rat), 
(9. 11a) R(gt) £0 (qi: 4 0;i=1,---,m;t in’). 


A sector S'=S(yi+6, Y2—€; 7) is defined as follows. If the ray Zt=y 
(ray Zt=~2) is not coincident with any of the rays 


(9.12) Rt) =0 (i=1,--+,m), R[(qi-— gt] =0 (ism), 
take ¢,=0 (take €,=0); in the contrary case we take e (take €) positive, however 
small. 

It is observed that in S’ (9.11) holds and 
(9.13) evit§ ~O (¢=1,---,m;tin S’); 


moreover, 


t This is because, by hypothesis, not all g; are zero. 
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(9. 13a) | qi] cos (Gi +2) S —e <0 (i =1,--+,m;tinS’). 


In following the developments of §7, as applied to the present problem, 
with ¢ in the sector S’, it is noted that the number m, introduced in connection 
with (7.2), can now be taken equal to m. The inequalities (9.13a) will corre- 
spond to (7.4a). Lemma 6, §4 (with m=m) will be valid for t in S’ (|t| =r’, 
where r’=r’(€, €2, #)). The latter fact can be inferred by noting that the 
functions (7.7) and (7.7a) (for #=m) are monotone (cf. Definition 8, §7) 
in S’ (sufficiently far from the origin). This fact is deduced by observing that 
the statement made in connection with (7.7b) holds for the problem under 
consideration when ¢ is in S’ if we take into account the remarks made in 
connection with the rays (9.12). 

With S’ =S(6;, 5; 7) (6:< 6.) denoting a sector satisfying the conditions 
of Definition 11, in consequence of (T:) one may assert the following. 

The system (9.8a) possesses the matrix solutions 


(9.14) (ei), (vi. (0), 
with elements analytic in S’ (for ¢# «), such that with e>0, however small, 
(9.15) (pi,:(t)) ~ (e%*p:,(t)) (tin SY = S(6;, 62 — €; 7), 
(9. 15a) _ (pil) ~ (e%'p:(D) (tin S? = S(6, + €, 525 7). 
Here the p;,;(¢) are the polynomials of (8.4). 

The existence theorem of §7 is applicable to the problem (B) for ¢ in S/ 
and, also, for ¢ in S?. However, with the aid of the following lemma it will 


be shown that an existence theorem for the problem (B) can be stated for ¢ 
in the more extensive region S’ as well. 


Lemma 10. Let S’ be a sector of the type specified in Definition 11. The 
system (9.8a) possesses a matrix solution (p;,;(t)), with elements analytic in S’ 
(t# ~), such that on writing 
(9.16) (p:,i(t)) = (er't™’b:, (2), 

(9. 16a) (p:,;(t))-! = (B:,;(t)) = (tb: De“) 
(m’ = greatest of numbers (9.4b)) we have 
(9. 16b) Lb <7, [bi] <y (i,j =1,---, n;t in S’). 


To prove this we note that the matrix solutions involved in (9.15), (9.15a) 
are connected by the relation 


(9.17) (9:0) = (ci,)(0i.) = ( ee coast), 
r 
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where the c;,; are certain constants. Let o(t) generically denote a function which 
in the indicated region is asymptotic to zero. By (9.15a) and (8.5a) we have 


(9. 17a) (pi. s(t)? = is) = (Bist) + o(d))e-%4) (in Se’). 
From (9.17) and (9.15), in view of (9.17a), 


(9.18) (ci) = (01.5) GO) = (ccorwne| D Pia) Pri + o( }) 

(in S3 = S(6, + €é, 62 — €; r)). 
By (8.5b) 
(9. 18a) (ci,3) = (e(-% *[8;,; + o()]) (in S3'). 


Letting to in Sj we infer that c;,,=1(¢=1, - - - , m). Moreover, by (9.11) 
¢:,; 00 (i<j) when |t| > in Sj ; that is, 


j= 0 (i < j)- 
Thus, by (9.17) and (9.15a), 


i-1 
pi.ilt) = pict) + D cirpr.i(t) 
A=1 


(9.19) - 
= etl p00 + o(t) + Zz Cine “(py (4) + o() | (in S?). 
A=1 


In consequence of (9.11) 

| e(m-at| <4 1,---,i—1;tin Sy); 
moreover, the #;,,(¢) (i, 7=1,---, m) are of the form [t, m’]. Hence the 
p:,i(t) are of the form (9.16), (9.16b) for ¢ in S/. By virtue of (9.15) it is seen 
that they are of the form (9.16), (9.16b) in S’ as well. With « sufficiently 
small S’=S/ +5/. Accordingly, for ¢ in S’, the matrix (;,;(é)) will satisfy 
the conditions (9.16), (9.16b) of the lemma. 

By (9.15), (9.15a), and (8.5a) 


(9.20) (0:,4(2))-* = (@i,)) = ((Bi.s(0) + oe“) (in Si’), 
(9. 20a) (0.4) = Gis) = (Bis() + of) )e-™*) (in Sy’). 
If we write 

(ci, = (.,1), 
it follows that 
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(9.21) nit ZZ CirOr,5¢ = 5i,;- 

A=j+1 
From (9.21) (for 7 =m) we deduce that ¢,,,=1 and é;,,=0 (i<m). Forj=n—1 
(9.21) will yield é,-1,,-1=1, €,.-.=0 (¢<n—1); and so on. Thus 


(9. 21a) 3,3 = 1 (i = 1, eG iSe n), Ci; = 0 (i <j). 
By (9.17) 
(9,22) (Bit) = (Bis) (E..4) = (Xxxoa). 

x 


In view of (9.21a) and (9.20a) 


Bi, (t) = Bi i + > (Dir(t) + o(t))e“*G, ; 


(9, 22a) a A 
= eat [a.00 + o(t) + D2 ial) + o(@)) exp [(q; — oles} 
A=j+1 
for tin S/. Here, by (9.11), 
(9. 22b) | exp [(q; — gt]| <1 (\=j+1,---,m;tinS/). 


Now, as we have noted before, the f;,;(é) are of the form [#, m’]. Hence, in 
consequence of (9.22a), (9.22b), it is observed that 


(9.23) | Bi, s(t) | <7’ | t| mera (i,j =1,--+,n;tin S?). 


By (9.20) the | p;,;(¢)| satisfy inequalities of the same type in SY. Hence, with 
a suitable y’ (9.23) will hold in S’. This completes the proof of the lemma.t 

A solution of the system (9.7) will be obtained in the form of a convergent 
series (7.22), the terms of this series being defined by the relations (7.19)- 
(7.21b) (with p=0). In place of (7.23) we now have 


(9.24) wilt) = a" pri), 

where ; 

(9. 24a) on (t) = > 8n,: k(7) Pa, a(7) dr 
hed 


(cf. (2.28) —(2.30b)). Here the p;,;(#) and the j;,;(r) are the functions referred 
to in Lemma 10. With the aid of (9.16), (9.16a), (9.16b) one obtains from 
(9.24), (9.24a), provided | g;-x| <gz, 








T Either of the matrices (p;;), (o;;) can be taken for the matrix (p,;) of the lemma. 
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n t 
(9.25) | wicald)| <mtdo| eee | | gal | ecoren'est| | de 
A=1 


for ¢in S’ (provided that the involved integrals converge). 

It is essential to note that, for ¢ in S’, the inequalities (9.25) are of the 
same type as those of (7.24) and that Lemma 6, §7, as we remarked subse- 
quent to (9.13a), is applicable. Repeating the processes of §7, integrating 
along rays Zr= Zt (|r| =| ¢| ; fin S’), the following theorem is now deduced. 


THE SECOND EXISTENCE THEOREM. Consider the system (B), §8. (LB:), §8 
will represent a related linear system. Let the q; denote the roots of the character- 
istic equation (9.3) (a root of multiplicity m; repeated m; times). It is assumed 
that not all the q; are zero. Let S’ denote a sector satisfying the conditions of 
Definition 11. Thus, as a matter of notation, in S’ we have (9.11), (9.13), (9.13a). 
Let N be any integer =v(e); here, with ¢ denoting the number in the second mem- 
bers of (9.13a), v(e) is the least integer equal to or greater than (e+|q|)/e 
hal, ---, ai, 

The system (B), §8 possesses a solution, y;(t) (j =1, - - - , n), whose elements 
are analytic in S’ (t# ©). Att= © they will be singular. Moreover, 


(9.26) y(t) ~ s(t) (j =1,-++,; tin S(|t| 2 r*)) 


where the s;(t) are the formal series (8.24) (cf. (8.24a)) of Lemma 8, §8. The 
asymptotic relations (9.26) are to be inter preted as follows. The y;(t)are functions 
of the form 


N-1 ky Nes 
(9.26a) yt)= D> DO aa’ +++ ce exp [(kign + - <= 
pel Ryt->-+hgme / Rm) | oP ieys-+ stem sit) + p;(t) 


where c1,---, Cm are arbitrary constants (|c;| Sc’; i=1,---, m) and the 
»Pky.+++skmii(t) are polynomials in t of at most the [v(3m’+1) —(2m’ +1) |st de- 
gree.t The p;(t)=pj(c1, - ~~ , Cm; t) are analytic, for tX ©, in S’(|t| =r*) and 
satisfy in this sector the inequalities 
(9.26b) | pit)| < h’(c)’|t|¥™"" = SL exp [(Aign + +++ + &mgm)e] |, 
Kyte +s +khm=N 
provided |c;| Sc’ (i=1,---, m); here m’’ is a constant independent of N. In 
the above we have assumed that c’ is sufficiently small and r* is sufficiently great. 
Note. In this theorem the term “asymptotic” is justified for reasons of the 
same type as stated in the note subsequent to the theorem of §7. 
10. Uniqueness theorem. Turning our attention to the theorem of §7 we 
observe that there is a manifold of solutions, depending on m parameters ¢;, 


t m’ is the greatest of the numbers (8.4b). 
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such that the elements of the solutions, as well as all the derivatives of these 
elements, approach zero as |¢|-> © within W;. This set of solutions has been 
constructed corresponding to some N(2p(£)). We shall write 


(10.1) yO ~s) G=1,---,a;tin WA|t| 2 rw); |ee| Se), 
where F is to signify (7.50a) and (7.50c) ; this symbol will be read as “asymp- 
totic to N terms.” It appears at the first glance that the y,(#) may depend 


on NV. 
Let the y/(t) be elements of a solution of (A), §1 such that 


(10. 2) yi XSi GG =1,---,;¢in Wf | t| 2 rv+1); | c;| Sc’). 
We may have ryi:2ry. Form the difference 


(10.3) 2;(t) = y/ (t) — y,(t) = wyi(t) + of & — p;(2); 


here wy;(¢) is given by (5.23a) and (5.24a), and p/ (#) are the p,(¢) of the theo- 
rem of §7, formed with N replaced by N +1. If we take account of (7.50c) 
and of the note of §7, from (10.3) we infer that 


(10. 3a) | z(t) | < h*yp*(t) + wiip*(t) (tin W;; | t| 2 Tn+13 | c; | Sc’).t 
By (10.3a) and (7.50c) 


| 2;(t)| < ¢-wp*(0) 


= tt'(c’)N | | N-Vete+ 2’ k th+--- 
_— rec)" || bea aay | OX? [Ould 


+ kaQin(t) jeer therm | = okt) (tin We(| t| = rvs); 
also, by the theorem of §7, 
(10. 4a) | vit) | < mp*() | t|-&%*" = yin We | #| = rw). 


It will be assumed that ry; has been taken sufficiently great so that 


IV 


(10. 4b) zit(t) + y*(t) S p* <p (tin We;| ¢| => rw4s) 


(cf. (1.2)). 
By (10.4), (10.4a), (10.4b), in consequence of the statement in connection 


with (7.17),t we have 


(10. 4c) | qit, Bat + Z1,°°* 5 Vn + Zn) 7 qilt, aia” * * 9 Yn) | 
< (q'y*(t) + qo*(2))2*(O) 


t Takeryys:2ry. 
t One now has q; in place of g;*; however q; is of the same description as q;*. 
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for the indicated values of the variables. Hence 


(10.5) | gilt, x1 + 21,°--) — Gilt, nr, --* )| < a’ e*()we*( | t|-*" 
(¢ in We; | t| 2 rw+1)- 


Subtracting the corresponding members of the relations 


(10.6) try; (t) — Lilt, wv y+ ++ Ye) = Gilt Wy Ie) 
(10.6a) tPy s(t) — Uj(t, y1,- + - » Yn) = Gilt, M1, °° * » Yn) 
(Gj =1,---,n) 
(cf. (A), §1, (1.1a), (1.1b)), we find that in consequence of (10.3) 
(10.7) 2; (0) — t,t, a(t), +--+, sal) = PT) (G=1,---,n), 
where 
(10. 7a) T(t) = gilt, 1 + a,---) — gilt, 1,°-*)- 
Thus, by (10.5), 
(10. 7b) | T(t) | < a’sp*(t)wp*(d) | t|-*’ (tin We; | t| = rwa1).t 


It is noted that the left members in (10.7) are of the form 
L(t, z(t), a ae zn(t)), 


where the differential operator L; is precisely the same as the one so denoted 
in (Sz), §2 (also cf. (2.14a)). If we note that (Sz), §2 can be solved with the 
aid of (2.30) and (2.30a) and that these formulas may be written in the form 
(5.4), (5.4a), and (5.4b), the relations (10.7) may be written as follows: 


(10.8) a;(t) = Do cr(ther try, (0), 

A=1 
where 

n t 

(10. 8a) ext) = Do fe Ta (rea Pr-at e+ Py, y(r)dz, 

Ngo 
(10. 8b) vit) = [t]*,  Payalr) = [r]* (rin We; | t| = rat). 
The formulas (10.8), (10.8a), with the integrals taken as indefinite, would 
give a general solution of (10.7) if z:(¢), - - - , zx(¢) were considered as the un- 


knowns and the 7;(#) were considered as known functions of ¢. In the case 
on hand, however, the z;(¢) by definition are known functions. Hence (10.8), 


+ Throughout the discussion we keep | «| Sc’ (i=1,++*, Mm). 
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(10.8a) will be equivalent to (10.7) only if the integrations in (10.8a) are 
suitably specified. One may write 


n t 
(10.9) nt) = dirt DF J Tr(r)e@a@r-nterry, (x) dr, 
Ay=1"% w 
where the path of integration (for ¢ in W;) is within W; and the d;, are 
certain constants. The integrals here involved exist in view of (10.7b). The 
integrand displayed in (10.9) being analytic in W; (t# ~), the path of in- 
tegration will be chosen as the ray 


Zr=iZt (|r| =| el;¢in W). 


Substituting (10.9) in (10.8) one has 


(10. 10) z(t) = §() +¢/(2, 

where 

(10. 10a) of) = DY dj nergy, (0) Gj =1,---,); 
A=1 


on the other hand the ¢,(#) will satisfy inequalities,t provided | 7,,(r)| <T(r), 





n t 
(10.10b) | ¢5(4) | < myo? do | erent’ f | T(r) e-@rn(rg—rytor2e’ | | p-1-e'dz | , 
A=1- c) 


In consequence of (10.7b) and in view of the notation introduced at the be- 
ginning of §7 (cf. (7.1)-(7.6)) 
| T(r) e- On g—rn tote’ | ae a’ \p*(r) wp*(r) | T |—é-2e" | EO (1) p17 HOt2’ | 


(10.11) 
= a’ (¢")?(c’ 84191 S42e(7) po» rAx,,->>,hathy(T)» 
Kyte +k 
where hy = ©+(§+2e’)/(N—1). Hence, by Lemma 6, §7, the second member 
of (10.11) is monotone (cf. Definition 8, §7) in 


(10. 11a) W: ({¢| = r'(E, hb) = rvs), 


where / is the greater one of the numbers @+2e’ and hy. Hence the integral 
displayed in (10.10b) is less than the second member of (10.11) (with 7 =?) 
multiplied by | ¢|-*’/e’, provided ¢ is in the region (10.11a). Thus, by (10.10b), 








a’n*yo?, 
(10.12) | £4) | < —[—| # |e ye") = 220 = gat, 
(10. 12a) g(t) = a’ | t|*-§,p*(#), a = — ; 
€ 


t Note that, by (10.8b), | vs,:(¢)| , | ¥%,:(2), <|¢| ‘v0 (e’>0) in the indicated region; 2=w+p+1, 
as in §7. 
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for ¢ in the region (10.11a). In (10.11a) take r’(, #) also sufficiently great 
so that in the indicated region 
(10. 12b) g(t) $8 <1. 
Since, except for a constant factor, g(#) is of the form 

| t [*+2¢’gy. o(t) 


(cf. (7.1a)), by virtue of the definition of h it follows that g(#) is monotone in 
the region (10.112). 
If we make use of (10.10), (10.4), (10.12), and (10.12b) we conclude that 


(10.13) ls/@| < (+ d)z*@ (tin We; | #| = r'(E, m)). 
Let R be some fixed ray interior to W;.On R 
(10 14) ROQi(2) = as RQ,, (2) < ROQn,+1() es RQn,(#) G27 
) < RQne—eti(t) = +++ = RQng-s(6) < RQng tit) = +++ = RQne(t) 
(n, = n) 
and 
(10. 14a) exp [0(t) — 0,(t)] ~ 0 (t on R) 


for i<j, whenever Q,;(¢) 40Q,(#). In view of (10.10a) one may write 


(10.15) Ef (t) = ene OE5 A(t) + Ome E a(t) H+ + emME A(t), 
where 


(10.15a) £5.,() = > d;t"»yn, i(2) (mo = 0;y = 1,-+--,¢). 


A=ny— 141 


With o(#) denoting generically a function ~0 (for the indicated values of #), 
in consequence of (10.14a), (10.15), and (10.15a) we have 


(10. 16) of () = e%.[¢; (t) + o(t)] (t on R). 
By virtue of (10.13) 
(10. 16a) | Sj0(t) + o(t) | < (1 + 8)zi (te One (t on R). 


If note is taken of the properties of the functions (7.6), for i+ --+ +hka=v 
>N2=v(é), it follows that the second member in (10.16a) is ~0 along R. 
Hence the function of (10.15a) for »=o must be ~0 for ¢ on R. In view, how- 
ever, of the origin of the functions involved in the second member of (10.15a) 
for v=o this would imply that necessarily 


(10. 16b) &.0(t) =0 Gj = , %). 
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We substitute (10.16b) in (10.15) and prove that ¢,.:()=0 (j=1,---, n) 
in a way analogous to that used in establishing (10.16b). Thus, step by step 
it is shown that the ¢j,,(é) are all identically zero. Hence, from (10.10) and 
(10.12) it follows that 


(10.17) | 2(0) | < gz*() = 2#@ (j =1,---,n) 


in the region (10.11a) (where r’(é, %) is assumed to satisfy the condition 
stated in connection with (10.12b)). 

We repeat the procedure beginning with (10.4), replacing (10.4) by 
(10.17), and letting t remain in the region (10.11a). It is observed that (10.4b) 
will be satisfied, with z;*(#) replaced by 2:*(¢), since g(#) <1. Moreover, (10.4c) 
with z;*(#) replaced by 2:*(#) will hold. Now 


(q'y*(t) + gas(t))28(t) < [(q'y*() + qeit()2*O Ig), 
so that (10.5) becomes 
(10.5’) | git, v1 + 21,°-+ ) — gilt, n1,---) | < a’p*(A)wo*(t) | t|-F*’g(2). 


Whence in the second member of (10.7b) we may introduce g(#) as a factor. 
The argument is the same until we obtain the relation (10.11). The second 
and the third members of (10.11) are to be multiplied by g(#). Designate the 
resulting inequalities by (10.11). Now, as remarked before, g(r) is monotone 
in the region (10.11a) (with r’(¢, h) chosen so that (10.12b) holds). Along 
the path of integration indicated in (10.10b) g(r) <g(t). Hence in place of 
(10.12) one now obtains 


(10.18) | (0) | < gr(é)zi*(t) = a(t) (¢ in the region (10.11a)). 
As established before, we have ¢/ (#)=0. Thus in (10.18) ¢,(#) may be re- 
placed by :;(2). 

It is not difficult to prove by induction that 
(10. 19) | 2:(t) | < g*(t)2i() (j=1,---,0;k =1,2,---) 
for t in the region (10.11a) (such that (10.12b) holds). The latter region is inde- 


pendent of k. Let ¢=¢) be any point in the above region; since by (10.12b) 
and (10.19) 


| 2;(to) | < 5*2i*(to) Gj =1,---,#;k =1,2,---), 


where the second member can be made as small as desired by a suitable choice 
of k, it follows that 2;(¢o) =0 (j=1, - - - , m). Thus 


(10. 20) z(t) =0 (gj =1,---,m). 


Whence, by (10.3), it is concluded that the solutions referred to in (10.1) and 
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(10.2) are identical. It is thus inferred that the elements of the solution de- 
scribed in the First Existence Theorem are independent of N so long as 
N=v(é). The same result will hold for the theorem of §9, even though the 
latter theorem is not a special case of the first. One needs only to apply the 
result established for the theorem of §7 to a suitable subsector (a ray, even, 
is sufficient) of the sector for which the theorem of §9 has been stated; 
(10.20) will then hold in the original sector in consequence of a well known 
property of analytic functions. 

UNIQUENESS THEOREM. The solutions of the existence theorems of §§7 and 9 
are independent of N. Thus, if 


yilt), yo(t),-- > , Yn(t) 
are the elements of a solution of the non-linear differential system under con- 
sideration, and if 

Si(t), Se(é),--- , Sn(t) 
are the corresponding elements of a formal solution, we have 


(10.21) y;(t) ~ s;(t) (j =1,--- ,;¢ in the indicated region), 


where N =v(&), v(€) +1, v(€) +2, ---. For any fixed N (=v(€)) the “asymp- 
totic” relations (10.21) are to signify that the y;(t) are functions possessing the 
properties described in the existence theorems referred to above. 

Note. The above theorem, then, implies that the solutions mentioned in 
the theorems of §§7 and 9 are asymptotic to the corresponding formal series 
not merely “to N terms,” as stated in those theorems, but also in the ordinary 
‘sense; that is, to infinitely many terms. 

11. Systems (C). Our purpose will now be to investigate in the complex 
neighborhood of the singular point \ = © the analytic character of some of the 
solutions of systems (C), mentioned in §1. A system (C) will be assumed to 
be of the following form: 


(11.1) A-Pyf) (~) = aj(A, x, 1,°-+, Wn) G =1,°--, 2; pan integer = 0),t 
where A is a parameter and 
(11. 1a) a,(X, %, My,°** , Yn) = 1;(d, S, Fin’ * * s Yn) + qi, *%, My, °°", Yn), 
(11. 1b) 1;(A, %,M1,°°", Yn) - 1, i, x) 1 + tity + In, i, x) Vn; 
qilA, %,My,°**, Yn) = } GB ig, 5ig (Dy x) yy" ote ji Yn 
(i:,°-°>, mm SO; + --- +e 2257 = 1,---, 2). 
{ Indicated derivatives are with respect to x. 


(11. 1c) 
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Here the /;,;(A, x), ;@i,,-.-,i,(A, *) are functions representable by series of the 
form 


(11.2) Co(x) + ex(x)A~“! + co(x)A? + ---, 


where the c,(x) (v=0, 1, - - - ) are continuous, together with their derivatives 
of all orders, for x on the closed interval (a, 8). Moreover, the series (11.2) 
are assumed to converge absolutely and uniformlyt for x in (a, 8;) and for 


(11.3) [al =r. 


The series involved in the second member of (11.1c) are assumed to be 
absolutely and uniformly convergentt for 


(11.4) oa Se; |AlZ7; | mn], |yel,---, lyn] So. 


Moreover, it will be assumed that the system obtained by replacing the q; 
by zeros is actually of order n. 
Associated with the problem (11.1) there is a linear system 


(11.5) A~Py{ (x) = LA, *, My ° + 5 In) G=1,---,m). 


A general analytic theory for systems of this type has been given by Triitzin- 
sky.§ It will be assumed that the reader is familiar with the results and meth- 
ods contained in (T;). In connection with the earlier contributions to the 
theory of linear systems containing a parameter, we shall mention papers of 
outstanding importance by G. D. Birkhoff,|| J. D. Tamarkin§ and P. Noail- 
lon.tt Some additional references to the contributions of these and some other 
writers may be found in (T3). 


t The functions under consideration will be analytic in \ for |A| =r (A= © included) when x 
has any fixed value in (a, (1), if it is assumed (as it is) that r is sufficiently great. For every fixed 
(| | 27) these functions are continuous in x for x in (a, 61), in consequence of the assumed uniformity 
of convergence of the series (11.2). This continuity is uniform with respect to > (| AI 2r). 

tr is taken sufficiently great and p sufficiently small so that, for x in (a, 61), the functions 
gi(A, X, My *** » Yn) are analytic in (A, n,-++, Ya), at (A=, W= y= +++ =Jn=0), for (|a| 27; 
ly}, |y21,°-~*, |9| Sp). For any set of values, such that (11.4) holds, the g; will be continuous in x 
for x in (a, (1). 

§ W. J. Trjitzinsky, Theory of linear differential equations containing a parameter, Acta Mathe- 
matica, vol. 67 (1936), pp. 1-50. In the sequel this paper will be referred to as (Ts). 

|| G. D. Birkhoff, On the asymptotic character of solutions of certain linear differential equations, 
these Transactions, vol. 9 (1908), pp. 219-231. 

{ J. D. Tamarkin, Some general problems of the theory of linear differential equations and expan- 
sions .. . , Mathematische Zeitschrift, vol. 27 (1927), pp. 1-54. 

Tt P. Noaillon, Développements asymptotiques dans les équations diff érentielles linéaires 4 paramétre 
variable, Mémoires de la Société des Sciences de Liege, (3), vol. 9 (1912), 197 pp. 
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12. Preliminaries for systems (C). The linear system (11.5) is equiva- 
lent to the matrix equation 


(12.1) Y“(x) = Y(x)A(A, x), Y(x) aa (yi, 4(*)), 
(12. 1a) A(A, x) = (A7I;,;(A, x)) (i,f =1,---,n) 
(cf. (11.1b)). A solution of (12.1) will consist of the m elements in a row of 
Y(t). Now, this system is of the type to which the results of (T;) apply. It is 


to be noted that the linear system on hand possesses a singularity at A= 0. 
It will be convenient to introduce the following definition. 


DEFINITION 1. Generically {d, x} (integer g=0) is to denote a series possibly 
divergent for all NX © , of the form 


oo(%) + oi(x)A-VE +--+ + o,(x)r7/k + --- 


(integer k>0). Here o,(x) (v=0, 1, - - - ) is, together with the derivatives of all 
orders (which are assumed to exist), continuous on some real interval. 


The system (12.1) possesses a formal matrix solution} 


(12.2) S(A, x) = (sii, x)) = (e970, (A, x)). 

In (12.2) = 

(12. 2a) Qld, x) = y qvi( x) Ai) 1 Be (integers k; = 1), 
(12. 2b) oi, 40, x) - 1A, a} (i, j = 1, Pee n) 


(cf. Definition 1), the functions of x in the second members of (12.2a) and 
(12.2) being, together with the derivatives of all orders, continuous on a sub- 
interval (a2, Bs) of (a1, B:).t Henceforth, unless stated otherwise, attention will 
be confined to a particular such interval (a2, B,) and its subintervals. The inter- 
val (as, Be) is taken so that for no x in (a2, B2) do any two roots of the character- 
istic equation of (12.1) coincide, unless these two roots coincide throughout 
(a2, B2).§ The intervals under consideration are closed. 

By the Fundamental Existence Theorem of (Ts) in particular the follow- 
ing can be asserted. 


Let (a2, Be) be an interval as stated above. Let the Bi; designate curves in the 
d-plane, extending to infinity, along which 


t That is, the determinant | .S(x, \)| does not formally reduce to zero. 

t It is to be noted that (a, 6:) may contain values of «=x, such that in two intervals contained 
in (a1, 61) on different sides of xo the system (12.1) will possess distinct formal matrix solutions (12.2). 

§ That is, (a2, 62) is such that roots which are distinct for some x in (a2, 62) remain distinct 
throughout (a2, 62); while any two roots coincident for some x in (a2, 62) will coincide throughout this 
interval. 
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(12.3) RQ™ (A, x) = RO (A, x). F 


There exist subintervals of (a2, Bz) such that , when x is restricted to one of them, 
there exists a regular (cf. Definition 3, §2) region R in the d-plane so that there 
are no curves Bit interior to R. Let (a’, 8’) denote any particular subinterval 
mentioned above. As a matter of notation we may write 


(12.4) RQ (A, *) S RQ (A, w) S +++ S ROM (A, x) 
(x in (a’, B’); X in R). 
Let a be an integer, however large. The system (12.1) possesses a matrix 


solution .Y(d, x), with elements analytic in \ (\# ©) and continuous in x for x 
in («’, B’) and \ in R; moreover, for the indicated values of the variablest 


(12.5) a (A, x) ~ S(A, x) 


(cf. (12.2)). 
Consider a matrix solution satisfying (12.5). Form another matrix solu- 


tion 


(12.6) Y(A, x) = (yi,i0A, %)) = (6;,je°%% 2) aV (A, x), 

where (6,,;) is the identity matrix. We shall have 

(12.6a) Y(x, d) ow S*(A, x) = (e412; (d, x)) (x in (@’, B’); Xin R) 
(cf. (12.2b)), and 

(12.6b) Gir, x) = QA, x) — O:(A, a’). 


Since,§ by (12.6b), 


Gir, x) = G& (A, u)du 


and 


z 


RG(d, x) = f RO (A, u)du, 


t Whenever Q;(A, x) =Q,(A, x), the corresponding By. curves will be said not to exist. Through- 
out it will be understood that these curves extend to infinity and that sufficiently far from the origin 
they are simple; moreover, at infinity they will possess limiting directions. A particular curve (12.3) 
will depend on x; as x varies in the interval this curve may vary, remaining always interior to a sector; 
the angle of this sector can be made as small as desired by taking the interval for x suitably small 
(cf. (Ts)). 

¢ ~ is to denote an asymptotic relation in the ordinary sense (unless the contrary is stated); 
that is, to infinitely many terms. denotes an asymptotic relation, to a terms. These relations are 
with respect to \ and are “uniform” with respect to x (x in (@’, 8’)) (cf. (Ts)). 

§ Throughout, differentiation is nevet with respect to X. 
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if it is noted that 
RG, 2) — Gir, 2) = f ROS (d, u) — OX (A, w))du, 


in view of (12.4) it is concluded that 
RG,(A, x) = RG,(A, x), 


whenever v <k, x is in (a’, B’) and ) is in R. Thus, for the indicated values of 
the variables 


(12.7) RG,(A, x) S RGA, x) S --- S RG,(A, x); 


moreover, if for x in (a’, 8’) and Xin R and some i, we have RQ; (A, x) SO, 
it will follow that for the same values of the variables 


(12. 7a) RGA, x) S 0. 


The case of interest is when not all the Q;(d, x) are identically zero. This 
will be assumed. 


DEFINITION 2. I'(a’, 8’; R) will denote the aggregate of the values of x and X 
such that 


(12.8) a’ Sx BP anddisinR 


(a’ <B’; R a regular region (cf. Definition 3, §2)) I'(a’, B’; R) will be said to be 
proper if 

(i) The interval (a’, B’) possesses the properties attributed to (a2, Bz) in the 
italicized statement subsequent to (12.2b). 

(ii) With suitable notation, we may assert the validity of (12.4) in 
T(a’, 6’; R). 

It is observed that if we take the interval for x sufficiently small, proper 
regions I'(a’, 8’; R) can always be constructed. By the Fundamental Exist- 
ence Theorem of (T;) it follows that, given any particular proper region 
T'(a’, 8’; R) and any a, however large, there exists a matrix solution of (12.1), 
say 2Y (A,x), which satisfies in I'(a’, 8’; R) the conditions of the italicized 
statement made in connection with (12.5). 

Since not all the RQ; (A, x) are identically zero, in view of the statement 
in connection with (12.7a), it is inferred that there exist proper regions with 
the additional property 


(12.9) RQ (A, ) S++ S ROnt (A, x) <0; 
that is, 
(12. 9a) RG\(A, x) > Mitkas =< RG (A, x) 0, 
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satisfied in the region under consideration (1<m<n). 
Hence it is not difficult to see that there exist regions satisfying the 


following definition. 
DEFINITION 3. A region I'(c, d; R’) (notation of Definition 2) will be said 


to be admissible if it has the following properties: 

(a) There exists a region T(a’, 8’; R), proper according to Definition 2, such 
that the interval (c, d) is contained in (a', 8’) and R’ is contained in R. With 
suitable notation we may then write 


(12.10) RQ (A, x) S ROLY (A, x) S --- S ROA (A, x) 

in T'(a’, B’; R) (we may also write (12.7); cf. (12.6b)). 
(b) For some m (1<m <n) 

(12. 10a) RO (A, x) S 0 (i =1,---,m; in T(c, d; R’)). 

It is observed that (12.10a) implies 

(12. 10b) RG,(A, x) S 0 (i =1,---,m; inT(c, d; R’)). 
(c) Whenever the number m employed in (b) exceeds unity we also have 

(12. 10c) ROY (A, x) = 2ROm (A, x) (in T(c, d; R’)). 
Admissible regions for which m=1 (that is, (a) and (b) are satisfied and 


(c) is deleted) can be always constructed. Admissible regions with m>1 will 


exist in a wide variety of problems. 
Consider now a particular admissible region T'(c, d; R’), subset of a proper 


region I'(a’, B’; R). Let 
(12.11) Y(A, x) = (oyi,i(A, %)) 
be a matrix solution of (12.1) satisfying (12.6a) (cf. (12.6b)) and (12.10) in 


T'(a’, B’; R); moreover, in T(c, d; R’) we shall have (12.10a), (12.10b), (12.10c).¢ 
On turning to the system (11.5) it is noted that a solution can be taken in 


the form 


(12.12) 1yj(A, x) aad >» Co oe, i(A, x) G aca 1, oS n), 
o=1 
where ¢1, C2, --* , Cm are arbitrary constants (which may depend on A). We 


shall seek to satisfy the non-linear system (11.1) with the aid of the formal 
series 
(12.13) yA, x) = ry iA, %) + ay, 4) +--- + yA, *) +--- 

G ane a, aha n), 








Tt (12.10c) is deleted if m=1. 
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where 1y;,(A, x) is given by (12.12). The ,y;(A, x) will be determined as func- 
tions of the form 


ky km 
(12. 13a) Vi, O) = Dy Ca + + Coe eM kgs -skgss(Ay 2%) 
Keyes *tskm 


(fi, ++ km ZO; ki +--- + hm =). 
For v=1 we may write 
(12.13b) oe, 4A, x) - IM kgy+++ km sis x), 
where 
k;=0 (fori#oa), ke = 1. 

Substitution of (12.13) in (11.1) will result in a set of differential rela- 
tions; the coefficients involved in the second members of (12.13a) must 
satisfy these relations. Formulas of this kind have been calculated in §2. 


It will be convenient to collect together, with some slight modifications, those 
of the formulas which will be needed in the sequel. We have 


hysees, 
(12.14) L,(a, X, HNhy,+++shmily ° * * 9 Hh,,+++ hig) = nT; » 


G=1,---,m;f=ht+---+ha3 ho 2 0,--- hm 2 0; n= 2, 3,-->), 
where 


(1) 
(12.14a) L; = H1hy,+++shmii NIA, x, Hhy,+++,hmily °° * 9 Hh, ~*~ jhgin) 


(cf. (11.1b)) and 
(12.15) i — i,,---4in(Ay *) TT > yg Ul | oe ae 


a=1 Vit +¥i =e ky ++ kta r=1 


(it+--> the = 4;4,20,---, hm = 0). 


In (12.15) 
o-<e (3) : 
(12. 16) , a ae 2 ps DD (n2 i++, = in) 
a2 igtes tines Yrte e+ Yn=H 1815°** mdm 
with 
(12. 16a) =X [be + + ade = he (q = 1,---,m); 
e a 


1H - > dm = 115° °° nd Hs H+ ndm = Yn; 


moreover, 
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P= Tle te + bi = bs hat He Ha = Ba; 
(12.17) a ec 
e4+->. +t oag). 
Also, formally, 


(1) = hy hn 
(12.18) Yi (x) as air, %, My," ""s Yn) ii > Z me? Cm HWhy,-++shm sis 


H=2 hyt-+++hm=H 


where 
(12.188) wWay.---shmig = Lid, X, Why, ++ amily yp HMAyse+ shin) i gilda 
Consider a non-homogeneous system corresponding to (11.5), 
(1) . 
(12.19) yi (x) — NIA, %, y°++ 5 ye) = Bi =F =1,---, mn). 
We then have 
(12.20) yilr, x) - y ca(A, *)o¥—, iA, x) j - 1, > vorpal n), 
B=1 
where 
(12. 20a) ca(A, x) = > f £r(#)o¥7,0(A, u)du, 
T=I1 


provided that the integrals here involved converge. Here the oy,,;(A, x) are 
from the matrix solution (12.11), and the o9,,,(A, u) are the elements of the 
inverse of the matrix Y (A, u); that is, 


(12. 20b) (oi,i(A, @)) = Covi, s(A, #))—?. 
An application of (12.19)-(12.20b) to (12.14) yields 


(12.21) HM y-+-hmii(Ay %) = Do nea(d, x)oye, (A, x), 
B=1 


(12. 21a) need, x) = Do p r7el s(t) oF, ,a(d, du. 


t=1 


13. Formal solutions for systems (C). We shall proceed now’ with 
I'(a’, B’; R), T(c, d; R’) and Y(A, x) having the meaning assigned to these 
symbols in the italicized statement made in connection with (12.11). Thus 


(13.1) o¥e,i(A, %) = e782) ys (dr, x), 


where 
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(13. 1a) va.i(A, %) yp {d, x} 


(cf. Definition 1, §12) in I'(a’, 8’; R). Definition 1 here is applied, of course, 
for the interval (a’, 8’). Taking account of (12.20b) and noting (formally) 
that |.S*(A, ~)| 40 (cf. (12.6a)), we have 


(13.2) ovr,a(A, U) = e~ SBA, o(A, U1), 

(13. 2a) Yr,p(A, #) Y {n, u} (w an integer = 0), 

where &Sa and a—& witha. Also 

(13.3) lye, *)|, | Fra, x) |< (in T(a’, B’; R)). 
In place of (12.21) and (12.21a) we now may write 

(13.4) Hh y,+++ slimy x) => > EBA, Dye (Xr, x) >» aI,,g(X, u)du 

B=1 tT=1 

(cf. (13.1a)), 

(13.4a) ale g(d, W) = AP "(ue QPH#Y, (A, 14) 
G=1,--+,m#=kht:::> than 20,---, hn 2 0; 7 = 2,3,---) 


(cf. (13.2a)). 
For a=2 (12.15) becomes 


"(uy 
(13.5) : ‘ 
tT". welt f. Sewanee. 


a=1 ¥)+++++¥i =i, r=1 
On the other hand, in view of (12.13b), 
(13.6)  rmt,---,nzsa(A, @) = exp [ki F(A, w) +--+ - + km Gm(d, u)][A, w]q 
(ki'+ tno > kn = i;aml,--- ,m;, win T(a’, B’; R)). 


Here and in the sequel [A, ~]. is defined as follows. 


DEFINITION 4. Generically [d, x]a (A, x in a region T(a, b; R); cf. Defini- 
tion 2, §12) is to denote a function defined and such that 


A, tle ~ 1A, x} 


(cf. Definition 1, §2) for \, x in the above region. 


t That is, [A, x]a=c0(x)-oi(x)A~UF} + + + aq1(x)A~C—D/k-Log(x, AYA~*/#, where | oa(x, d)| <b 
in I(a, b; R). 
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Generically [A, x]a [A, e]a=[A, x]a and [A, x]a+[A, xJa=[A, xe. 
In consequence of (12.17) from (13.6) we obtain 


ta 


(13.7) [I] vnet..--agia(A, @) = exp [5:Gi(A, w) +--+ + dnGm(d, u)][A, w]e. 


r=1 


Designate the expression displayed in (13.5) subsequent to the first product 
symbol as F’. In view of (13.7) 


(13.7a) F = generic form of (13.7) (with 6; = 46,). 
Thus 


(13.76) TL Fé = exp [(ib: + «++ + ad)Gi(A, #) + --- 
— + (15m + +++ + ndm)Gm(d, u)][d, w]e 


and, by (12.16) and (12.16a), 
(13.7c) [] Fé = exp [MGi(d, u) + --- + lnGm(d, 1) ||, 2 Ja- 
a=1 
Now, we may write 
§0i,,-+ 55g (Ay u) == [, tl. 
(cf. (11.2)). Also we observe that [A, «]. [A, w].=[A, u].. Hence 
(13.8) §@ig,+++46g(A5 u) [FZ = generic form of (13.7c). 


a=1 


It is noted, next, that in (13.5) 
> > — (v1 = 1, °° - Yn = inde 
ibe pine? Yybe + ype? 18,,°° ond 
Whence, by (13.5) and (13.8), 


hyees 


(13.9) J; “™() = exp [MyGild, u) +--+ + InGm(d, u)|[d, uJ 
for A, «in I'(a’, 8’; R). Thus, in view of (13.4a) (for 2=2) and (13.2a), 


ol ,a(, ¢) = exp [AyGi(A, u) + --- + lnGn(d, %) — Ge(d, u) APt#[d,u}< 


(13.10) 
(My, +++, hm =O; hy +--+ + hn = 2) 


when A, « is in I'(a@’, 8’; R). 

The following lemma will now be proved. 

Lemma 1. Let I'(c, d; R’) denote an admissible region (cf. Definition 3, 
§12). Then, with suitable notation, we have in it (12.10), (12.10a), and (12.10c). 
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Let 
Q(A, x) - hiQilr, x) + hQ2(r, x) + tos > hnQm(r, x) 7 Oa(r, x) 
(My, > ++ 5 htm 2 0; hy +--+: + hn = v = 2; the h; integers). 
Assume, moreover, that in Q™(d, x) (unless Q™(A, x)=0) the coefficient of the 


highest power of does not vanish in the interval (closed) (a, b). We then can 
evaluate the integral below so that, with w=1+-1, we have 


(13.11) 


(13.12) f e294) [, u]ydu = 2%) [d, x]u4 


(cf. Definition 4), provided that the displayed integrand is of the stated form in 
T'(c, d; R’). Formula (13.12) will be valid for d, x in T'(c, d; R’). Furthermore, 
if the highest power of » in Q™(A, x) is the (l/k)th (l/k>0; i.e., OM (A, x) 40) 
the coefficients of \~’'* (v=0,---, 1—1) in the second member of (13.12) will 
all be zero. 

Note. If we assume that this lemma is true, it will follow that the facts 
stated therein will continue to hold when the Q;(A, x) are replaced by the 
G(r, x)(=Q.(A, x) —Q.(A, a’)) (=1, - - - , m), respectively. 

The truth of the above lemma would follow from the developments of §4 
of (T;) if it were shown that 
(13.13) ROM(A, x) <0 (A, « in T(c, d; R’)). 


Suppose 8 >m. Some h; will be positive. We then have 


Oa, x) = [M01 0, ) +--+ +i — NEA, 2) +--- 
+ IinQm , *)] + [2:°Q, 2) — 03°C, 2)]; 


and (13.13) will follow in consequence of (12.10a) and (12.10). 
Consider now the case when 6 xm. If hg>0 and if we write 


(13. 13a) 


OA, 2) = mQr, *) + +++ + (hg — 19050, 2) ++: 
(13.13b) q) 

+ hnQm (A, x), 
the truth of (13.13) will be inferred in consequence of (12.10a). If ks =0 but 
some h;, with i<8, is positive, write (13.13a); the validity of (13.13) is then 
deduced in view of (12.10) and (12.10a). The remaining case is the case when 


Q(A, x) = — Qs(A, x) + AprsQarilA, %) +--+ + AmQm(A, 2) 


13.14 
ini (ipsa, Iips2,* +> , hm 2 0; Igy + > + tm =v 2 2;8 <m). 


t RQ; —Qg™) SO since i<B. 
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In treating the case when (13.14) holds we make use of (12.10c). In view 
of (12.10) and (12.10c), whenever 


(13.15) 1<B<i<j<m, 

one has 

wound RQs (A, x) 2 [RON 0, x) = RQn (A, x) + ROn (A, x) =]RO!"(A, 2) 
+RQ; (A, x) (in T'(c, d; R’)). 


Since in (13.14) hess --- +hm22 (har, ---, hm=0), 


(1) 


oa, ») = [- 3A, x) +.0:°, x) +0570, 2] + boris (0, x) 
+ hasQaro(d, x) +--- + bnQe (A, 2) (keys, +++ km = 0) 


for some pair of integers 7, 7 satisfying (13.15). By (13.15a) the real part of 
the expression within the brackets displayed above is equal to or is less than 
zero for X, x in '(c, d; R’). Hence, in view of (13.16) and (12.10a), (13.13) 
will necessarily hold. Thus (13.13), as well as the lemma, has been established. 

Henceforth the developments will be given for a region T'(c’, d’; R’), where 
R’ is the same as in T(c, d; R’), and where (c’, d’) is an interval contained in 
(c, d) such that in each of the expressions 


(13.16) 


(1) (1) 


OP 0A, 2) = Or, 2) +--+ + hinQm (As 2) — Q5" 0A, 2) 
(hy 2 0,---, hn 20; 41 +--+ +hy = v; the h; integers;8 = 1,---,n), 
formed for v=2,3,--+-, N, the coefficient of the highest power of d is either =0 


or #0 throughout (c’, d’).t The choice of (c’, d’) may depend on N. 
In view of Lemma 1 and of the relation (13.10) it is concluded that 


f ol,,a(A, u)du = exp [MGi(A, x) + --- 


(13.17 
. " + hinGmr, x) pos Ga(a, x) Jarre, xa 


in I'(c’, d’; R’). Substitution of (13.17) in (13.4) (for #=2) will yield, in 
consequence of (13.1a), 


(13.18) omhy.--shm (A, &) = exp [InGi(d, 4) +--+ + AnGm(d, x) art eld, x Jo 
(a +--+ + him = 25d, xin P(c’, d’; R’)). 


By virtue of (13.6) and (13.18) 


+ When the coefficient of the highest power of \ is =0 throughout (c’, d’), Q(A, x) =0 (for x 
in c’, d’). 
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a Gene Sam 0. x) = exp [Ar Gi(a, x) + ayn 
(13.19) + knGn(d, x) Jr [d, x Jas 
(ki,---, km ZO; ki +--+ thn =v 5a =1,---, 05», = 1, 2) 


for \, x in I'(c’, d’; R’). Substitute (13.19) in (12.15) (for a=3). Taking ac- 
count of (12.17) we have 


(¥,—1) (p+) 


(13.20) ll +++ = exp [6:Gi(A, 2) + >> + dnGm(A, x) JA verted (rt) [), x ]o1, 
r=1 

where 

(13.20) tmidate~ 0 oe, ~%, 


r=1 


We next have 


Fi= YS DY TL--- = generic form of (13.20) (in P(e’, d’; R’)). 
Vyto +P g=7 r=1 


If we write 5;=.6;, in consequence of the equalities of (12.16a), it is con- 
cluded that 


(13.21) TF’ = exp [MGi(d, x) + --- + dnGm(d, x) J’ [d, x ]an, 


a=1 
where 
(13. 21a) v'(3, 8) = > (va — iz) = 3-5, 
a=1 


by (12.16). The product of the functions of (13.21) by jai,,...,:,(A, #) is a 
function possessing the generic form of the second member of (13.21). Hence 


Pa FF > — - ++ = generic form of (13.21). 


ite tines Vite + + 7n=3 1810°°* 
Since,} for s=2, 3, we have 
AG to[), xler = Arte [A, w]e, 


from (12.15) (for 7=3) and (12.16) it follows that 


3 ° 
= DF’ = exp [MGild, x) + -- > + MmGm(d, x) Jarte[r, wlan 


s=2 


hyscseshm 


al; 


(13.22) 
(hi, - +: htm =O; ti +--+ + hn = 3;in T(c’, d’; R’)). 


tr-P[r, eJan=[, xan. 
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Assume that} within T(c’, d’; R’), for some a (3S4<N), we have 


(13.23) onl" = exp [MGild, 2) + ©» + hnGn(d, 2) POD, Jeeps 
(hi,- >>, hn 2 O54, +--- + hn =q+1;j=1,---,m), 
GIIk,,+++ jg ia Ay x) 
(13.24) = exp [AiGi(A, x) + -- > + RmGm(d, x) JAC-P +) [Q, w]e ops 
(Rki,- ++, km ZO; ki t--> + hm =Q;a=1,---,m) 
for q=1, 2,---+, #—1. For #=3 this has been previously established in 


(13.6), (13.9), (13.18), and (13.22). 
Substitution of (13.23) (for g=a—1) in (13.4a) will yield 
ul,,g(r, 4) 
(13.25) = exp [hrGi(r, u) +--+ + hinGm(d, u)— Ga(A, #) JA@-Y Ot) [), u|a—-H42 
(hy, +++, him =O; My +--+: thn = 4;r, win Tc’, d’; R’)). 
Since 4,+ --- +hn=aHSN, in view of the italicized statement preceding 


(13.17) it is observed that Lemma 1 (together with the appended note) is 
applicable for the evaluation of 


(13. 25a) ; f ul,,g(d, u)du. 


Accordingly (13.25a) will have the form 
exp [M:Gild, u) ++ + limGn(d, 4) — Geld, 4) AF-PO+[Q, ae] east. 
Substitution of this in (13.4) will give 


Hy, ++ shan Ny x) 
(13.26) = exp [MGil(d, x) + - > + AnGm(d, x) JAF C+ |), x]anar 
(A, x in T'(c’, d’; R’)). 
Thus (13.24) holds for g=1, 2,---, a. 
In (12.15) replace a by a+1 and substitute (13.24) for g=1, 2,---, a. 
Since (12.17) holds, and since + - -- +vi,=Ya; 


(13.27) Il *c-* © CAD [6:G,(A, x) 4. «es a bmGm(A, x) JAC ta) (Pte) [A, x |o—H41- 


r=1 


We next obtain 


FJ = Zz : Il - ++ = generic form of (13.27) (6; = 2d;), 
Vite +i g=7 r=1 


t We take a (hence @ also) suitabiy great. 
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and, by (12.16a) and (12.16) (with a replaced by #+1), 


IF. = exp [AGi(r, x) + > hnGm(n, x) JA@+1-2) (ote) [d, « |a—n4. 

(13.27a) ~~ 

= exp [MGi(d, x) +--+ - + dnGm(d, x) ASH), x Jonas 
(s=2,---,a+1;inT(c,d’; R’)). 


Finally, by (12.16) (with a replaced by 2+1), 


hye ttshm (4) - 
Hoi; = > §i,,++ stg (Ay x) II Fi 
a=1 


generic form of third member of (13.27a). 

Thus relations (13.23), (13.24) are valid in T'(c’, d’; R’) forg=1,2,---,N. 

Lemma 2. Let N be an integer, however large. Let T(c, d; R’) be an admissi- 
ble region (cf. Definition 3, §12) and T'(a’, B’; R) be a proper region (cf. Defini- 
tion 2, §12) containing T'(c, d; R’). With suitable notation we thus have (12.10), 
(12.10a), (12.10b), and (12.10c). 

Let (c’, d’) be an interval contained in (c, d) and satisfying the condition 
of the italicized statement preceding (13.17). 


The system (11.1) possesses a formal solution represented by the series 
(A, x) (J=1, - - - , 2) given by (12.13) and (12.13a). The coefficients 


(13.28) Mia. +> ig ts x) (ki, ee a = 0; ky + tales + Ru = v), 
involved in (12.13a) can be determined by means of (13.4), (13.4a) and the 


formulas (12.15), (12.16), amd (12.17). For v=1, 2,---, N the functions 
(13.28) may be taken of the form 


Mk y,+++4kmii(Ay %) 
(13. 28a) = exp [AiGi(A, x) + --- + RnGm(A, x) |AC~P +) [Q, x] ovat 
(ki,--+ km FO; Bi +--+ +hn = vf =1,---,m), 
formulas (13.28a) being velid in T'(c’, d’; R’). The symbol [h, x ]a-v41 is defined 


(in T(c’, d’; R’)) according to Definition 4. We may take & as great as desired; 
however, the functions (13.28) will in general depend on &. 


14. Corresponding transformations. The system (11.1) will be trans- 
formed with the aid of 


(14.1) yx) = V,(d, x) + pj(d, x) 
where 


(14. 1a) V (A, x) = iy s(d, x) + ayi(A, %) + --- + wiiyi(A, x). 
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Here the ,v;(A, x) (v=1, - - - , W—1) are the functions involved in the formal 
series solutions s;(A, x), referred to in Lemma 2, §13. The arbitrary constants 
C1, °° * , €m, involved in the ,y,;(A, x) may be taken as functions of \. We shall 
take the c;=c;(X) analytic in R’ (h\#~) and such that 


(14.2) lec] Sy; x¥N~0; wASn (i=1,---,m;X in R’). 
In view of (12.10b) it follows from (13.28a) that 
(14.3) Miy--skm iy X) | < [ALO @toH! 

(hi, - ++, kn SOR +--+ he vif = 1,---, 037 = 1,2,---,N—}) 


for \, x in I'(c’, d’; R’). Here b/ is independent of \ and x. By (14.2), (14.3), 
and (12.13a) 


vir, x) ~ 0; 





id, x)| < ya) | Ale" (in T(c’, d’; R’)). 





Hence, since y(A) ~0, 

(14.4) V,A, x) ~0; | Vj, x)| < ya)’ (in P'(c’, d’; R’)). 
Here b’ is independent of x, \. Either by taking y:(>0) sufficiently small or c’ 
sufficiently great, we secure 


(14. 4a) Va, x)| Se’ (j=1,---,n;in P(e, da’; RF’); |Al 27), 





where p’ is independent of \, x and 
(14. 4b) 0<p’ <p, 


where p is defined as in (11.4). 
In consequence of (11.1a) and (11.1b) substitution of (14.1) in (11.1) will 


yield 


—p (1) 





A pj (A, x) _ 1;(d, X,Pi,*** » Pn) 
(14.5) = —2dY; A, 2) +1,(d, 2, Yi,---, Ya) 
+ gj(d, x, Vi + p1,---+, Yn + pn). 
Here 
(r, «, Vi + pi,--- ) = QA, x, Vi,---, Vn 
(14. 5a) qif y%, 21 Pi ) qil 1 ) 
+ DS ate,..ry:g(A, 201 °° Pn 
vyteretmnzl 
Vite sten 
Vy! + + + Walaty,,..-,aq:i(Ay X = (A, x, eo) 
(14. 5b) : i( ) Oy; eee O"2Vn qi( y1 ) 


(yi = Y;(A, x) ;i= I,--- , 2), 
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the series above being absolutely and uniformly convergent in I'(c’, d’; R’) 
(|| =r’) provided 
(14.6) |er|,---,|en| Sp” (0<p” <p-— >’) 
(cf. (14.4b)).f 
By (14.5b) and (11.1c) 
vitay Pntdn ym 


ry 
s ye x) = z. pr ere ee x)C,, ie Ch, Y; re | n 
(14.7) Apert An 


(MN, °° +, An 2O;MH- - HA, 22—(m+--°- +y)). 
Thus, in particular, 
(vy t--- +», = 1), 


gran, 


so that, by (14.7) and (14.4), 
(14.7a) Oy s,+++pniflAy &) ~ O (in T(c’, d’; R’);n.+--:- +n = 
On the other hand, 

Bry,0--srgtf Ay 2) = Bryn + 2D ---  (Knt--- +m2 


Apts thy 21 
thus, in view of (14.7), 
(14. 7b) Glny,+++.ng fy B)  Bey,+--snglhy 5) 4H Bo,,---.m (Ay 2), 
where 
(14. 7c) iBoy,-+-,9,(, x) ~ 0 (vy +--+ +n S 2 in T(c’, d’; R’)). 
By (14.5a), (14.7a), (14.7b), (14.7c), and (14.5) 
(14.8) "pj (A, x) — UFO, 2, pty 5 Pn) = GPO, 2, Dry => 5 Pn) — Fi(A, 2) 


G =1,---,mn). 
Here 
—p,_,(1) 


(14. 8a) F(X, x) =i Y; (X, x) -_ 1;(d, x, Yi, it i » Ys) on gil, x, Yi, ee Y,,) 
and 


(14.9) I~ gh ~ ai (in T(c’, d’; R’)). 


The relations (14.9) are to be understood as follows. The 1;*—1; are linear in 
p1,-* +, Pn and the g*—q; are series in non-negative integral powers of 
1, + , Pn; the coefficients of the various powers of pi, - - - , Pn are functions of x 
and d which are all ~0 in T(c’, d’; R’). 


t p’’ is independent of x and X. 








312 W. J. TRJITZINSKY [September 
It remains to study the function (14.8a). By (12.18) and (12.18a) in con- 
sequence of (14.8a) we have 


F,(d, x) =? [V5 (A, x) — d7a,(d, #, Y1,---, Ya)] 


(14.10) 

= > > .- . Pin ee 

H=2 hit-+++h_=H 

where 
(14.11) HV i seo--shasd = Hho shes 
provided that in the second member of (14.11) we replace the 
(14.12) ee (v > N) 
by zeros.} Thus by (12.18a) 
(14. 12a) eee = HV hy -+ Pan? (a =sN- 1), 
(14. 12b) tihiitmewiia 
(14. 12c) twat (x > N). 
In (14.12c) 
(14.13) Pitta i ne ty > y), 


provided that in the second members the functions (14.12) are replaced by 
zeros. 
It is to be recalled that the 


ky,++shgta(Ay ©) (vs N—1) 
have been previously determined so that 
(14.14) BD dg.->-shgt = 0 (a< N—1). 
If we take account of the statement preceding Lemma 2, §13, the form of the 


function of (14.12b) is inferred with the aid of (13.23) (for g=N—1). Thus, 


* 
NWhy.0++ shed 
(14. 14a) = exp [MGild, x) +--+ + dnGn(d, x) |A-?++2[), x]awse 
(hy + sod ca + hn - N; in I(c’, d'; R’)). 


The form of the functions (14.13) can be established as follows. 


t When the functions (14.12) have been replaced by zeros, the formal series s;(A, x) =1y;(A, 2) 
+2y;(A, x)+ +++ reduce to the functions Y;(A, x), respectively. On the other hand, (12.18) and 
(12.18a) have been obtained as a result of substituting in y;(A, x)—A?a;(A, x, y1,°°*, Yn) the 
series s;(A, x). 
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Since, for vySN—1, a—v+12a—N+2, in consequence of (13.24) (for 
q=1,---,N-—1) we have 
(14.15) “ree #) = exp [hiGi +--+ + kmGnJro-P tr, x]ewee 
(kit--++hkn =vj3v=1,---,N—1;inT(c’, d’; R’)). 
With the functions (14.12) replaced by zeros, we may write 
vMky,+++ykeia(Ay %) = O = generic form of the second member of (14.15) 
(Rit--: +kn =vjv=N,N+1,--- ;inT(c,d’; R’)). 
If (14.15) and (14.15a) are substituted in (12.15), in view of the definition of 
the functions (14.13) it is inferred that 


(14. 15a) 


(14.16) a ine re exp [A:Gi(d, x) +--+ AmGm(d, x) AF?) + [), x Jaws, 
. (y+--- +h,=H;H=N+1,N+42,--- ;in I'(c’, d’; R’)). 


By (14.14) 
mac SF NS ee 


HEN hyt-+++hm=H 
Thus, in consequence of (14.2), (14.14a), (14.12c), and (14.16) 
F(A, x) | < Roly(d))¥ | A} A? to) yess cal My &) 
(14.17) | F(A, x) | < ko |r| a hm 
G ei 1, oes 9 in r(c’, d’; R’)), 
where 
(14.18) gay.---sam(A, *) =| exp [MrGi(d, x) +--+ + AmGm(d, x)] |. 


Lemma 3. The transformation (14.1), (14.1a) (cf. the italics subsequent to 
(14.1a)), applied to the system (11.1), will yield the system 


—p () 


A Pj (A, x) — IF (A, x, pi, - tae » Pn) = qi (A, x, pi, ° i » Pn) — F(d, x) 


(14.19) ethos a 


The 1¥* and qj‘, here involved, satisfy (14.9) in the sense of the italicized state- 
ment subsequent to (14.9). The series 
(14. 19a) qi (a, %, Ply" ** y Pn) - p Oly, +++, 0qti (Ay x) pr" sia Pn 

Vite ty, 22 
will converge absolutely and uniformly in T(c', d’; R’) (|d| =r’), provided 
(14.6) holds. Moreover, the F(X, x) satisfy (14.17), (14.18). The above is as- 
serted under the supposition that the arbitrary constants (functions of d) c; sat- 
isfy (14.2); furthermore, y, and r' are to be suitably chosen so that (14.4a), 
(14.4b) hold. 
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15. The Third Existence Theorem. We now have the following state- 
ment which is analgous to a statement in §7. 
Let d, x be in T(c’, d’; R’) (|X| 21’). Suppose 


: (15.1) | p:| S p*, | wi| < w* (i=1,---,mn) 
with 
(15. 1a) p* + w* Sp”. 


For the function (14.19a) we then shall have 


(15.2) | g#(A, *, pr + wi, ++ pn + Wn) — GPA, %, pr, --- 5 Pn) | 

< (q'p* + qw*)w* (A, x in T(c’, d’; R’); q’, q independent of i, x). 
We now write 

(15.3) Pik — Pika = Wik (k = 0,1,--- 5 p;-1 = 09), 

(15.3a) Pik = Wiot Werte: + Whe (k = 0,1,---) 


and consider the succession of differential systems 


—p (1) 
d "Wisk _ IF (A, X, Wizky* * * y Wn: n) = £25 
(15.4) = qi (a, %, Pi: k—-2 + Wi: k-1) °° * » Pn: k—2 + Wn: k—-1) 
_, qi (a, %, Piz k—2) °° * 5 Pn: 2) 
Gj = a,:** ,n;k =0,1,--- > §i:0 = — ,F(\, x)). 


A solution will be obtained in the form of convergent series 
(15.5) pj(r, x) = w;:o(A, x) + wild, x) + 7o™ G= Re? ihe ,n). 


The left member in (15.4), multiplied by \?, is “asymptotically” identical 
with the left member in (12.19) (cf. Lemma 3, §14). Hence in consequence 
of the statement in connection with (12.19)-(12.20b) one may write (15.4) 
in the form 


(15.6) wy. n(d, %) = D> read, x)oys.i(d, *) (j=1,---,n), 
B=1 

where 

(15. 6a) xeg(A, x) = > f Mgr: k or (A, U)du. 
t=1 


Here the oy*,(A, x) can be taken asymptotically the same (in I'(c’, d’; R’)) 
as the oy:,;(A, x) (i, 7=1,---, m), involved in (12.20); moreover, 


(057.4, #)) = (ovs.j(A, #))-!. 
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If account is taken of (13.1), (13.2), and (13.3), it is concluded that 
(15.7) oys.(, x) = e822 y5,(A, x), va.i(d, x) = [A, x], 
* , _* : 
(15.7a)  ofr,a(A, #) = eG DF, (A, 4), 7-.a(d, u) = [A, w]e, 


(15. 7b) | vai, x)|, | Fra, x) | < v% (in T(c’, d’; R’)). 


Moreover, o can be taken as great as desired, and g—* with o. However, 
the y*,(A, x) will, in general, depend on a. 
In view of the above (15.6) may be written in the form 


(15.8) we e(A, x) = Dd neald, x)e%2 v5, ,(A, 2), 
B=1 


(15. 8a) wea(d, x) = Do | dP tg,. pe FBO? a, u)du. 


t=1 


Finally, with the aid of (15.7b) we obtain 
(15.9) | wW;-K(A, x) | < ny? >, | 6280.2) | gx | | Pre | eG (r,u) | | du | 
B=1 


(in I'(c’, d’; R)), provided | g;.«| <g. (j=1, - - -, m) and the integrals here in- 
volved can be evaluated. 
Write 


(15.10) g(A,x)= >> |exp [aGid, x) +--+ + hnGm(d, x)]], 


RO 
(15. 10a) w(d) = y(a)| alPte. 
Then, since g;.0= — ;F(A, u), in view of (14.17) we may take 
(15.11) go = Row (d) | A[-2etogyO, 
Whence, by (15.9), 

| wj-o(A, x) | < Romy2p® (a) | A [Ct >| e%80.2) | 
(15.12) : 


=I 
Zz 
‘2 | #0 || du], 


hyte e+ thm=N 


where 
(15.13) G(A, “u) = AGA, uw) +--+ + lGm(d, u) — Geld, %). 


Now 


(15.13a) RG (d, w) = MRO (A, w) +--+ limROn (A, &) — ROS ’(A, u). 
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Applications of (12.10), (12.10a), and (12.10c) leads (by the same reasoning 
as employed in proving (13.13)) to the conclusion that the function of 
(15.13a) is $0 for X, win I'(c’, d’; R’).T Since 


R[GQ, x) — GQ, u)] = f RG asda, 


and since, for 

(15.14) ésxsSvsusd, 

dv <0, the integrand just displayed is =0 for A, x in I'(c’, d’; R’), provided 
(15.14) holds. Thus, under (15.14), 

(15. 14a) RG(d, x) = RG(A, u) 

(cf. (15.13)). Accordingly, 


(15.15) f Joawdul <| ea-| f | du| =| e0| (@’ — 2) 
ad’ d’ 
(A, x in T'(c’, d’; R’)). 


In the sequel integrations will be from d’ to x (x in (c’, d’)). 
By (15.15), (15.12), (15.13), and the definition of gy(A, x) 

~_ | wyo(d, x) | < Rokm®(d) | X[-@tgn(A, x) = kil AlPtgo(A, 2) 
; = wi(A, «) (j= 1,---,;d, xin M(c, d’; R’)) 


(cf. (15.11)), where 
(15. 16a) ky = (d’ — c’)n*y?. 


With q’ and g denoting the constants of (15.2) let b be the upper bound of 
the numbers 


p”’ p” a p” » 
eechet GET Tee 
: | 1+)” 1+,” Ni +p” 


(v=1,2,---); 6 will be finite. The inequalities 


p 
15.17 *(\, x) < T(A, x) = h’b| AlPtoweH(A, x) < 
(15.17) w#Q, 2) S 0%, 2) = Hb] AlrteweQ, 2) Ss ——, 


(A, x in T(c’, d’; R’)(| | 2 r’)) 
(cf. (15.16), (15.16a)) will be obtained either by 
(i) taking r’ sufficiently great; 
or by 


t Presently, however, it is immaterial whether the coefficient of the highest power of A, in 
(15.13a), vanishes for any x in (c’, d’). 
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(ii) taking the interval (c’, d’) sufficiently small. 

If we make use of (15.4) for k=1 (with p;..1.=0) and apply (15.1), (15.2), 
with 

p* = p*,(A, x) = 0, w* = w9'(X, x), 

it follows that 
(15.18) | gisnlA, «) | < b(wée(A, u))? = gr (A, w in T'(c’, d’; R’)). 
In view of (15.16) and (15.14a) the upper bound of 
(15.19) we'(r, “) | e-GpQ.u) | (A, w in I'(c’, d’; R’)), 
for 
(15. 19a) é<xsuc<d, 
is attained at x; the function w¢*(A, u), and hence 
(15.20) (wéF(A, u))?| eB |, 


will possess the same property. By (15.9) (for k=1), (15.18), and the stated 
property of (15.20) 


| wis(d, x) | < (d’ — c’)n*y?| dl P+#b(wH(A, x))?. 
Thus, by (15.17) 
(15.21) | Wj.1(A, x) | < T(A, x)wo(A, x) = wit(A, x) (in T'(c’, d’; R’)). 
Making use of (15.4) for k=2 (with p;.o=w.o) and applying (15.1), (15.2), 
with 

p* = pod, x) = wild, x), wt = wir, x)T 
we infer that 

| gicold, x) | < (g’we(A, x) + quit(d, x))wF(, «) 
= [q’ + g©(), x) ]we(A, x) wi (A, x) 


" le bs (5 : =) fro, x)wit(d, x) < bwéK(A, x) wit(d, x) 
' (in P(c’, d’; R’)).t 


(15.22) 


Assume that for \, x in T(c’,d’; R’) (|| 2r’) and fori=1, --- ,k (22) the 
following inequalities hold 


(15.23) | gica(d, x)| < gs = bwet(d, x)wiald, 2), 


t p* +w* = wet +wr* <(p""/(1+-9'"))+(0"/(1+p”))*<p” by (15.17) and (15.21). 
t By definition of 6. 
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(15.23a) | wind, x)| < wea(d, x) =P, wk, x) (f =1,---, 2). 


For k=2 these relations have been established in (15.18), (15.22), (15.16), 


and (15.21). 
In consequence of (15.23) for i=k, and (15.23a) for i=k 


(15.24) ge = ge(A, uw) = bT*—(A, u)(wor(A, u))?. 

In view of the property previously stated in connection with the function 
(15.19) and we*(A, u), and in view of the fact that I'(A, ~) enjoys the same 
property, if we write 

(15.24a) ge(A, #) | e-%2®™ | = BT*-(A, w)wH(A, u)[weF(A, we“ J, 

we infer that the function on the left-hand side of (15.24a) will attain its up- 
per bound at u=x, for A, w in I'(c’, d’; R’) (provided (15.19a) is satisfied). 
Hence from (15.9) it follows that 


| W;-%(A, X) | < ny? | nN | p+o(q’ — c’)g.(A, x) = ki | A|Pt+ore-X(y, x)(we*(A, x))?. 
Thus, by (15.17) 
(15.25) | wjen(A, x) | < T*(A, x) we(A, x) = wir, x) 
(in T(c’, d’; R’);7 =1,---,m). 

Ta other words, (15.230) will hold for 1, - - - , 6-1. 

We are going to apply (15.4) with & replaced by k+1. We may write 
| pi:na(d, x) | =| weolA, x) +--- + weer, x)| < wi(A, x) +--- 

+ wt. x) =e, | wield, x) |< weA, x)= wt (GF =1,---,m), 
Now, by (15.23a) (¢=1, - - - , +1) and by virtue of (15.17) 


7 


nur <( p”’ )+( p” Yet (2) <o", 
1+ p” 1+ p” 1+ p” 


Hence the statement in connection with (15.1), (15.2) is applicable. We have 
| ginsa(d, x) | < (q'o* + qu*)w* 
= [q’(1 + P(A, x) + aie + r—Q, x)) + qt *(A, x) ]wo(d, x)wit(r, x) 
< [q’(1 +6 +--+ +4*") + gd*]wi(r, x) wi(, x) 
S bwe(d, x)wi(A, x) = gets (6 = p”/(1 + p”); in Tc’, d’; R’)). 





(15.26) 


Whence it is concluded that the inequalities (15.23), (15.23a) hold fori=1,2,---. 
Consequently the series (15.5) converge absolutely and uniformly in 
T'(c’, d’; R’) (|A| 27’); in fact, 


+ T(A, u) is wo*(A, u) except for a factor independent of w. 
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| (A, x) | S| wiold, x) | +| wirQ, x) | +--- 
wi(A, x) + wik(A, x) +--- 
wé(r, x) [1+ P(A, x) +12, x) +--- | 
we(r, x)[1+6+62+--- ] = wK, x)(1 +p”) 
(in T'(c’, d’; R’);7 =1,---,m). 


The absolute values of the coefficients of w:; (¢=1, ---, ) in 


(15.27) 


IF(A, XY, Wizky* * * y Wn: k) 


are <K, where K is independent of \ and x (A, x in I'(c’, d’; R’)). By (15.4) 
fork =0 
wo, x)| S| d|’aK wer, x) +| | gold, x). 

Substituting the expression for go(A, x) from (15.16), we obtain 

| wy o(d, x) | << k’’ | |’ we(r, x) G = 1, alate.” in P(e’, d’; R’)).f 
By virtue of (15.4) for k>1, (15.25), and (15.24) and the fact that I'(A, x), 
we (A, x) <4, it is seen that 

q1) Pp p__k—1 
| wie(A, «)| S| A| mK wer, x) +|A]Or (A, x)(weF(A, 2))? 
< (mK + b)| d|76*we(A, x). 

Thus, with ,4 denoting the greater of the numbers k’’, nK +, we have 


(15.28) | weed, x)| <ik|al?s we(r, x) (k 


in T'(c’, d’; R’). 
With the aid of (15.28) it is concluded that the series 


(1) (1) qd) 
Pi (A, x) = Wj: o(A, x) + Wj: i(A, x) + Par 


converge absolutely and uniformly. We have, for \, x in T'(c’, d’; R’), 


pi (d, 4) | S| wil, 2) | +--- < (1+ ek] a]?wFQ, 2) 


Gj =1,---,m). 

For \, x in I'(c’, d’; R’) (|| =r’; r’ sufficiently great) the series (15.5) 
will truly represent a solution of the transformed system. The p;(A, x) are 
analytic in \ for \ in R’ (A#@), provided x is in (c’, d’). For any fixed ) in 
R’ the p;(A, x) will be continuous in x for x in (c’, d’).t Moreover, these func- 
tions are differentiable in I'(c’, d’; R’) with respect to x. 


(15.29) 


tk” is independent of A, x. 
t The p;(A, x) are uniformly convergent series of continuous functions, 
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THE THIRD EXISTENCE THEOREM. Let I'(a’, 8’; R) be a region proper ac- 
cording to Definition 2, §12. The functions Q;(d, x), here involved, are from the 
formal matrix solution (12.2) satisfying the linear problem (12.1) (associated 
with the system (11.1)). Let the Gd, x) (i=1,---, m) be defined by (12.6b). 
Let V'(c, d; R’) be an admissible (cf. Definition 3, §12) subregion of T(a’, B’; R). 
With suitable notation we then have (12.10), (12.10a), (12.10b), and (12.10c). 

Let N (>0) be a fixed integer, however large. Form a region Y(c’, d’; R’), 
where R’ is the same region as before and (c’, d’) is a subinterval of (c,d) such 
that the italicized statement preceding (13.17) should hold for (c’, d’). Let the c; 
(i=1,---+, m) be arbitrary functions of d (independent of x), subject, however, 
to the condition stated in italics in connection with (14.2). 

The system (11.1) will then possess a solution y;(A, x) (j=1,--- , n), whose 
elements are analytic in \ for \ in R’ (\¥ ©) (x in (c’, d’)) and satisfy asymp- 
totic relations 


(15.30) Vi(r, x) ~ $j(A, X) G=1,--+,n;inT(c',d’; R’)), 


where the s;(X, x) are the series referred to in Lemma 2, §13. The relations (15.30) 
are asymptotic in the following sense. The y;(d, x) are of the form 


N-1 
ky “m 
yl, x) = pm > ee Pn Mk y,+++skmis(Ay %) + pj(A, x) 
(15.30a) vl kyte ss +hm=v ° 
Gj =1,---,), 
where 
Mh 1.++* slemtd As x) 
(15. 30b) = exp [AiGi(A, «) +--+ + knGm(d, x) JAC~P OH [, aw] zy 
(ki,°+ +, km 2O; ki t+ +> thn =v; v =1,2,-°--,N—1;7 =1,---,m) 
ford, xin T(c’, d’; R’). The symbol [h, x]z-++1, above, is defined in T(c’, d’; R’) 
according to Definition 4, §13. The p;(d, x) are functions defined, together with 
the derivatives p;(d, x), in T(c’, d’; R’) and are such that 
| eld, 2) | < byM(a) | a[ AV ero 
dX | exp [Gi x) + - +> + AnGm(d, x)]| = px(d, 2), 


hyt* hig 


(15.30c) 


where y(d) is defined as in (14.2) and 


(15.30d) 0. (n, «) | < ks, [a GG =1,---, my in T(C, a’; R’)), 


k, k, being independent of d, x. /n the above, &, depending on N, is to be taken 
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suitably great. In R’, |X| =r’ and r’ is to be taken sufficiently great so that 
(14.4a) and (15.17) } will hold. 


Note. We observe that |p;(A, x)| is essentially of the order of 


k km 
Dla t+ Cm NIK y+ hif(Ay %)- 
kytes st hm=N 


In fact, the absolute value of the latter expression is less than 
hpn(n, 2) (in T(c’, d’; R’)), 


where / is independent of X, x. 

The following general remarks will be made regarding the main results 
of this work. 

The remaining problem is of interest, namely, to determine under what 
specialized conditions the formal series solutions involved in the three existence 
theorems converge. It is to be noted that in all of Horn’s work, which relates 
to certain restricted first-order problems,{ the formal solutions converge and 
thus represent actual solutions.§ 

Another problem of importance is to find under what restrictions are the co- 
efficients in the formal series solutions (in the case of the First Existence Theo- 
rem) representable with the aid of the fundamental methods of N érlund (Laplace 
integrals leadings to convergent factorial series developments—essentially by 
a method of exponential summability).| 

Finally, it is observed that the existence theorems of this work can be 
extended without any substantial difficulties by replacing the second mem- 
bers in the systems (A), (B), and (C) of §1 by suitable functions satisfying 
in a certain neighborhood of the singular point appropriate relations asymp- 
totic with respect to yi, - - - , Yn (to a finite number of terms with respect to é 


(or d)). 


t These conditions can be also satisfied by other means (cf. the text in connection with (14.4a) 
and (15.17)). 

t For references to J. Horn see (Ti); also see my paper in Compositio Mathematica, loc. cit. 

§ Even in the first-order problems occasions arise when the formal solutions diverge. So even 
for these problems one is forced to use asymptotic methods, unless suitable restrictions are introduced. 

|| Whenever applicable, these methods yield results of greater precision than those obtained by 
asymptotic methods. On the other hand, as indicated in (T;), they are applicable only under suitable 
restrictions. 


University OF ILLINOIS, 
Urpana, Itt. 





ALMOST PERIODIC TRANSFORMATION GROUPS* 


BY 
DEANE MONTGOMERY 


1. In view of the recent work on topological groups it is natural to con- 
sider the situation which arises when such groups act as transformation 
groups on various types of spaces. Such a study is begun here from the point 
of view of almost periodic transformation groups, the definition of which is 
suggested by von Neumann’s paper on almost periodic functions in a group. 
Compact topological transformation groups are a special case of almost 
periodic transformation groups, at least for a rather wide class of spaces. 
The paper concerns itself chiefly with the nature of the minimal closed in- 
variant sets of such groups. There are some results for general spaces but 
the main results are for Euclidean spaces and more particularly for three- 
dimensional Euclidean spaces. One of the most interesting theorems states 
that if a compact one-dimensional group acts on three-space in such a way 
that its orbits are uniformly bounded in diameter, then every point of the 
space is fixed under the group, so that if such a group is to act in a non- 
trivial manner the diameters of its orbits must be unbounded. Under some 
restrictions a similar theorem is proved for one-parameter almost periodic 
groups. Furthermore it is shown that for this latter class of groups, many of 
the orbits must actually be simple closed curves if they have one-dimensional 
closures. 

2. The group considered here will be denoted by G. It will be subjected 
to various conditions as the occasion demands but it will always be Abelian. 
In case it is the group of real numbers, it will be spoken of as a one-parameter 
group; in case it is the real numbers reduced modulo one, it will be spoken 
of as the circle group. The space on which the group acts will be denoted by R. 
It will be specialized in various ways, but in any case it will always be a 
locally compact metric space. If x and y are two points of R, the distance 
between them will be denoted by d(x, y). 

DerinitTI0n 1. The group G is said to be a transformation group (t.g.) of R 


if the following conditions are satisfied: 
(1) for every g in G there is a homeomorphism of R into itself denoted by 


a! = g(x); 


* Presented to the Society, February 20, 1937; received by the editors January 13, 1936. 
+ These Transactions, vol. 36 (1934), p. 445. Cameron has defined almost periodic transforma- 
tions. These Transactions, vol. 36 (1934). p. 276. 
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(2) if gs=gitge, then gs(x)=gi[go(x)]. 

DEFINITION 2.* Jf G is a tg. of R, G is said to be an almost periodic t.g. 
(a.p.t.g.) if for every a in R there is a neighborhood U(a) having the following 
property: 

For any e>0 there is a finite set of elements gi, g2,--- , Zn in G which are 
such that for any g in G there is an i such that d[g(x), g:i(x)|<e for all x in 
G[U(a) |.t 

No use is made of a topology in G in either of these two definitions so 
that in them G may or may not be topological. 


DeriniTIon 3. If G is a topological group and a t.g. of R, then G is said to 
be a topological t.g. of R provided that g(x) is continuous simultaneously in x 
and g. 

A t.g. may of course be both topological and a.p. If R is locally compact, 
a compact topological t.g. is an a.p.t.g. 

Derinition 4. The t.g. G is said to be regulary if for every positive e and 
every a in R there is a d such that if d(x, a) <d, then d[g(x), g(a)|<e for all g 
in G. 

THEOREM 1. If G is an a.p.t.g. it is regular. 

Let e be any positive number, and let a be any point of R; let U(a) be 
the neighborhood of Definition 2, and let gi, go, ---, gn be the finite set of 
elements associated with e/3. Since g;(x) isa homeomorphism, we may choose 
U'(a) within U(a) in such a way that if x is in U'(a) then 


d| gi(a), gi(x)] < e/3 j= 1,2,-++,8). 
If gis any element of G, there is an 7 such that 

d| g(a), gi(a)] < e/3 
and for any x in U'(a) 

d[ g(x), gi(x)] < e/3. 


From these three inequalities the definition of regularity is seen to be satisfied. 
The set O. =>-,g(a) is called the orbit of a. 


THEOREM 2. If G is a regular t.g., then O, is the minimal closed invariant 
set including a, and if b is in Ou, then O, =Op. 


* von Neumann, loc. cit. 

{ Following the usual convention this symbol is used for the set of points in R of the form g(x) 
when g is in G and x is in U(a). 

t This concept is due to Kerékjart6. See Acta Litterarum ac Scientiarum, Szeged, vol. 6, p. 235. 
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The set O,, is the minimal closed set including O, so that for the proof of 
the first part of the theorem it is only necessary to prove that O, is invariant. 
Any point in O, is the limit of a set of points p, =g,(a).f But then g(p) is 
the limit of g(p,) =(g+g,)(a) and hence for every g, g(p) isin O. which proves 
that O, is invariant. It will now be shown that if } is in O, then O,=O,. It 
is clear that O, is in O,. To prove that O, is in O, it will be shown that a is 
in O,. Let a positive number e be given, and choose d so that if d(x, 6) <d, 
then d[ g(x), g(b) ] <e for all g. Since d is in O, there is a g such that d[g(a), 5] 
<d. Therefore d[a, —g(b) | <e; that is, there are points of O, arbitrarily near 
a, which is sufficient for the proof. 

The following theorem is due in essence to Kerékjart6{ who stated it for 
the group of integers and a special R. Only a sketch of the proof will be given. 


THEOREM 3. If G is a regular t.g. of a complete metric space R, then O, for 
any x is homeomor phic to a topological Abelian group. 


The set O, is a metric space and in order to prove the theorem it must be 
shown that the points of O, may be considered as the elements of a group in 
such a way that a+ and —a are continuous operations. It will first be shown 
how a+b may be defined for any a and b in O,. Let A and B be small closed 
neighborhoods of a and b in O,, and let S and T contain those elements s 
and ¢ of G such that s(x) isin A and ¢(x) isin B. Now let C be the set of points 
of the form (s+#)(x), where s is in S and ¢is in T. It will be shown that the 
diameter of C may be made arbitrarily small by choosing A and B to have 
sufficiently small diameters. The point (s:—s2)(x) is near x if A is sufficiently 
small, for since s;(x) is near a, (—s2+5;)(x) is near —s2(a) by regularity and 
—s2(a) is near x by regularity. Similarly (¢,—%)(x) is near x. From these 
facts we see, because of regularity, that (s:—s2.+t,—)() is near x. Hence, 
again by regularity, points of the type (s:+4)(«) form a set of small diameter 
(because they are near (s.+é.)(x) for fixed s, and f). As the diameters of A 
and B approach zero, the diameter of the set C therefore approaches zero and 
since R is complete,C must shrink toward a limit point which is defined to 
be a+d. This operation is clearly commutative and associative, and the proc- 
ess of defining it shows that it is also continuous simultaneously in @ and b. 
In the above notation let D be all points of the form —s(x). The diameter of 
D approaches zero with that of A, and the point approached by the shrinking 
set D is defined to be —a. This element satisfies the group postulates for an 
inverse and is continuous. The theorem is therefore completely demonstrated. 


+ This is meant to include the case where for all but a finite number of n’s, pa=p. 
t Acta Litterarum ac Scientiarum, Szeged, vol. 7, p. 76. 
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TueoreM 4. If G is an a.p.t.g. of a complete metric space then O, is homeo- 
mor phic to a compact topological group. 


By Theorem 3, O, is a topological group and it is a compact set because 
it is closed and conditionally compact.t 

If G is a compact topological t.g. of R, then those elements of G, say 
H(a), which leave a fixed form a compact subgroup of G, and O, which in 
this case equals O, is in reality the difference group G—H(a). It is true there- 
fore that the dimension of G is equal to the sum of the dimensions of O, and 
H(a).t 

3. If Gis an a.p.t.g. of R, let F denote all points of R which are fixed under 
the action of every element of G, and let M be the set of moving points, that 
is, the set of points which are moved by some element of G. The set F is 
closed and hence M is open. Under the action of G, R is divided into a family 
of non-overlapping sets, the minimal closed invariant sets. This is a continu- 
ous family, for from Definition 2 it follows that if x,—x, then O,,—0,. Con- 
sider a set of elements R* in one-to-one correspondence with the minimal 
closed invariant sets of R. If x* is the element of R* corresponding to O,, let 
L(x) =x*, this being the definition of the function L(x). It is clearly single 
valued, but in general its inverse is multiple valued. The set R* may be made 
a metric space called the auxiliary space by the definition 


d(x*, y*) = d[ L-(x*), L-(y*)].§ 


The function L(x) now is a continuous function. It is an inner transformation 
of the space R into the space R*; that is, it takes open sets into open sets. 

We shall now be concerned with the case in which R is R,, Euclidean 
space of m dimensions. If Gis a t.g. of R, a point may be added to R,, to make 
it R, the n-sphere, and G may be extended to a t.g. of R, by simply requiring 
that this point be fixed under all elements of G. If G is topological, it remains 
so by this definition; whether or not a group retains its a.p. character by this 
extension need not concern us. In any case the function L(x) remains con- 
tinuous in the extended case for an a.p.t.g. The space R,* is compact, con- 
nected, and locally connected. 

4. We prove the following theorem. 


THEOREM 5. If G is an a.p.t.g. of R, and if there is a number K such that 
for every ain R, diam (O,) <K, then R;* is cyclic.|| 


t See von Neumann, loc. cit. 

t van Kampen, American Journal of Mathematics, vol. 58 (1936), p. 178. 

§ For the definition of the distance between two closed sets see Hausdorff, Mengenlehre. 

|| For the definition of cyclic sets see Alexandroff, Mathematische Annalen, vol. 106, p. 218 and 
p. 223. 
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Let x be any point of R, with coordinates (x, ---, x,), and let the co- 
ordinates of g(x) be denoted by [g(x) ];. For each fixed i and x, [g(x)]; is a 
real valued a.p. function defined on the group G. This follows from the defini- 
tions of a.p.t.g. and a.p. functions. This function has a mean which will be 
denoted by F;(x). The m functions F(x) determine a point denoted by F(z). 
Hence we have defined a transformation of the space R, into itself. By the 
properties of the mean this function is constant on an orbit O,. The con- 
tinuity of the function or transformation can be seen in the following way. 
Let a positive e and a point a be given. Choose d so that if d(a, x) <d then 
d[g(a), g(x) ]<e; this last relation may also be written as | [g(a)]:— [g(x) ]i| 
<e(n)-'/?, But 


| F(a) — Fi(x)| = |My [g(a)]; — Mo [g(x)]:| S Mo [e(a)]i — [(x)]i| 
S M,e(n)-'!? = e(n)—/?, 


and therefore d[F(a), F(x) ]<e. Because F(x) is constant on O, and continu- 
ous it must be constant on O,. The properties of the mean also imply that 
d(x, F(x) ]<K(n)"/2. 

If the point at infinity P., be added to R,, to form the space R,, F(x) may 
be extended by defining F(P.,) =P.., and the resulting transformation of R, 
into itself is continuous. The transformation of R, is also essential ;{ this is 
because the degree of F is one, and we see this from the fact that no point can 
move to its diametrically opposite point since in R,, d[x, F(x) ]<K(n)"?. 

We can define a transformation h(x*) from R,* to R, in this way: for any 
point x* let h(x*) =F [L-'(x*) |. Since the transformation F takes L~'(x*) into 
a single point, /(x*) is single valued and furthermore it is continuous. Clearly 


h{L(x) | = F(x). 


The transformation /(x*) must be an essential transformation of R,* into R,. 
If this were not the case there would be a function h(2*, ¢) defined for every 
x* in R* and for every ¢ in the interval 0 <¢<1, this function being such that 
h(x*, 0) =h(x*) and h(x*, 1) is constant. But then 


k(x, t) = h[L(x), t] 


is a deformation of F(x) having properties similar to the ones just mentioned 
for h(x*, t), and this implies that F(x) is not essential. From this contradiction 
we conclude that h(x*) is essential and hence that R,* is cyclic; that is, it con- 
tains an m-dimensional power cycle which is not homologous to zero. 


+ For the existence and properties of the mean see von Neumann, loc. cit. 
t See the previously cited paper of Alexandroff. 
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Coro tary. If G is an a.p.t.g. of Ry and if R* is not cyclic, then the di- 
ameters of the orbits in R, are unbounded. 


The theorem below can be applied more easily than Theorem 5 to certain 
special cases which will be considered later. The set L(M) is denoted by M*, 
L(F) by F*. 


THEOREM 6. If G is an a.p.t.g. of R, whose orbits are uniformly bounded, 
and if the dimension of M* is less than n, then every point of R,, is fixed under G. 


The set F* is homeomorphic to F, and if we assume that the theorem is 
false and that the set M is not vacuous, then F* is homeomorphic to a proper 
part of the sphere R,. The set F* itself therefore cannot be cyclic. Since M 
is at most (w—1)-dimensional, F*+ M* cannot contain a power cycle homolo- 
gous to zero. This can be seen from the Phragmén-Brouwery theorem. There- 
fore F*+M* is not cyclic, but this contradicts Theorem 5, so that we must 
conclude that M is vacuous and that the theorem is true. 


THEOREM 7. If G is an a.p.t.g. of Rn, then no minimal closed invariant set 
is n-dimensional and at least one such set is of dimension less than (n—1). 


If a minimal closed invariant set were n-dimensional, it would have to 
contain an interior point of R,{ and the family of minimal closed invariant 
sets could not be a continuous family in this case. 

Suppose now that every minimal closed invariant set is (m—1)-dimen- 


sional. If O, is (n—1)-dimensional, it goes by an e-transformation into a set 
containing an (m —1)-dimensional torus;§ and therefore O, must separate R,,.|| 
The point L(O,) must therefore separate R,*. Hence every point except possi- 
bly P.* is a cut point of R,*. But since R,* must have at least two non-cut 
points,] we see that at least one minimal closed invariant set is less than 
(nm —1)-dimensional. 

5. For the application of these theorems to certain special cases a few 
preliminary facts are necessary and these will now be discussed. Let G be an 
a.p.t.g. of R, and let A be a subgroup of G. It can be verified that A is also 
an a.p.t.g. of R and the minimal closed invariant sets (under A) in R form a 
continuous family. Denote the space formed by this continuous family of sets 
by R, and the continuous transformation taking R into Rs by La. If G—A =B, 


7 Alexandroff, loc. cit., p. 186. See also p. 218. 

t Menger, Dimensionstheorie, p. 244. 

§ Pontrjagin, Annals of Mathematics, vol. 35 (1934), p. 386. 

|| Alexandroff, Annals of Mathematics, vol. 30 (1929), p. 148. 

{| R. L. Moore, Foundations of Point Set Theory, American Mathematical Society Colloquium 
Publications, vol. 13, 1932, p. 45. 





328 DEANE MONTGOMERY [September 


then B can be considered in a very natural way as a t.g. of Ra. If «* =L,(zx) 
and if 4 is an element of B corresponding to the coset )+A, the following 
definition is made: 


b(x*) = L4[b(x)]. 


This is a unique definition and by it the transformations b(x*) are homeo- 
morphisms of R satisfying the conditions for a t.g. 


THEOREM 8. Under the conditions given above B is an a.p.t.g. of Ra. 


Only the a.p. character of B remains to be proved. Let a* be any point 
of R,; then L;-'(a*) is a minimal closed invariant set in R which will be de- 
noted by O,(A), the point a being selected as any point of the set. Since G 
is a.p. there is a neighborhood U(a) having the property that for every posi- 
tive d there is a finite set gi, ge, - - - , g. such that for any g in G there is anz 
such that d[g(x), gi(x) | <d for all x in G[U(a) ]. Now assume that d is fixed 
and that gi, g2, - - - , gn, isthe corresponding finite set. Now let L,U(a) = U(a*). 
Let 2; be the finite set of elements of B corresponding to the cosets g:+A. 
Let Z be any element of B corresponding to the coset g+ A, and consider the 
distance d[z(x*), z;(x*)], where x* is any element of U(a*). Remembering 
that g(«*) =L4[g(x)] and that 2;(x*) = La [gi(x) | as well as the local compact- 
ness of R, we see that d may be so chosen that the distance in question is less 
than any e specified in advance. This is sufficient to prove the theorem. 

If K* is a closed set in an auxiliary space, the set K is said to be a true 


section of L~'(K*) provided (1) that it is closed, and (2) that it contains pre- 
cisely one point on L~'(x*) for every x* in K*.f Bearing in mind the notation 
of the preceding theorem, we let Lg(Rs) =Raz. This space Rag is homeo- 
morphic to Rg which we ordinarily denote by R*. 


Lemma 1. Let K* be a closed set in R*(Raz). If Ka is a true section of 
Liz*(K*), and if K is a true section of Li-'(Ka), then K is a true section of 
[-"(K*). 


This lemma, the proof of which will be left to the reader, provides an op- 
portunity to obtain true sections in complicated cases from true sections for 
simple cases. 

The following lemma due to Zippin will also be useful in this connection.t 


Lemma 2. Let F(t) be a continuous function which is defined on a linear 


t Montgomery and Zippin, these Transactions, vol. 40 (1936), p. 24. 

t Zippin stated this theorem to the author in conversation, but he has not as yet published his 
proof. The author has found an independent proof. Added in proof. On March 27, 1937, G. T. 
Whyburn read a paper containing a proof of this theorem. His paper will appear in the Duke Mathe- 
matical Journal. 
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interval a<t<b and whose values are disjoined closed zero-dimensional sets in 
a compact metric space. Then there is a continuous point valued function f(t) 
defined on aSt<b in such a way that f(t) is in F(t). This may be chosen so that 
if cis any point in the interval, f(c) is any desired point of F(c). 


This is equivalent to saying that there is a true section of the continuous 
family of sets which are the functional values of F (2). 


THEOREM 9. If G is a one-parameter topological a.p.t.g. of R whose minimal 
closed invariant sets are at most one-dimensional, then for any arc a*b* in R* 
there is a true section ab in L-'(a*b*). 


To begin with assume that a*b* is in M*. It will first be shown that if c* 
is any point of a*b*, then there is a subarc e*f* including c* on its interior 
which is such that if c is any point of Z~'(c*) there is a true section ef in 
L-(e*f*) containing c. 

In order to prove this, note that the family of curves filling L-'(ab) is a 
regular family so that Whitney’s results on local cross sections} may be ap- 
plied. Let c be a definite point of L~'(c*), and let S be a cross section of the 
family of curves through c (Whitney, loc. cit.). Now O.-S must be zero- 
dimensional for if it were one-dimensional, then O, would be at least two- 
dimensional. Hence there is in S an open set O including c which has no points 
of O, on its boundary. There must be a small arc e*f* including c* in its in- 
terior which is such that for any point x* in e*f*, [L-'(x*)]-O is a closed 
zero-dimensional set and L~'(x*) does not intersect the boundary of O. The 
family of sets [L~-!(x*)]-O for all x* in e*f* is a continuous family of zero- 
dimensional sets, and hence by Lemma 2 there is an arc ef which is a true 
section and which goes through c. 

By the Heine-Borel theorem there are a finite number of arcs of the same 
type as e*f* which cover a*b*. Hence a*b* may be divided into a finite num- 
ber of subarcs a*a**, aftax*, - - - , a,.*b* which are such that L-'(a*a**) has a 
true section through any point of L-'(a*), L-"(aj*a*) has a true section 
through any point of L~'(a;*), and so on. Now choose any true section aa; of 
L-(a*a*). Choose a true section of L~—'(aitas*) which begins at a, call it ajae. 
Then choose a true section of L~!(aa#*) which begins at a, call it a2a3. Pro- 
ceeding in this way there is obtained a finite set of true sections whose sum 
is a true section of L~'(a*b*). The proof of the theorem is now complete for 
the case where a*b* is in M*. 

Suppose now that a*b* is anywhere in R* so that part of it may be in F*. 
Let K* =a*b*. The set L-'(K*-F*) is its own true section. The set K*- M* 


7 Annals of Mathematics, vol. 34 (1933), p. 244. 





330 DEANE MONTGOMERY [September 


may be represented as the sum of the interiors of a countable set of intervals 
c*d*, where c* and d* are in F*. The interior of any interval c*d* may be repre- 
sented as the sum of a doubly infinite set of adjacent intervals c*c#1, where 7 
runs over all positive and negative integers. For each i the set L~'(c¥c#,1) has 
a true section ¢;¢i,:, where either c; or ci;;: can be chosen arbitrarily in 
L-'(c¥) or L~'(c%1) respectively. We may therefore assume, as our notation 
has anticipated, that the last point of c,c:,: coincides with the first po‘nt of 
Ci4:Ci4g. Let L~'(c*) =c and L~'(d*) =d. Then the set >ociciz1 +c+d is a true 
section of L~'(c*d*); because of the a.p. character of G, the sum converges 
properly toward c and d. Since this same process can be carried out in each 
interval, it is clear that there is a true section of L~'(a*b*) and the proof of 
the theorem is now complete. 

Coro.uary. Let G be the circle group, and let G be a topological t.g. of R. 
Then if K* is an arc in R*, there is a true section of L-'(K*). 

This is a special case of the preceding theorem. 

THEOREM 10. Let G be a connected compact one-dimensional t.g. of R. Then 
if K* is an arc in R*, there is a true section K of L~'(K*). 


In this case G contains a compact zero-dimensional subset A such that 
G-—A is the circle group. Hence the theorem is an immediate consequence of 
the preceding corollary and Lemmas 1 and 2. 


Lemma 3. If G is a compact one-dimensional topological group, there is in G 
an arc C including the zero of G as an interior point and which has a certain 
group property as follows: There is an open subset V of C including zero and such 
that if u and v are in V, then u+v is inC. 


This is contained in a result of Pontrjagin.7{ 


THEOREM 11. Let G be a compact connected one-dimensional t.g. of R. Then 
if K* is an arc in M*, L-'(K*) is two-dimensional. 

There is an arc ab which is a true section of L~'(K*) by Theorem 10. Let 
C be the arc and V the subset of C of the preceding lemma. The “group” C 
may be assumed to be locally isomorphic to a part of the real number group, 
and we will speak as if the elements of C were real numbers. If V is chosen 
sufficiently small, then for every v different from 0 in V, v(a) a; for if there 
were a set of elements v, with zero as a limit and such that »v,(a) =a, then 
for every element v in V, v(a) =a. In this case the set H(a) of elements of G 
leaving a fixed is one-dimensional, and therefore the orbit is zero-dimensional 
which means in this case that it is a point. But this is a contradiction, and 


Tt Loc. cit., p. 387. 
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we conclude that our original statement must be true. A similar statement 
is true for all elements x in K. There is in fact a V so small that for every v 
different from zero in V and every x in K, v(x) ¥x. If this were not true there 
would be a set of elements 7, approaching zero and a set of elements x, in K 
which may be assumed to approach x» such that 7,(x,) =x,. Assume that V 
is so chosen that if v is in V, v(%) #0. Now let v be any element in V. For 
any ”, J=kn0,+Un, Where k is an integer and |u,| <|v,|. We know that 
v(x,) approaches 2(x9), but (an) =(Rndn ttn) (Xn) =Un(%n). Hence v(x) =x, 
and we have reached a contradiction from which we conclude that a V of the 
type stated exists. Assume that V consists of all elements of the type |v| <r 
where ¢ is a positive number. If |v:| <r/2 and || <r/2 and 1 then 
01(x) =v2(x), for if 11(x) =2(x), then (21 —v2)(x) =x and |2—22| <r. 

Consider all elements of the form o(x) for x in K and 2 in V. This set is 
homeomorphic to the product of an open interval and a closed interval and 
is therefore two-dimensional. We have now proved a slightly stronger result 
than the one stated in the theorem, namely, that the arc ab is actually im- 
bedded in a two-cell which is in L—!(a*b*). 

6. We have the following theorem: 


THEOREM 12. If G is a one-dimensional connected compact t.g. of Rs, then 
M* is at most two-dimensional. 


If M* were three-dimensional, it would contain a compact three-dimen- 
sional set and hence a compact three-dimensional Cantorian manifold.} In 
fact there would have to be a point a* in M* such that an arbitrarily small 
three-dimensional Cantorian manifold contained it. On the other hand, M* 
contains no cut points because the inverse of a point is one-dimensional, and 
a* must be an interior point of an arc which is in M*.{ This arc separates M* 
locally at a* because the inverse of the arc contains a two-cell and therefore 
separates R; locally. These two facts contradict each other, and it may there- 
fore be concluded that M* is at most two-dimensional. 


THEOREM 13. If G is a one-dimensional connected compact t.g. of Rs whose 
orbits are uniformly bounded, then G leaves every point of R; fixed. 


This is an immediate consequence of Theorems 6 and 12. 


THEOREM 14. Let G be a one-parameter topological a.p.t.g. of Rs whose 
minimal closed invariant sets are one-dimensional. If the orbits are uniformly 
bounded, then every point of R; is fixed under G. 


It is necessary to prove that M* is at most two-dimensional. If a*b* is 


+ Alexandroff, Mathematische Annalen, vol. 106, p. 214 and p. 217. 
t R. L. Moore, loc. cit., p. 148. 
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an arc in M* and abd is a true section of L~'(a*6*), it can be shown as in Theo- 
rem 11 that ad is imbedded in a two-cell in L~'(a*b*) and therefore the dimen- 
sionality of M* may be verified in the same way as in Theorem 12. 

It would be interesting to remove the restriction on the dimensionality 
of the minimal closed invariant sets in this theorem. 


THEOREM 15. If G is a one-parameter topological a.p.t.g. of Rs, and if the 
minimal closed invariant sets are at most one-dimensional, then the points whose 
orbits are points or simple closed curves are everywhere dense. 


In order to prove the theorem we need only concern ourselves with the 
moving points, for the fixed points clearly lie on orbits of the type described. 
Let a* be any point in M*, and let e*f* be an arc in M* containing a* as an 
interior point. The point a* may be accessible from M* —e*f*, but if not there 
is in any case a point b* arbitrarily near a* which is accessible from M* —e*f*. 
It will be shown that either L~'(b*) is a simple closed curve or that it has a 
simple closed curve as an orbit near it. Let ef be a true section of L~'(e*f*). 
Let b*c* be an arc in M* which has only the point b* in common with e*f*, 
and let dc be a true section of L~'(b*c*) with d in the set ef. Let H be the two- 
cell including ef, the existence of which was proved in Theorem 14. 

Our definition of almost periodicity is equivalent in the case under con- 
sideration to the more familiar one,t and we can therefore conclude that ef 
and bc are so chosen that there is a set of real numbers g, approaching infinity 
such that for any point x in H+dc, d[g,(x), x] <1/n. If g,(H) intersects H 
for a large value of m, some point of H is on a periodic orbit, and if this is true 
no matter how small e*f* is, 6 is arbitrarily near a periodic orbit. This case 
may therefore be dismissed, and we turn to the case where for all m suffi- 
ciently large H and g,(H) do not intersect. Then a small open set U may be 
chosen with 6 as an interior point in such a way that H separates U into two 
connected parts U; and U2. Assume that bc lies in U2. Choose n so large that 
g,(H) is very near H and g,(bc) is very near bc. How g,(H) must cut either 
U, or U2, and we may assume that it is U2; for if it cut U; it would only be 
necessary to interchange the parts played by H and g,(H). Now g,(H) must 
separate b from c in U:, and hence g,(H) must intersect bc at an interior 
point, which contradicts our choice of b*c* and bc. This case having led us to 
a contradiction we conclude that the theorem is true. 


+ Bochner, Acta Mathematica, vol. 61, p. 154. 


SmitH COLLEGE, 
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CONSISTENCY OF THE CONDITIONS DETERMINING 
KOLLEKTIVS* 


BY 
ARTHUR H. COPELAND{ 


1. Fundamental concepts. With the establishment of the consistency of 
the conditions determining collectives,f we obtain a sound basis for the the- 
ory of probability. We shall see that certain slight modifications of these 
conditions will be necessary in order to establish consistency but these modi- 
fications will destroy none of the intrinsic value of von Mises’ theory. In 
those alternative systems for which consistency has been established, the con- 
ditions are so much weaker than those of von Mises that much of the value 
of his theory has been lost. 

The collective is a mathematical idealization of a sequence of occurrences 
(measurements, tosses of a coin, etc.). A collective K consists of an infinite 
sequence of elements (points of some space S). Thus§$ 


(1) K = e, ee)... , 


The points m of S are called labels (Merkmale) and the space S the label 
space (Merkmalraum).|| 

2. Fields and distribution functions. Let F be a set such that its elements 
are subsets of the space S and such that the sum, product, and difference 
(when defined) of any two of its elements also belong to F. Also let the space S 
be an element of F. Then F is called a field.{] Associated with every element 
A of F, is a probability 7(A) satisfying the following conditions. 

1. If A and B are any two mutually exclusive elements of F (i.e., A-B 

is the null set 0), then 7(A +B) =7(A)+7(B). 
2. For every element A of F,0<7(A). 


* Presented to the Society, June 22, 1933; received by the editors September 25, 1935. 

+ Guggenheim Fellow. 

t The concept of collective (Kollektiv) is due to von Mises. See R. von Mises I, II, III. Refer- 
ences to the literature are given at the end of this paper. 

§ At a later point we shall state the restrictions which must be imposed upon K in order that it 
may be a collective. 

|| The letters m and e are used to refer respectively to points of S and elements of K. Two e’s 
with different superscripts may be equal to the same element m of S. For example, in the tossing of 
a coin, the space S consists of two elements m, and me (heads and tails) and in general each of these 
elements is repeated an infinite number of times in the corresponding collective. 

{| Kolmogoroff I. 
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3. 2(S)=1. 
4. If Ai, Ae, As,--- is any sequence of elements of S such that A1>A2 
>A;>--- and[[7,A,=0, then lim,..7(A,) =0. 
The function (A) satisfying the above conditions is a generalized measure 
function, but in this paper it will be referred to as a distribution function 
(Verteilung). 

3. Product spaces and independence. Let S;, S2,---, Sa be a@ label 
spaces. We shall denote the product space S by S:XS2X--- XS.. If 
M, M2,-~-*, Mq are respectively points of the spaces S;, S2,---, Sa, then 
m=m,Xm2Xm3X -- + Kma is an element of the product space S. The ele- 
ment m may be considered as a point whose coordinates are m, m2, : + * , Ma. 

Let K; be a collective whose label space is S; (i =1, 2, - - - , a) and let e™ 
be the mth term of the collective K;. We shall form a collective K whose nth 
element e is given by the equation e™ =e Kes Kes X --- Kek™. We 
shall call K the product collective and shall denote it by the expression K, X Kz 
<K3X --- XK..* von Mises designates as a Verbindung the operation by 
which the product collective is formed. 

Let F; be a field of the space S; and let A; be a set of the field F, 
(¢=1,2,3,---,a). Let A be the product set A1XA2X - - - XAq. Then A shall 
contain all points m=m,Xm2X --- Xm, such that m; belongs to A;. The 
product field F=F,XF2X --- XF, shall contain all product sets which can 
be formed from the fields Fi, F2, --- , F.. It shall also contain sums, logical 


products, and differences of such sets. Thus a product field is itself a field. 

Let us suppose that the collectives Ki, K2,---, Ka possess distribu- 
tion functions 7:(A1), m2(A2),---, t.(A.) and that the product collective 
K=K.iXK:X --- XK, possesses the distribution function 7(A). Then the 
collectives Ki, Ke, ---, K. will be called independent provided 


m(A) = w(Ai X Az X +++ K Aa) = mi(A1)-2(A2) «+ - Tal(Aa)- 


It will be noted that the order of multiplication is immaterial to the defi- 
nition of independence. Moreover if the collectives Ki, Ke, --- , Kq are in- 
dependent and if K,,, K,,,---, Kn, is any subset of these collectives, then 
the collectives of this subset are independent. In order to define the inde- 
pendence of an infinite set of collectives, we shall place a restriction upon the 
product field. Namely if A1xA2X --- XAaX--~ is any product set of the 
product field, then only a finite number of the sets A; will be proper subsets 
of the corresponding spaces S;. The remaining sets A; will be equal to the 
corresponding spaces S;. Thus an infinite set of collectives is an independent 
set if and only if every finite subset is an independent set. 


* Dorge I. 
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4. Expected value and functions of collectives. The expected value p(K) 
of a collective K is defined as follows. Let 


(2) pa(K) = So e/n.* 


Then 
(3) p(K) = lim p,(K).* 


Functions of collectives are defined in the following manner. Let f(m) be 
any function defined for all points of S and let f(K) be the sequence 


(4) S(K) = fle), fle), fle), - +>. 


This transforms the collective K into a new collective f(K) and is a general- 
ization of the operation von Mises calls Mischung.{ Functions of any number 
of collectives are automatically defined in terms of the concepts of product 
spaces and product collectives. : 

A function which is of particular importance in this theory is the funda- 
mental function of point sets.t Let A be any element of F and let ¢4(m) be 
the fundamental function of the set A. Then ¢4(m) has the value 1 when m 
is a point of A and the value 0 otherwise. In the case of the product space 
S=S,XS2x --- XS., the fundamental function satisfies the equation 


A ,XA,X +++ Aa( M1 XK Me XK +++ K Ma) = Ga,(m1)-ba,(Me2) ++ + bra(Ma). 


The expected value p[¢4(K)] of the collective ¢4(K) is the probability 
with respect to the collective K, of obtaining a point of the set A. That is 


(5) plda(K)] = 2(A). 


This may be seen as follows. The summation >>? ,¢4(e“®) is the number of 
times that elements of A occur in the first » terms of K. Hence p,,[¢4(K)] is 
the success ratio for elements of A in the first terms of K. The limit of this 
success ratio p[¢4(K)] is the probability. The collective is said to possess a 
distribution with respect to a field F provided the limit (A) exists for all 
sets A of F and provided r(A) satisfies condition 4 of §2. It will be observed 
that conditions 1, 2, and 3 are satisfied automatically. 

5. Selections. We shall now define an operation called selection (Aus- 


* The expressions p,(K) and p(K) will be used only when the corresponding space S is such that 
addition and division by a number have a meaning, and p(K) will be used only when the limit exists. 

t von Mises reserves the term Mischung for the case where the operation is single-valued and 
its inverse is multi-valued. 

t de la Vallée Poussin I. 
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wahl). Let m, m2, m3,--- be an increasing sequence of positive integers. 
From any collective K we can form a new collective K’ by selecting the 
mst, mond,--- terms of K. Thus 


K’ = e™), e("2), e(%), hee « 


It is convenient to introduce a notation for this operation. Let x =x, «®), 
x®,..+-+ bea sequence whose terms x), «(),--- are all 1’s and the rest 
of whose terms are all 0’s. Thus «x is a sequence similar to K and the associated 
label space consists of the elements 1 and 0. We shall denote the operation 
of selection by the equation K’=Ke-x.* It should be observed that 
{(K cx) =f(K) ex. 

A selection x may be regarded as a number written in the binary scale, 
with digits x, «®,--- and with the radix point placed immediately before 
the first digit. Any number in the interval from 0 to 1 (0 excluded) can repre- 
sent a selection. In the case of the ambiguous representation, the ambiguity 
is resolved by means of the condition that an infinite number of the terms 
of the collective must be selected and hence an infinite number of the digits 
of « must be equal to 1. 

Let us operate on the collective K by a selection x;, obtaining a new collec- 
tive K’=K cx. Let us operate on the resulting collective K’ by a selection 
x2, obtaining K’’ = K’ ¢ x2. Let us suppose that x; selects the mst, mend, - - - 
terms of K and that xz selects the »:st, vend, --- terms of K’. The resultant 
of the two selections is equivalent to a single operation x which selects the 
n, St, m,,nd,--- terms of K. That is (K cx) ca,=Kex. 

A set D of selections will be called a fundamental set provided the re- 
sultant of any two selections of Dis a selection of D and provided D contains 
the identity selection 1=1, 1, 1, - - - . A fundamental set fails to be a group 
since a selection can have no unique inverse. The set consisting only of the 
identity is an example of a fundamental set. A second example is the set con- 
sisting of all possible selections. As a third example we shall construct a 
fundamental set Do which will be used to define independence of terms of a 
collective. We shall denote the elements of Do by the symbol x,,, where r 
and m are positive integers. The operator x,,, selects the rth, the (r+2)th, 
the (r+2n)th, the (r+3m)th, --- terms of a collective K. The resultant of 
the operation +,,,, followed by the operation x,,, is equivalent to the operation 
*r,w Where R=r+(po—1)n and N =nv. The selection x;,; is the identity. 

6. Independence of the terms of a collective. If a well balanced coin is 
thrown twice, the probability of obtaining heads on the first throw and tails 


* The symbol C is the inverted implication sign and is interpreted by the word “if.” For this 
interpretation, see Copeland I. 
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on the second is 1/4. To verify this experimentally, it would be natural to 
throw a coin twice and observe whether or not heads were obtained on the 
first trial and tails on the second. Then repeat the experiment a number of 
times. When such experiments have been made, the coin has been thrown 
2n times. That is, there are determined groups of two throws each. These 
throws constitute the first 2” terms of a collective K. Let m, and mz represent 
respectively the labels heads and tails. Then ¢,,,(K ¢ 1,2) is a sequence of 1’s 
and 0’s such that a 1 occurs when heads is obtained on the first throw of a 
group of two, and a 0 otherwise. Similarly ¢,,,(K ¢ 22,2) is a sequence repre- 
senting tails on the second throw of each group. The product ¢»,(K ¢ 1,2) 
-hm,(K €x2,2) is the sequence whose probability we are investigating. We 
should expect the success ratio paldm,(K €21,2)-¢m,(K €%2,2)] to be approxi- 
mately 1/4 and the probability p[¢m,(K €%1,2)-@m,(K €x2,2)] to be equal to 
1/4. 
In a like manner we should have 


Pldom.(K © 21,3)-Gm,(K € 2,3)-m,(K € 3,3) | 
= plom,(K © 21,3) ]- pom ,(K € x2,s)]-p[om,(K € x3,3)] = 1/8, 


since the probability of tails on the first throw, heads on the second, and heads 

on the third is 1/8. The same probability should be obtained for the combina- 

tions m,, Mm, M1; M1, M1, M2; M1, M2, M1; - - + ; M2, M2, M2. That is, the sequences 

K ¢ 21,3, K € 22,3, K ¢ 3,3 should be independent. We shall say that the terms 

of a collective K are independent provided the sequences K €2,,, K C%2,n, 
- ,Kcx,,, are independent for every positive integer 7. 

7. Contractions. If K is any collective and A is any subset of the corre- 
sponding label space, then ¢4(K) is a sequence of 1’s and 0’s and hence can 
be used as a selection operator. The operation K ¢¢(K) is called a contrac- 
tion (Teilung).* By means of the contraction, the collective K is transformed 
into a new collective with the contracted label space A. 

The operations of selection and contraction can be combined. Thus we 
may perform a contraction K ¢¢,4(K) on the collective K and then operate 
on the resulting collective by a selection x. The resultant of the two opera- 
tions is denoted as follows, K c¢4(K)-¢-x. The two dots are used as 
brackets.f Everything to the left of the first dot is understood to be enclosed 
in one bracket and the x to the right of the second dot is enclosed in another. 
Thus the expression K ¢g4(K)- ¢ -x means [K ¢¢4(K)] ¢ [x]. That is, the 
dots indicate that the contraction is performed before the selection. In case 

* Contraction is not intended as a translation of the word Teilung but it is descriptive of the 


operation. 
t Lewis and Langford I. 
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further bracketing is required, two dots may be used to indicate a stronger 
bracket than one dot. For example, K cx: ¢ -¢4(K ¢2;): ¢:%, means 
{[K ea] ¢ [¢4(K ¢x)]} ¢ {x2}. It should be observed that K ¢¢4(K) 
- © -oe|K ¢¢4(K)]=K ¢¢a.2(K) for any two sets A and B. That is, the 
resultant of two contractions is a contraction. 
8. Restrictions on collectives. von Mises places the following restrictions 
on the collective. 
(M1) The limit p[¢4(K)] exists for every element A of the field F. 
(M2) IfA and Bare any two mutually exclusive elements of F such that 
plbs(K)] and p[¢s(K)] are not both 0 and if x is any selection of 
the fundamental set D, then the limits p{¢4[K ¢¢4i2(K)- ¢ -x]} 
and p{dse[K ¢¢s+n(K)- ¢ -x]} exist and 


pi dal K Chaye(K)- © -«]}/p{oe[K ¢ga4n(K)- ¢-«]} = plda(K)]/p[¢n(K)]. 


(M3) The set D contains all selections which are independent of K. 

(M4) The field F contains all possible subsets of the label space F. 

The first restriction states that the collective must possess a distribution. 
The second restriction can be most easily understood by specializing the op- 
erators. Let us consider the case in which x is the identity selection. The terms 
of K ¢¢4,2(K) belong either to A or to B and hence 


bios [K ¢¢10(K)]} + p{oe[K ¢¢445(K)]} = 3. 


From this equation and from condition 2, it follows by simple algebra that 
b{¢a[K €¢a+n(K)]} = ploa(K)]/{ plea(K)] + ploe(K)]} 

and 
p{dn[K €¢4+0(K)]} = plon(K)]/{pl6a(K)] + ploe(K)]}. 


That is, the probability that a term of K will lie in A if it lies in A or B is 
equal to the probability that a term of K will lie in A divided by the probabil- 
ity that it will lie in either A or B. Next let us specialize by letting A+B=S. 
In this case the contraction reduces to the identity. Hence it is easily seen 
that condition (M2) implies that the distribution of a collective is invariant 
under the operation of all selections of the set D. 

There has been considerable discussion concerning the meaning of condi- 
tion (M3).* In fact, this seems to be the most serious difficulty in von Mises’ 
theory. Since the objections have been adequately treated in other papers it 
is not necessary to repeat them here. We shall however give an alternative 
restriction to which these objections do not apply. 


* Kamke I. 
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It is also necessary to weaken condition (M4). I have proved that condi- 
tions (M1) and (M4) cannot both be satisfied if the distribution function is 
absolutely additive and absolutely continuous.* Thus, for example, these con- 
ditions exclude any collective whose probability is distributed in accordance 
with the normal law. 

9. An alternative set of conditions. We shall denote by C[D, 7(£)] the 
set of all collectives associated with a given fundamental set D and a dis- 
tribution function 7(£) defined on a field F. The range of r(£) determines the 
field. We shall demand that the set of collectives belonging to C[D, x(E)] 
satisfy the following conditions. 

(C1) bloz,(K © 2r.n) Pe (K © Xr,n) - °° on (K ¢ San) =1(E,)- (Es) 
-w(E;) - - - (En) for every set of integers ri, re, 73,°- - , Tr, m Such 
that 0<rn<re< --- <r,Smand for every set E,, Fx, E3,--- , Ex of 
elements of F. 

(C2) Ke¢d@a(K) is an element of C[D, r(E)/1(A)] for every element A 

of F such that 0<7(A). 

(C3) Kx is an element of C[D, x(E)] for every element x belonging 

to D. 

The collectives satisfying these conditions also satisfy (M1) and (M2). 
Thus suppose we specialize condition (C1) by letting h=r;,=n=1. Then 
since x,; is the identity selection, (C1) reduces to the condition p[¢z(K)] 
=7(£). Next let us observe that if Z, and E, are any two mutually exclusive 
elements of F such that 7(£,) and z(E2) are not both zero, then conditions 
(C1), (C2), and (C3) imply that 


p{oe,[K Coz,42,(K)-¢-x]} = r(E:)/r(Ei + £2) 


and 


pi de,[K Cobee,(K)-¢-x]} = r(Es)/e(Ei + Ey). 


Conditions (C1), (C2), and (C3) are much stronger than (M1) and (M2). 
In the first place, (C1) demands that the terms of a collective be independent. 
Secondly, (C2) and (C3) enable us to operate on a collective by any finite 
group of selections and contractions, whereas condition (M2) only permits 
operation first with a contraction, then with a selection. Due to the recursive 
nature of (C2) and (C3), it is in general true that when one collective of the 
C[D, (EZ) ] has been obtained, a continuum of such collectives is automati- 
cally determined. 

It will be recalled that conditions (M3) and (M4) relate to the choice of 
the fundamental set D and the field F. Whether or not there exist collectives 


* Copeland II. 
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belonging to C[D, x(£)]| depends upon the choice of D and F. Thus, for ex- 
ample, if D contains all possible selections and if F contains two mutually 
exclusive elements A and B such that neither 7(A) nor 7(B) is equal to zero, 
then C[D, x(£)]| is null. In this paper we shall assume that D is denumerable. 
The restriction which we shall place on F will depend upon the type of label 
space. Thus if S is finite, F may be unrestricted. If S is euclidean, we shall 
assume that F consists of all subsets of S whose frontier points are of Lebesgue 
measure zero. 

10. Special fields. We shali consider certain special spaces and fields for 
which the corresponding collectives can be more easily constructed. The col- 
lectives thus obtained constitute a basic set in terms of which more gen- 
eral collectives can be formed. We shall construct a space S consisting of 
points whose coordinates 7, y2,---, Ya satisfy the inequalities 0<y;<1, 
i=1, 2,---, a. We shall define a field F for S. A set A will belong to F 
if and only if the frontier points of A constitute a set of Lebesgue measure 
zero. It can readily be verified that F is a field. We shall let 7(A) be any 
absolutely continuous distribution function whose range is F. 

Since the collective is a sequence of points and hence denumerable, it is 
not necessary to use all of the space S. Hence we shall define a space S’ con- 
sisting of a denumerable everywhere dense set of points in the space S. A 
subset A’ of S’ will be an element of the corresponding field F’ if and only 
if there exists an element A of F such that A-S’ =A’. A distribution function 
a’(A’) whose range is F’ is defined by the equation 7’(A -S’) =7(A). 

It is necessary to show that the above distribution function is uniquely 
defined. In order to do this, we shall first prove that if A’ is any element 
of F’ and A, and A: are elements of F such that A,-S’=A2-S’=A’, then 
A, and A: differ by at most a set of points of measure zero. Let f, and fe be 
respectively the frontier points of A; and A: and let f=/i+/2. Then the sets 
B,=A,—A,-f and B,=A2—A2-f are open. Let p be any point of the set B;. 
Then it is possible to enclose p in a spherical region o such that all points of 
a belong to A;. Hence o must contain points of the set A’. But all points of 
A’ are also points of Az. Hence # is a limit point of points of A2. Moreover p 
is not a point of f2 since it is not a point of f. Consequently » must belong 
to Az. Therefore B,< Az and similarly B,<A;. It is now easily seen that the 
sets A;—A,-Az and Az:—Az2- A, are both included in f and hence A; and A2 
differ by at most a set of points of measure zero. It follows from the abso- 
lute continuity of 7(A) that 7(A,) =7(A2). Hence 7’(A’) is uniquely de- 
termined for any set A’ of F’. 

If K is any collective with respect to the space S’ and the distribution 
function 7’(A’), then K is a coliective with respect to the space S and the 
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distribution function 7(A), since if e™ is any term of K, it will belong to the 
set A if and only if it belongs to the corresponding set A’. 

We shall consider fields which are still further restricted. We shall decom- 
pose the space S into 2* mutually exclusive hypercubes m,,;, m,2, - - + , 1,2. 
The hypercube m,,; is called a mesh and consists of the points whose coordi- 
nates V1, V2,‘ * * , Ye Satisfy the inequalities a;,;/2 <i <(a:,;+1)/2 where each 
a;,; has the value 1 or 0 andi=1, 2,---,a. Then m,:+mi2t - + - +m 2*=S. 
We shall designate as the lattice Z,, the field which consists of the null set 
and sums of the meshes m,,;. We shall form a lattice L. by decomposing each 
of the meshes m,,; into 2* hypercubes (or meshes) in the same manner in 
which we decomposed the space S to form the lattice Z;. Thus Z, contains 
the meshes mez,1, 2,2, - - * , M2,2%. In a similar manner we shall form lattices 
L;, Is, -- +. Thus the lattice Z, contains 2** mutually exclusive hypercubes 
or meshes. We shall assume that the subscripts of the meshes are so chosen 
that 


Ms—1, 541 = Mz, j-2241 + Ms,j-2049 + + + HE Ms, (74120. 


We shall let V=Z,+Z2+ --- and shall call W a net. It is easily seen that V 
is a field. 

The point whose coordinates are @;,;/2, d2,;/2, - - - , @a,;/2 will be called the 
vertex of the mesh m,,;. The vertices of the meshes of the lattices Lo, Ls, - - 
will be located in corresponding positions. Thus for the case a =2, a vertex is 
located in the lower left-hand corner of its mesh. Let S’’ be the space which 
consists of all the vertices of the meshes of NV. Then S’’ is denumerable and 
everywhere dense in S. We shall define a field F'’’ of the space S’’ as follows. 
A set A”’ will be an element of F’’ if and only if there exists an element A 
of the net NV such that A’’=A-S’’. The field F’’ may be regarded as an ap- 
proximation to the field F since if A is a set whose frontier points are of 
measure zero and if € is any given positive number, there will exist two ele- 
ments A, and A: of N such that A;<A<A2 and m(A2—A;) <e.* 

11. Groups of operations. We shall obtain a more convenient form for 
conditions (C1), (C2), and (C3) as applied to the space S’ and the field F’ 
defined in §10. Conditions (C2) and (C3) enable us to operate on a collec- 
tive with any finite group of selections and contractions. The resultant of 
these operations is a collective and hence must satisfy (C1). Since the re- 
sultant of two contractions is a contraction and the resultant of two selections 
of D is a selection of D and since D contains the identity selection and there 
exists an identity contraction, there will be no loss of generality in assuming 
that the selections and contractions of such a group alternate, beginning with 


* Copeland II. 
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a selection and ending with a contraction. Let the selections of such a group 
be denoted by «1, 22, --- , x, and let the contractions be performed with re- 
spect to the sets Ai, Ao, --- , A, where A,<A,i< --- <A2<Aj. Then the 
group is ordered as follows: x, Ai, %2, As, +++ , %e, Ae. 

Condition (C1) involves a group of selections %,,,n, Xr,,n) °° * » Xm,n Of the 
set Dy and a group of sets Fi, Ex, - - - , Ey. Let u=o+h. Then conditions (C1), 
(C2), (C3) may be stated in terms of certain groups of operations involving yu 
selections and w sets where y=1, 2,3,---. 

The set D+D, is denumerable. Hence we can assume the existence of a 
one-to-one correspondence between the set of all non-negative integers \ and 
the set of all ordered finite subsets of D+ Do. We shall demand that corre- 
sponding to each X, the group of selections contains at least one from the 
set Do. The space S’ is denumerable and the field F’ has the power of the 
continuum. Hence we can assume that a one-to-one correspondence has been 
established between the elements of F’ and the set of numbers in the inter- 
val 0<0 <1. Let ¢ be any non-negative real number and let A= [#] be the 
largest integer contained in ¢. Then ¢ determines \ and \ determines a set 
of u selections. Hence ¢ determines the integer u. Let ? =t—[#] be written 
in the binary scale. This number may be regarded as a sequence and hence 
can be operated upon by the selection x,,.* The sequence ?¢m,, may in 
turn be regarded as a number in the interval from 0 to 1. This number deter- 
mines a set A;. The numbers 3 ¢ %2,,, PC %3y,° °° , 8 CXeu, 8 CXe41,uy °°, 


3 ¢x,,, determine respectively the sets Ao, A3,---, Ac, Ai, Fa, -- +, En. 
The group of operations thus performed on the collective can now be de- 
fined as follows. Let 


O.,(K) = O1-1,(K) ¢x;- ¢ “a ,[Oi-1,(K) cx], 


where 0<iSo and Oo,.(K) =K. Let 
OLK) = $8,[Oe,(K) © %r,.n]-b8,[O0,(K) © tran] +> + 684 [0c,e(K) € Xr.n] 


and 
Pit, r(E) | = m(E,)-r(E2) - - + w(En)-2-"*(A,). 


Let >’ be the set of points ¢ such that A,>A2.>--- >A, >A, +A:4+-::: 
+E, and r(A,) >0. Then conditions (C1), (C2), (C3) are equivalent to the 
following 
(C4) p[O.(K)] = Plt, r(Z)] for every ¢ belonging to >’. 

In the case of the space S”’ and the field F’’ defined in §10, a similar set 


* The ambiguous representation is resolved in the same manner as in the case of selections except 
that the number 0 is the sequence 0, 0,0, --- . 
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of conditions can be obtained. Namely let 2’’ be the subset of 2’ for which 
A, Ao,---, Ac, Ei, Ee, ---, Ex are elements of the field F’’. Then for the 
field F’’, conditions (C1), (C2), (C3) have the form 


(C5) p[O.“K)] = Plt, r(£)] for every ¢ belonging to =”. 


12. Existence of collectives. We shall prove the existence of collectives 
satisfying condition (C5). A one-dimensional label space S will be chosen and 
the mesh m,,; will be the interval 2-*(j-—1) Sy <2-*-7. The proof is accom- 
plished by the aid of a new number scale. Let y=)0_ yy -2-*¢+»/? where 
y™ =0, 1, 2,---, 2”—1. Any number y in the closed interval from 0 to 1 
can be so developed. This number scale possesses the same type of ambiguity 
as is found in ordinary scales. Let K(y) be the sequence 


K(y) = P(y), Py), P®(y), tiie 


where P(y) =y-2-". We shall show that for almost every y of the inter- 
val from 0 to 1, the corresponding sequence K(y) satisfies condition (C5). The 
proof of this statement is accomplished by means of four lemmas. 

The first lemma is concerned with the measure of a set 


E = E[P0(y)eEy- P(y)eEg » > PO (y)eEy 


defined as follows. The expression P‘”(y)e#; means that the point P“(y) 
is an element of the set Z;. The dots joining expressions of this type are con- 
junctive. The set E consists of all points y which satisfy the conjunction of 
all conditions within the square brackets. The set EZ; is the sum of a; meshes 
m,,; where s is independent of 7. Hence m(E;) =a;2-*. 
Lemma 1. m{E[P(y)eE,-P™(y) eE2 - - - P&™(y)e€E,] =m(E,) -m(E2) 
-: m(E,) if sSm<m<--+ <n,. 

The measure of the set of points y for which the first ”, digits are pre- 
scribed is 2~‘»+)/?, Thus the proof resolves itself into the problem of count- 
ing the number of possible combinations of the first 2, digits of y for which the 
conditions within the square brackets are satisfied. The first condition will be 
satisfied if P‘»(y) belongs to one of the a; meshes m,,;. The point P“»(y) 
will belong to the mesh m,,; if 2-*- (7-1) Sy" <2-*-7. Hence there are 2™:-* 
values for the digit y“» consistent with the condition that P“»(y) belongs 
to m,,;. Therefore the number of values for this digit consistent with the first 
condition within the square brackets isa,-2":~*. The digits yy»), - - - ,y(» 
can be similarly treated. There remain certain digits of y which are entirely 
unrestricted. That is, the first digit of y can be selected in 2! ways, the second 
in 2? ways, - - - , the (m,—1)st in 2":—' ways, the (m,+1)st in 2":+! ways, - - - 
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Thus these unrestricted digits can be selected in 2!+?+::*t»—".~-":~---+-~ny 
= 2% (ny+1)/2—ny—n— ++ -—ny ways. It follows that 


m{ E[P)(y)eEy- P(y)eEs - - - }} 


= 012"1—*qg2"2-* ore Ay2v—82 Ny (nyt) /2—n —ng—- + -—nyJ—n, (ny +1) /2 
= m(E)-m(E2) --- m(E£,). 


The second lemma will be similar to the first except that it will be applied 
to the sequence O,,,|K(y) ] instead of to K(y). We shall assume that the sets 
A, Ao, -- - , A. used in defining the operator O,,, and the sets Z;, Fo, --- , Ey 
used in the statement of the lemma are all sums of meshes m,,; with the same 
subscript s. Let 


O.[K(y)] = Pi (x), Pr'(y), ++ > 
Lema 2. m{ E[P,?(y) eE,- P,™(y) eE2 - - - |} =m(E,)-m(E2) - - - m(E,) 
-m~"(A,) if sSm<me< +++ <M. 


We shall prove the lemma inductively. That is, we shall prove that if the 
equation is true when @ is replaced by i—1, it will then be true when a is 
replaced by 7. If ¢=0, then the above equation reduces to the corresponding 
equation of Lemma 1, since m-*(S) =1. The sequence O;,,[K(y) | is obtained 
from the sequence O,_1,:[K(y)] by the selection x; and the contraction with 
respect to the set A;. Both of these operations throw away certain terms of 
the sequence O;_1,:[K(y)]. The terms thrown away by the selection are en- 
tirely unrestricted. However any term thrown away by the contraction 
must belong to the set A; but not to the set A;. On the basis of the assump- 
tion that the lemma is true when a is replaced by i—1, it follows that the 
measure of the set of points for which the n,th term of O,,.|K(y)] corre- 
ponds to the (w,+)th term of the sequence O,1,:[K(y)]¢a; and for 
which P)(y)eE,-P\(y)eB,--- P)(y)eH, is m(E,)-m(E:) - - - m(E,) 
- m™-*(A,) [m(A <1) —m(A,) *-m-™*(A,_,). That is, a certain v of the terms 
of O;_1,.[K(y) ] must belong respectively to the sets E;, E:, --- , E,andn,—v 
of the terms must belong to A; while the remaining » terms must belong to 
A;_, but not to A;. The (x,+)th term must belong to E,. Since u can take 
on all values from 0 to © and since there are »,,,-1C, ways in which the pu 
terms can be selected, then 


(nm 


m{ E[P{"” (y)eEy- Py’ (y)eEs > - - }} ‘ 
= m(E;)-m(E2) - - - m(E,)-m-*(Aj)m-"(A 1) Do nytuniCu 


u=0 


° [m(A i-1) — m(A i) *-m-#(A i-1) 
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= m(E;)-m(E2) - - - m(E,)-m-"(A;)-m(A ;)-m—"»(A :_1) 
E _ m(A;1) — m(A “|” 
m(A ;_1) 
= m(E;)-m(E2) - - - m(E,)-m~"(A)). 





It follows inductively that this equation still holds when i =c. 

It will be observed that the operator x,,, selects the sth term and all of 
the succeeding terms of a sequence K. If the expression K(y) in Lemma 2 is 
replaced by K’(y) =K(y) ¢x,,, then the condition s<m, will no longer be 
necessary. 


Lemma 3. The function 
V’(y, #) = lim sup | p,{O.[K’(y)]} — Plé, m(2)] | 


is equal to 0 almost everywhere in the interval A:0<y <1. 
If we let E[V’(y, t) >] be the set of points for which V’(y, #) >e, then 
E(V’ > 0) = E(V’ > 1/2) + E(V’ > 1/3) + E(V’ > 1/4) +---. 


Hence the lemma will be established if we can prove that m[E(V’>)]=0 
for every positive number e. We have the equation 


E(V’ > ©) = lim > E(| p,{0.[K’(y)]} — Plt, m(B)]| > 2), 
and hence 


oO 


m[E(V’ > &)] < > m[E(| p,{0.[K’(y)]} — Plt, m(E) | | >] 
for every positive integer uo. The remainder of the proof consists in estab- 
lishing the convergence of this series. From Lemma 2 it follows that 
m[E(| p{O.[K'(y)]} — Pl,m(2)]|>9]= De «, 
|*/u—PL t,m(E)]|>¢ 


-P*[t, m(E)]{1 — Plt, m(£)]}*-s, 


where the expression below the summation sign indicates that s is summed 
over all values consistent with this inequality. Borel has proved the conver- 
gence of all series of the form* 


ke p 2 ie p*-g**, 


u=1 !8/u—p|>e 
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where p and g are positive numbers and +q=1. Hence Lemma 3 is estab- 


lished. 
The purpose of Lemma 4 is to show that Lemma 3 will still be true if 


K’'(y) is replaced by K(y). We shall first construct a set D’ defined as follows. 
If x is any selection of D and if s is any positive integer, then there will exist 
a selection x’ of D’ such that 

Kex-¢-x) = Kou .-¢-2’, 


where s’ is such that either n,,_.<s <n, or sm, and where m, me, M3, ° - - 
are the ordinal numbers of the terms selected by x. Thus n,,—s+1, 
M41 —S+1, +--+ are the ordinal numbers of the terms selected by x’. Since 
the selection x,,: is the identity, it follows that D<D’. Moreover D’ is de- 
numerable. In Lemma 4 it will be assumed that the set D’’ is defined in 
terms of D’. 

Lemna 4. If ¢t is any number belonging to the set &'’ and if s is any positive 
integer, then there exists a number t' belonging to X"' and a positive integer r such 
that 

OK) Cc tr,1 = O(Ke Xs,1) e 

Given the selection x and the positive integer s, there exist a selection x’ 
and a positive integer s’ such that K cx- ¢ -x1=K ¢x,,- ¢ -x’. There exists 
a second positive integer s’’ such that K cx- ¢ -x.: ¢:ge(K Cx- © -%,1) 
=Kex-¢-o2(K cx): ¢:x,. From this it follows inductively that there 
exist a positive integer r and a number ?¢’ belonging to =’’ such that 

O.,(K) Cx,1 = O.,0(Ke %s,1) ° 
The number ?’ differs from ¢ because the selections involved in the operator 
O,,. are different from those involved in the operator O,,;. The contractions 
are the same for both operators. Since 


PE [0.,4(K) c +r,1] = gE [0.,(K) | C X,1, 
we have the equation 
O,(K) ¢ 1 = Ov(K ¢ x,,1). 
With the aid of Lemmas 1, 2, 3, 4, we can prove the following theorem. 


THEOREM 1. For almost every y of the interval A: 0 <y <1, the corres ponding 
sequence K(y) satisfies condition (C5). 


Let 


V'(y, #’) = lim sup | p, {Ov [K(y) € a..1]} — Plt, m(2)]|, 
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V(y, #) = lim sup | p.{O.[K(y)]} — Plt, m(Z)]]. 


The sets involved in the operator O,, are sums of meshes m,,;. Of course for 
any given operator O,, it is only necessary to let s be the subscript of the 
finest mesh occurring in the sets corresponding to this operator. Since the 
contractions involved in O, are the same as those involved in O,, s depends 
directly upon ¢. The number ?¢’ depends upon both ¢ and y. Let M be the set 
of points y for which V’(y, ¢’) =0 for every ¢’ of the set =’’. Since 2’’ is de- 
numerable, it follows from Lemma 3 that m(M) =1. Let y be any point of M 
and ¢ any point of =’’. Then by Lemma 4 there exists a pair of numbers r 
and ¢’ such that 


p{Ov[K(y) ¢x1]} = p{O]K(y)]e x1} = p{O.[K(y)]}. 


And hence V(y, #)=V'(y, t’)=0. Therefore for almost every y, the corre- 
sponding sequence K(y) satisfies condition (C5). 

13. Segments of collectives. We shall now consider the problem of con- 
structing collectives satisfying condition (C4). The method will appear con- 
siderably different from that of the previous problem but will in fact be 
guided by it. A study of the differences between these two problems will be of 
advantage in the work which we shall do. We now have to deal with sets 
whose frontier points are of measure zero instead of with sets consisting of 
finite sums of meshes. The collective K(y) is so constructed that each term is 
capable of adapting itself to a finer mesh than is the preceding term. That 
is, the point P®(y) can belong to any one of the meshes of the lattice L, 
whereas the point P“~(y) cannot. Thus after a certain term in this collective 
all points are capable of adapting themselves to any given set consisting of a 
finite sum of meshes. However if we have a set whose frontier points are of 
measure zero, then in general the adaptation is never complete. Moreover 
the tendency toward adaptation is so rapid that it is difficult to follow the 
variation of the success ratio. Our first point of difference from the preced- 
ing method will be for the purpose of slowing up this adaptation. 

We shall generalize the method of formation of the sequence K(y). Let 
Ni, Ne, N3,--- be a sequence of positive integers which will be deter- 
mined at a later point. Let »,=Ni+Neo+ --- +N. if 1<s and »,=0. 
Let P‘(y) = [y(®-2*-*]-2-* where s is determined so that »,<kSv.4;. It 
will be observed that if N,;=N.2=--- =1, then k=s and this definition 
of K(y) is the same as the previous one. We shall say that the points 
POst(y), POst)(y),---, P&+(y) constitute the sth segment of K(y). 
These points are adapted to the meshes m,,;. The sequences O;,.[K(y) ] ad- 
mit of a similar decomposition into segments. Let 
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u(s, 1, ¥, t) = v(s, e— i, ys t) - Pos,i—1,. 0) (4) y 

v(s, i, ¥; t) = u(s, i, y; t) = Puce.i.y.t) (a; {Oi-1,e[K(y) Je x:}), 
where »(s, 0, y, 2) =v,. The points of O;,,[K(y) ] whose superscripts range from 
v(s, i, y, 2) +1 to v(s+1, i, y, #) constitute the sth segment of O;,,[K(y) ]. If 
N(s, i, y, t) =v(s+1, i, y, 2) —v(s, i, y, 4), then there are N(s, i, y, é) points 
in the sth segment of this sequence. The points are selected from the sth seg- 
ment of K(y). Let 

v(s, a, ¥, t) * Pv(e,o.y,t)(Xrp,n) = u(s, y; t). 


Then 


rh + n- [u(s, y; t) — 1] = v(s, o, 4, t) <n+ n-uls, y; t). 


The points of O,[K(y)] whose superscripts range from u(s, y, #)+1 to 
u(s+1, y, 4) constitute the sth segment of this sequence. All except the 
first of the points of this segment correspond to points of the sth segment 
of K(y). The first point of the sth segment of O,[K(y) | corresponds to m points 
which may be selected from both the (s—1)st and the sth segments of K(y). 
Let J(s, y, 2) =u(s+1, y, 4) —u(s, y, t). Then there are J(s, y, #) points in the 
sth segment of O,[K(y) ]. It will be observed that [N(s, o, y, t)/n|<J(s, y, 2). 
We shall investigate the success ratio of the sequence O,[K(y)] within its 
sth segment, that is, the expression py {O.[K(y)]¢x,,.} where u=y(s, y, 2) 
and 0<N<J(s, y, #). Our problem is to choose the integers V, so that this 
success ratio can be made to approximate P|, m(E)] for a set of points y 
whose measure approximates 1. 

14. Lengths of segments. The sth segment of O,[K(y)] must contain a 
sufficient number of terms to permit the success ratio within this sequence 
to approximate the desired value. In order to accomplish this, there must also 
be lower bounds to the lengths of the sth segments of the sequences 
O;,.|K(y)]. We shall appraise the measures of certain sets of points y for 
which these segments have the desired lengths. Thus the lower bounds should 
be numbers which are independent of y. Let 


M(s, i, t) = min Ns, i— 1, t) : Pns,i-1,t) (XC Xy,1)5 
where v=r(s,i—1, y, ¢) and where the minimum is taken with respect to y; 
N(s, i, t) = [M(s, i, t)- {m(A,,:)/m(A,,-1) — 2-7} ], 


where the square brackets signify the largest integer contained in the num- 
ber within these brackets; 


N(s, 0, t) = Ny. 
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The numbers Ms, i, é) thus inductively defined will be taken as the lower 
bounds of the lengths N(s, 7, y, #) of the sth segments of the sequences 
O;,.[K(y) ]. We shall let G(s, i, ) = E[N(s, i, t) < N(s, i, y, t)], where 0<i<o, 
denote the set of points y for which this segment has the desired length. 
Since the integers y=v(s, i—1, y, #) depend only on the first v, digits of y, 
it is easily seen that limy,...N(s, i, t)=0, and hence M(s, i, #) can be made 
arbitrarily large by a proper choice of N,. Let 


J(s, t) = [N(s, o, t)/n]. 


Then the length J(s, y, ¢) of the sth segment of O.[K(y) | will be at least as 
great as J(s, #) for all values of y for which N(s, a, t) < N(s, ¢, y, t). Let 


H(s, t) as [J(s, or Pome u(s, t) ma! vs], 


where p(s, 4) =J(1, t)+J(2, t)+ --- +J(s—1, #). Then limy,..H(s, t)=%. 
Let 
E,,i = > m,; and A4,;= Dy mj. 
2-*(j—-1)eE; 2-8(j—1)€A; 
Thus E,,; is a sum of meshes of the lattice L,. It consists of all such meshes 
whose vertices lie in E;. The set A,,; is similarly defined. Let 


Pls, t, m(E) | = m(E,,1)-m(Es,2) ae m(Es,n):m—"(Ag,e) ; 


G(s, t) = E(| pw {O][K(y)]¢x,.1} — Pls, t, m(E) || < 2-*-1.¢ -H(s — 1,2) 
< N S J(s, y)), 


where p =y(s, y, 4). The symbol ¢ means “if.” The set G(s, ¢) consists of those 
points y for which the inequality to the left of the symbol ¢ holds for all 
values of N satisfying the inequalities to the right of this symbol. Thus if y 
is a member of this set, then a restriction is placed upon the success ratio of 
O.[K(y) | within its sth segment. 

The integers N(s, i, t), J(s, t), H(s, t) depend upon the numbers N,. While 
the determination of the numbers VN, will not be given until a later point, it is 
necessary to note here that the numbers N(s, i, #), J(s, 4), H(s, #) must 
all be positive. It then follows from the definition of H(s, é) that {H(s, #) 
+y(s, t)}-2°+1<J(s, #), J(s—1, t) <J(s, t) and H(s—1, #) <H(s, t)<J(s, 2). 
Hence H(s—1, t) <J(s, y, #) whenever N(s, a, t) < N(s, a, y, 2). 

15. Appraisals of certain set measures. We shall prove that 


m{C|G(s, i, t)-G(s, 2, t) sai G(s, o, t)]} 
<S a(s, 1, t) + a(s, 2,4) +--+ + als, o, 2d) 


(6) 
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' m{C|G(s, 1, t)-G(s, 2, t) - - - G(s, o, t)-G(s, d)]} 
@) S a(s, 1, 4) + a(s, 2,4) +--+ + a(s, o, t) + a(s, 4), 


where 


a(s, i,t) = y M(s,i,t)CR 
R/M (s,i, t)<m(Ag,i)/m(Asg, i-1)—2-8-! 


( m(A.,g,i) )'(: m(A,.;:) —_ 
m(A,,i-1) m(A.,i-1) : 


(8) 


and 


a 


a(s,t)= DO 


N=H (s—1,t) |R/N—P[s,t,m(E)]|22-*-!-1/N 


(9) - PR[s, t, m(E)]{1 — Pls, t, m(E)]}¥-*. 


The proof will be accomplished by means of the following lemmas. 
Lemma 1. m{ E[P»(y) eE,-P»)(y) ey - - - P™(y) €E,] } =m(E,) -m(E2) 
- + m(E,), where ve<my<m2< +--+ <m, and where the sets E,, Ex,---, En 
are elements of L,. 

Lemma 2. m{ E[P,"(y) eB, - Ps (y) es - - - |} <m(E,)-m(E2) - - - m(Ey) 
-m-"(A,.;), where m=v(s, i, vy, D)+\<m=vr(s, i, y, I+< +--+ <m 
=v(s, i, v, 2) +n Sv(s+1, i, y, ), where di, de, - - - , An Gre positive integers in- 
dependent of y and O;,.[(K(y)]=P:™(y), Pi (y), Pi®(y),--- and the sets 
E,, Ex, -- + , Ex are elements of Ly. 

The first lemma is proved in a manner similar to that of Lemma 1, §12. 
In order to prove Lemma 2, let us first consider a special case in which ¢ is 
restricted in such a manner that A;=A,, A2=A,.2,-- +, Ai=Az,i. For such 
a choice of ¢, it follows that the expressions to the left and to the right of the 
sign < would actually be equal if the restriction m <»(s+1, i, y, £) were re- 
moved. This fact can be proved in a manner similar to that of Lemma 2, §12. 
The restriction m,<v(s+1, i, y, 2) makes the above specialization of ¢ un- 
necessary. Moreover this restriction in general decreases the set whose meas- 
ure we are appraising. Hence Lemma 2 is established. 

We have the equation 


m{C[G(s, 1, t)-G(s, 2, t) - -- G(s, i, ))} 
= m{C[G(s, 1, 2) ---G(s,i—1,9]} 
+ m{G(s, 1, t) --- G(s, i— 1, )C|G(s, i, d]}. 


We shall show that the measure of the set G(s, 1, ) - - -G(s,i—1, t)C[G(s, i, t) ] 
is less than or equal to a(s, i, t). If y is a member of this set, then there must 
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be at least N(s, i—1, ¢) points in the sth segment of O;_1,,|K(y) ]. Hence there 
must be at least M(s, i, #) points in the sth segment of O,-1,,[K(y) | ¢x;. Sup- 
pose that R of the first W(s, z, é) points of the sth segment of O;-1,,[K(y) ] ex; 
belong to the set A,,;. Then it must at least be true that R<M(s, i, ¢) and 
hence R/M(s, i, t) <m(A,,;)/m(A.z,:-1) —27*—. It follows from Lemma 2 that 
m{G(s, 1, t)-G(s, 2, t) - - - G(s, i-1, #)-C[G(s, i, 2)]} Sa(s, i, ). Thus in- 
equality (6) is established. In a like manner it is easily seen that inequality 
(7) is also true. 

We are now in a position to determine the integers N,. It will be observed 
that there are only a finite number of sets of the sets A,’,; and E,,,; such that 
s’ <s and ¢Ss, and only a finite number of sets of selections x; and x,,, such 
that ¢<s. There correspond a finite set of values of ¢, the particular choice of 
the set being unimportant. By a proper selection of the integer N,, the in- 
tegers M(s, i, 4) can be made so large that the numbers a(s, 7, #) can be made 
arbitrarily small for all values of ¢. Moreover H(s—1, ¢#) can be made so large 
that a(s, 4) can be made arbitrarily small. We shall choose NV, so that 

Dd {a(s, 1, t) + a(s, 2,t) +--+ ta(s,o,0} < 2-1, 

(t) 
where the summation is extended over all values of ¢ of the above mentioned 
finite set. Then 


m {¢(Ievs, 1, t)-G(s, 2, t) - - - G(s, a, ») <?--1, 


(t) 


where the symbol], means that the conditions to the right of this symbol 
must be satisfied simultaneously for all values of ¢. Let 


II IL Gs, 1, )-G(s, 2, 0) - - - G(s, ¢, t)-G(s, ) = G,,. 


8=8, (t) 


Then m[C(G,,) | S$ 2-*. Let 


G= >G,,. 


8o=1 
Then m(G) = 1. 
We shall show that if y is any member of the set G, then K(y) satisfies 
condition (C4). This will be done with the aid of the following lemma.* 


Lemma 3. If K=P®, P®, P®,.--- is a sequence whose label space con- 
sists of the elements 0 and 1 and if there exist a decreasing sequence of positive 


* This lemma was proved by Regan (see Regan I). A much simpler lemma whose function is 
similar has been proved by von Mises (von Mises VI). However I have been unable to adapt von 
Mises’ lemma to this problem. 
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numbers €,, €, €,°-- such that lim,..€,=0, and two sets of positive integers 
Ji, Jeo, Js,--- and Hy, Ho, H3,--+- such that for s<s 

(a) | pw(K € x43) — p| < 6/3 

whenever H, = N SJ o41, where p=psy1=SitJet+ --- +J,, 

(b) | pr (K © x41) — p| + (ue + He)/Jn < €/3, 


where =p, then 
(c) | px(K) — p| <e 
Of sri SN Sp.y2 and So Ss. 

Since lim,...P[s, t, m(E)|=P[t, m(E)], it follows that there exists a de- 
creasing sequence of positive numbers €, €2, €;,- ~~ such that 
(10) | P[s, t, m(E)] — Plt, m(Z)]| + 2-* < «,/3 
and lim,.,.€,=0. From the definition of H(s, 4) it follows that H(s, t)+», 
<J(s, t)-2-*—'. Hence 
(11) [H(s,t) + uls, vy, d]/J(s, y, 2) < [H(s, 0 + ]/J(s, 0) S 2-21. 
Let y be a member of G(s, ¢). If the inequality imposed by this condition be 
combined with (10) and (11), we get 
(12) | prev.o[OlK(y)] ¢ x41} — Plt, m(Z)]| + [H(s, ) + ul/Jls, d) S 4/3, 
where u=u(s, y, 4). In a like manner it can be proved that 
(13) | pw{O.[K(y)]¢a,.} — Plt, m(E)]| < «,/3 


if H(s, t) <N<J(s+1, y, t) and w=yu(s+1, y, 4) and yeG(s+1, #). Hence from 
Lemma 3 we conclude that 


(14) | pw (O.[K{y)]} — Plt, m(E)]| < 


if u(s+1, y, ) SN <p(s+2, y, 4) and if y is an element of G(s, #)-G(s+1, 2). 
If y is an element of G, then there will exist a number 5» such that condition 
(14) will hold whenever sy <s. This gives us the following theorem. 


THEOREM 2. For almost every y the corresponding sequence K(y) satisfies 
condition (C4). 

16. Generalizations. We shall consider the case in which the space S is 
the region 0<y;<1, where i=1, 2, 3, - - - , a. Let r(£) be an absolutely ad- 
ditive, absolutely continuous function defined in S and such that 0<7(£) 
whenever 0< M(E£). We shall construct a collective K=P™, P®, P®,.-- 
which satisfies (C4). In order tu do this, we shall set up a correspondence 
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between the points of S and the points of the interval J: O0<y<1. Let S be 
decomposed into a system of meshes m,,; and let us define a corresponding 
set of intervals J,,;. Let 


} Pe - 1(Ms,1 + Ms,2 + Es a Ms, j-1) < ef < m(Ms,1 +:--°+ Ms,;) 5 
where i <j, 
Ieu: OS y < w(m,,1). 


Corresponding to any y of J and to any positive integer s there exists a posi- 
tive integer 7, such that y is an element of J,, ;,. Let 


Py= I Ms, j,5 
where m,,;, is the set consisting of the mesh m,,;, plus the frontier points of 
this mesh. Thus corresponding to any point y of the interval J there is deter- 
mined uniquely by this enclosure sequence, a point P, of the region S, where 
S is equal to S plus the frontier points of S. If y is any point of an interval 
I,,;, then P, is a point of the corresponding set m,,;. The inverse of this corre- 
spondence is not necessarily unique. 

Let P.,; be the point of S which corresponds to the point 2-*(j —1) of the 
interval J. Let A be any subset of S having frontier points of measure zero. 
Let s be any positive integer and j:, jo, - - - , 7, be the set of all positive in- 
tegers such that the corresponding points P,,;, are elements of the set A. 
It may of course happen that the points P,,;,, Ps,;,,---, Ps.i, of the set A 
are not all distinct. Let AJ =m/{,;,+mi,;,+ --- +mi,;,, where the sets m‘,; 
are meshes of the interval J. 

We shall prove that lim,...m(A,’) =7(A). We shall prove this fact first 
for the case in which the set A is one of the meshes m,,;. Given any positive 
number e there exists a positive number o’ and a corresponding element B,- 
of L, such that all of the points which belong to m,,; are interior points of 
B,,, and 1(B,-) <1(m,,;) +. Corresponding to the meshes m,-,; of the set B,. 
is a set of intervals J,-,;. We shall denote this set of intervals by b,. We shall 
show that if P is any point of the mesh m,,;, then all of the corresponding 
points y belong to b,,. That is, if y belongs to Cb,-, then P, belongs to Cm, i. 
Let y be any point of Cb,-. Then y belongs to some interval J,,,; and the corre- 
sponding point P, belongs to the corresponding set m,-,;. The set m,-,; can 
be neither interior nor adjacent to m,,;. Hence P, belongs to Cm,,;. Therefore 
if s is sufficiently large, then m(A,’) <a(m,,:) +. Since a similar inequality 
holds for every mesh of the lattice L,, it follows that if s is sufficiently large, 
then 2(m,,;:)—¢<m(A,). That is, lim,...m(A,) =7(m,,;). The extension to 
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the case in which A consists of a finite sum of meshes is immediate. Next 
let A be an arbitrary set whose frontier points are of measure zero. Given 
any positive number e, there exist two elements B, and B: of N such that 
B,<A<B, and 7(B.—B,)<e. Thus it is easily seen that lim,..m(A,’) 
=7(A). 

The points P,,; are everywhere dense in the space S and hence constitute 
a space S’ defined in §10. There correspond a field F’ and a distribution func- 
tion 7’(A). Let A be any set of the field F’ and let 


(15) 


Then lim,...m(A,’) =7’(A). Let Ai, Ao, --- , Ac, Ex, Es, --- , Ex be the sets 
involved in the operator O,. There correspond sets Asi, As2,°--, As.o 
E,., Es, +--+ , Es,, defined in accordance with equation (15). Let 


Pls, t, m(E) | = m(E,,1)-m(Es,2) - - - m(E,,x)-m~"(Ag,<). 


Then lim,...P[s, t, m(£) ]=P[t, m(£) |. If y is any member of the set G de- 
fined in §15, then there is determined a sequence K(y). There is also deter- 
mined a corresponding sequence K whose terms are elements of the space S’. 
There exists an integer so such that 


| pwlOWK © x,,1)] — Pls, t, m(E)]| < 2-1 


whenever so <s, H(s—1, t) <N <J(s, y) and y=p(s, y, 4). Hence by reasoning 
similar to that of Theorem 2, §15, it follows that p[O,(K) ]=P[t, m(E)]. That 
is, K satisfies condition (C4) and hence is a collective with respect to the 
space S’ and the field F’. It is also a collective with respect to the space S 
and the field F. 

We shall now remove the restriction that 7(A) must be greater than zero 
whenever m(A) is greater than zero. Let 7(A) be any absolutely additive, 
absolutely continuous distribution function such that there exists a set B 
with the following properties. 


1. The frontier points of B are of measure zero, i.e., B belongs to the 
field F. 

2. r(B) =1. 

3. If A is any set of the field F, then 0<2(A-B) whenever 0<m/(A -B). 


We shall define a new distribution function 7’(A) by the equation 
m’(A) = [x(A-B) + m(A-CB)]/2. 


Then there exist collectives having 7’(A) as their distribution function. Let 
K be such a collective and let us perform a contraction on K with respect 
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to the set B. The resulting sequence K ¢¢,(K) is a collective having the dis- 
‘tribution function 


n'(A-B)/n'(B) = x(A). 


Next if S; is the whole of the a-dimensional euclidean space, then there 
exist collectives with respect to this space. To show this, it is only necessary 
to construct a transformation which is continuous and has a continuous in- 
verse and which carries S into S;.* Such a transformation carries sets of meas- 
ure zero into sets of measure zero. 

Suppose we have a space S which consists of a denumerable infinity of 
elements mm, m2, m3,---. Let the field F contain all possible subsets of S. 
We shall define a corresponding set of intervals J,, I2, Is, - - - as follows. 


Tj (my + me +--+ + mya) Sy < r(m + me+--- + mj) if 1 <7, 
Ih: OS y < r(m). 


Then p ae j;=I where J is the interval 0<y<1. If A is any element of F, 
then the corresponding sum of intervals J; constitutes a set whose frontier 
points are of measure zero. Let K’=P, P®,--- be any member of the set 
C|D, m(E) | and let the corresponding label space be the interval J. We shail 
define a corresponding collective K =e, e®, e®,--- having the label space 
S. If P™ belongs to the interval J;, then the corresponding term e™ shall 
be the element m;. Then K is easily seen to be a collective. Any space consist- 


ing of a finite number of elements can be similarly treated. 

We shall show the existence of collectives whose associated label space S 
has infinitely many dimensions. We can express S as the following infinite 
product. 


=1,X12K--- KlaXKlaiX:::, 


where /, is the interval 0<y,.<1. The field F is defined as follows. A set A 
belongs to F if and only if there exists a number a@ such that A =AaXTJa41 
XIa+2X - ++ and the frontier points of A. are of measure zero. 

For each interval J, we shall construct a net NV, consisting of lattices L,,«. 
We shall also construct for the space S a net N consisting of lattices L,. Let 
L, = L.,1XLs,2X ---XLs,.. Then there are 2*° meshes m1, mMs,2,°°°, 
Ms,i,° * * , Ms,* in L,. We shall assume that the subscripts of the meshes are 
so chosen that 

(j+1) 2-1 
Ms—1,j+1 = Ms,i- 


imj- 2th) 


* Copeland IT. 
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From this point on, the existence proof for collectives in this space is the same 
as that for collectives in the space of a dimensions. 

Let K=P, P®, P®,--- bea collective having the label space S. We 
shall express K as a product collective. Let k, be the sequence whose nth 
term P,” is the ath coordinate of the point P™. Then K =k, XkeXk3X ---. 
Let a, a2, a3, - - - be a sequence of positive integers and let 8, =a: +ae+ - - - 
toni. Let S,=S5,41%S8,42X% °° K Soi, Kn=Re,41Xhei2X °°: X Rona: 
Then K,, is a collective whose label space is S,. Moreover Ky, Kn,X - +: 
XK, is a collective having the label space S,,XS,,X --- XS,,. In the no- 
menclature of von Mises, collectives which can be combined in this manner to 
form new collectives are said to be “verbindbar.” The spaces S;, Sz, --- and 
the collectives Ki, Ke, - - - can be transformed by one or another of the meth- 
ods described earlier in this section. We shall denote the transformed spaces 
and collectives respectively by S/ , Sx, S;',--- and Ky, Ky, Kj,---.The 
space S and the field F become S’ and F’. Products of the collectives 
Ki, K?,---+ are collectives having the corresponding product label spaces. 

17. Alternative systems. It is readily verified that K/ cx and K/ 
¢¢.4,;(K/) are collectives if x is an element of D and 4; is a subset of S/ 
and I! XI¢ X --- XIjuXAj/ XIji:X --- is an element of F’. Operations 
of the form K/ ¢ga,(K/)- ¢ -b4,,(Kn') and K/ ¢m- ¢ -4;(K/ €x2) do not 
necessarily produce collectives. However it may be true that K can be so 
chosen that all such operations and groups of these operations produce collec- 
tives. In fact in the system of Dérge, all of these operations are included.* 
Dorge considers a set of selections S which is equivalent to the set D given 
in this paper. He then constructs an extended set § which contains all the 
operators which can be formed by combining selections and contractions in 
the manner just described. Thus § includes all the operators of the form O, ,. 
In the present paper the operators O, play a réle similar to those operators 
of the set § which are not of the form O,,,. In Dérge’s system the spaces 
S/, S/,--+ consist of finite numbers of elements and the collectives 
Kj, Ki ,--- are independent. No general existence proof has been given 
for this system. 

In the system of Reichenbach,{ a fundamental element is an expression 
of the form (i)(x;€03,y;eP). These elements admit of several interpretations. 
One of the most important interpretations is the following. Let 


SM By, My BH °*°* y BH? ** 


FO Fie Fre” * * Fe 


be two collectives with corresponding label spaces S and T and let K =xXy be 


* Dorge I. 
t Reichenbach I. 
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a collective with the label space SX 7. Then the expression (i)(x;€03,y,€P) 
is equivalent to the equation p{doxp[K ¢¢oxs(K)]} =p. Another interpreta- 
tion is obtained as follows. Let y be a collective, x be a selection of the set D, 
and 0 be the set consisting of the number 1. Then x=¢@o(x). In this case the 
expression (i)(x;€03,y:eP) means p[@p(K ¢x)]=p. 

If the collectives K/, K,--- are independent, then K’ constitutes a 
Tornier matrix of a very general nature.* The ith row of this matrix is the 
collective K/. In the definition of such a matrix, conditions (C2) and (C3) 
are not required. Condition (C1) is specialized by setting h=r,=n=1. 
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ON EFFECTIVE SETS OF POINTS IN RELATION 
TO INTEGRAL FUNCTIONS* 


BY 
V. GANAPATHY IYER 


1. Introduction. Let f(z) be an integral function and let M(r, f)= 
max |-)<,| f(z) |. The order p and the type «(f) of f(z) are defined by the relations 
log log M(r, f) _ log M(r, f) 


p = lim sup : «(f) = lim sup 
r+ log r r+ r? 





Let [z,], 2. =7ne% be a distinct sequence of complex numbers such that 


O0O<mSrnS-+- Sm 


as n—> 2. Let p:>0 be any number. The type «(f, p:, [z,]) of f(z) over the set 
[z, | is defined by the relation 


dimbh= tang 
n— | Zn | 
If f(z) is of order p, it is evident that «(f, p1, [z.]) <0 when pi>p. If pi <p, the 
value of «(f, p1, [2,]) can vary from — © to ~. 

1.1. Derrnition. Let f(z) be a function of order p; we shall say that [z,,] 
is an effective set, or briefly an E-set, for f(z) when x(f, p, [z,]) =x(f). 

1.2. It is easy to see that any given function f(z) always possesses an 
E-set; for, on |z| =r, there is at least one point 2(r) such that M(r, f) 
=| f(z(r))| ; also, a sequence [r,], m<re< --- <r as n—~, exists for 
which 


? 


x(f) = lim 


log M(rn, f) 
p 


n—2 n 


hence [z(r,)] is an effective set for f(z). A more interesting question is to 
ascertain whether all functions of a given class specified by some simple prop- 
erty possess an E-set in common. In this paper an attempt is made to answer 
this question. 

1.3. We denote C(p, d) the class of all functions of order p and type less 
than d where p and d are any two given positive numbers. We regard all func- 
tions of order less than p as of order p and minimal type, that is «(f) =0, un- 


* Presented to the Society, September 10, 1937; received by the editors January 21, 1937. 
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less f(z)=0 in which case «(f) =«(f, p, [zn])=— © for all p and [z,]. These 
are included in C(p, d) for the purposes of this paper. 

2. We shall, first, discuss a few general properties of an E-set for a given 
class C(p, d). 


THEOREM 1. In order that a set [zn] may be an E-set for a class C(p, d) it 
is necessary that 

(i) the exponent of convergence (which we shall speak of as the order) of [zn] 
cannot be less than p; 

(ii) if the order of [z,| be p, any function with zeros at =z, must be of 
order p and type not less than d unless such a function is identically zero; 

(iii) the set [0,.] of amplitudes of [z,| must be everywhere dense in0 <0 <2r. 


Proof. If [z,] were of order p’ < p, the canonical product o(z) with simple 
zeros at [z,| is of order p’ and therefore is of order p and minimal type so 
that, by the definition of C(p, d) 


k(o) = x(a, Pp, [zn ]) = 0. 
But o(z,) =0 so that 
k(o, P, [zn ]) — oe as 


This contradiction shows that the order of [z,] cannot be less than p. A 
similar argument proves (ii). To prove (iii), suppose that [6,] is not every- 
where dense in (0, 277). Then there is a 6) such that 0.5 —6<@<6)+6 contains 
no 6,, 5>0 being sufficiently small. We can suppose without loss of generality 
that @.=0 so that the angle | 6| <6 does not contain any point of [z,]. Now, 
let H,(z) be defined by* 


II(1+—)), 0<p<}, 


nile 


n=1 


H,() =} 2 


> ————— > 
n=0 nN 
4 
\ p 
It is known that, if z is outside | 6| <4, 


‘ log | H,(z) | 
lim sup ——__——_ 


|z|+0 | Zz | 


p>}. 





< «(H,). 


By considering a function of the form H,(nz) where 7 is such that °x(H,) <d, 
we conclude that [z,] cannot be an E-set for H,(nz) which obviously belongs 
to C(p, d). Hence [6@,] is everywhere dense in (0, 27). It may be noted that 


* For 0<pS}, see Paley and Wiener, Fourier Transforms in the Complex Domain, p. 79; for 
p>4, H,(z) are Mittag-Leffler’s functions, Acta Mathematica, vol. 29 (1905), pp. 101-181. 
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since an E-set remains an E-set when any other set is added to it, we cannot 
expect to improve upon the result (i) of Theorem 1. 

2.1. We shall now give a general criterion for a set [z,] to form an E-set 
for a class C(p, d). Let A,(h) denote the circle with center z, and radius 
|z,|-*; and let A(Z) denote the system of circles A,(k), n=1, 2,---. We 
prove 

THEOREM 2. The set [z,| of order p will form an E-set for C(p, d) provided 
there exists a function g(z) with simple zeros at z=2z, and h>p such that the 
following relations hold: 

log | g’(zn) | .. log | g(z) | 


(i) lim ————_—— = d; (ii) lim ———— 
n+ 2 | Zn | | z fale 


=d 


s |z|—+ outside the circles A(h). 
2.2. We shall establish two lemmas in the first place. 


Lemma 1. There exists a sequence [R,], Ri<R2< --- <R,—>% asn->, 
Ruy SaR,, a>1 being given, such that no circle |x| =R,,n=1,2,---,cuts any 
circle of A(h). 

Proof. Let }>1. Consider the ring r<|z| <br. The sum of the diame- 
ters of those circles of A(k) whose centers lie in the ring cannot exceed 
D> <\2,1<0r|2n]~* which is less than a fixed positive constant since >>|z,|—* 
converges when >p. Therefore if 7 is sufficiently large, there is at least one 


circle |z| =R in the ring r<|z| <br which does not cut any circle of A(h). 
Hence, there is an mo such that for all mmo, the ring 6" <|z| <b"* contains 
a circle of the type required. Taking b=a'/? we get the required result. 


Lemma 2. Any function g(z) satisfying the condition (ii) of Theorem 2 is of 
order p and type d. 


Proof. Let a>1 be given and let [R,] be the sequence of Lemma 1. On 
|z| =R,, we have, by (ii) 


M(Rz, g) < exp [(d + Ry | 
for m =n) =no9(e). Since M(r, g) is an increasing function of r and Rj41SaR,, 
we get for all r=>ro=ro(e) 

M(r, g) S exp [a°(d + r|, 
so that x(g) Sa*d and since a is any number greater than one, we get (g) <d. 
But obviously d<«(g). Hence x(g) =d. 


2.3. Proof of Theorem 2. Let f(z) be any function of C(p, d) and [R,] the 
sequence of Lemma 1 for some a>1. Let 
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a ss x™f(x) dx 


2rid \zjmr, g(x) s—s 


where m=0 is an integer. By (ii) we find that 
(1) I, 0 
as y-> uniformly in any fixed circle |z| <R. But 


(2) es ee 
g(z) lzn|<R, g' (Zn) Z— Zn 





while by (i) the series 
= | are 1 


n=1 g (Zn) Z— Zn 





converges uniformly except at the points z=z,. Therefore (1) and (2) give 
2™ f@) = : 2n"f(En) ! ° 
(2) nat B'(Zn) 3 — Sn 
Let «(f, p, [zn]) =B<x(f) <d. Choose 7 so that 0<»<d-— and 2X so that 
dh =d—B—n. Let x(z) =coteiz+ez*+ --- be any integral function of order 
p and type not exceeding dd’. Then by (i) the double series 
Cmon"f (Zn) 1 


(mn)| g'{Sn) 8 — Bn 





(3) 





converges uniformly except at z=2z,, so that (3) gives 


f(z)x(z) _y< f(@n)x@n) 
g(z) nmi (Zn) 2 — Zn 





(4) 
In (4) we can take x(z) =g(Az) since in this case x(x) =dd? by Lemma 2. 
So (4) gives 


_ 82) S flen)g(den) 1 
(5) f(2) = sO) au a Sam 





Let A,(h) denote the circles around the zeros of g(Az) similar to A(h). Then, 
given a>1, we can, just as in Lemma 1, choose a sequence [R,], Rnii1S@Rz, 
such that the circles |z| =R, do not cut any circle of either A(z) or A,(h). 
Using (i), (ii) and the choice of \, we get from (5), 


(6) M(Rz, f) < exp [(d — dk + OR, | 


for n =n. =n)(e). Starting from (6), an argument of the type used in Lemma 2 
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shows that k(f) <d—d\*=8+7 and since 7 is subject to the sole restriction 
0<n<d-—B we get «(f) <8. Since 8<x(f), we get x(f) =8 which is the result 
required. 

2.4. In some cases it is possible to conclude that the relation (i) of Theo- 
rem 2 follows from (ii). The circles of A(%) determine a sequence of non-over- 
lapping domains D,, D2, ---, D,,---. Let p, denote the number of points 
of [z,] lying in D,. We shall prove 

Lemma 3. If ~,<P, a fixed positive number, then (ii) of Theorem 2 in- 
volves (i). 


Proof. Let z, be contained in D,,. Let 


Pao) = II (1-4), 


z,CDz, v 
and 


g(z) = P,(z)Q,(2). 
The greatest and the least distances of the boundary of D,, from the origin 
lie in the interval (|z,| —H, |z,| +H) where H =>”, |z,|~*. Since the degree 
of P,(z) does not exceed P, we have 
] P, 
og | Pa(z)| _ 9 


lim 
| 3|° 


as |z| > outside the domains D,, uniformly in n. Therefore on the boundary 
of D,,, we have by (ii) 

(7) exp [(d — &)(| zn] — H)*] S| Q,(z)| < exp [(d + ©)(|z,| + A)?I. 

Since Q,,(z) does not vanish in D,,, (7) holds in the interior of D,,, in particu- 
lar, at z=z,. Hence 


log | Qn(m)| _ 


n> 2 | Zn | 


lim d. 
Moreover 
8'(2n) = Pn (Zn)Qn(2n) » 
and arguing as before we get 
tim 81822) | _ 4c, 108 | OnCen) | _ 


n— 2 | Zn |? n— © | Zn |? 


d. 


So the lemma is proved. 
3. Using Theorem 2, we shall set up an E-set for a given class C(p, d). 
We first establish the following 
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Lemma 4. Let p=2/a and 
io) 2” 
(8) o,(z) = TT ( - ). 
ae nan 


Then o,(z) is an integral function of order p satisfying (i) and (ii) of Theorem 2, 
with d=a/4=1/(2p). 


Proof. If we prove (ii) with some h>p, (i) will follow from Lemma 3 since 
the circles of A(k) are obviously non-overlapping after a certain stage. Let 
p>O be any integer and let z lie in the ring p« <|z| <(p+1)-. 


2P 2? 
(9) o,(z) = (1 _ Ci - ES) pha 


where 


a Fy) = T1(1-=) TI (1-=)-s.xs,, 


aul ne" n= 
say. We have ' 


p-l p-l 
log | Si] = 4p(p — 1) log |z| —a >> mlogn + log] | 1— 


n=1 n=1 


nen 
2” 


an 


a e n 
— p?+0(p log p) + log]] | 1- 


n=1 s* 


Qa an 


p-1 
| =| + 0(|z|"elog |2|) + log] } 1—— 


4 n=1 2” 


Now, since p*<|z| <(p+1)*, we have 
p—1 an me | an p—-l an 
(12) MI(1-*) < 11 ee: sT(1+* ). 
n=1 iad n=1 2” n=1 alae 


Using the fact that (1+1/x)* steadily increases and (1—1/x)-* steadily de- 
creases to e as x varies in 0<x< ~, we get 


n\@n p — aa: an(p—n)/p [ an(p - ] 
sai Rim <e a ene 
() ( p - p 


exp | - min (n, p — m)|. 
Therefore (12) gives 


0<a= { Il (i- coh s i p- he { Il (1+ conn} b, 


n=1 n=1 aa n=1 
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so that by (11), 
a 
(13) log | Si] = | 2 |?! + O(| 2|""* log | 2] ). 


A similar argument shows that 
log | S2| = O(1), 
so that (9), (10), and (13) give 


log | op(z)| = —| |" + 0(| 2|"/* log | =| 
(14) 


gP gPptl 
? 


] i-—— 5 
+ log pe” (p + 1)aotD 


where p* <|z| <(p+1)*. Taking h>p=2/a, we find from (14) that when z is 
outside the circles of A(h) but inside the ring p* <|2| <(p+1)s, 


a 
(15) log | o,(z)| = —_ 2|?/« + O(| z|/log | z|), 


and since p is any integer, we get 
log | o,(z) | i 


Tsp 


as |z|—> outside the circles of A(x). So the lemma is proved. 

3.1. It is easy to see that if [z,] is an E-set for C(p, d) then [nz,] is an 
E-set for C(p, d/n’). Hence Lemma 4 enables us, in conjunction with Theo- 
rem 2, to state 

THEOREM 3. Let p>0, d>0 be given. The set of points 

[(2pd)—1/en2/e2riln | | n = 1,2,3,---;v=0,1,2,---,n—1, 
forms an E-set for the class C(p, d). In other words, if f(z) is any function of 
order p and type less than d, then 

; log M(r, f) log | f[(2pd)-/°n?/*e =i!” | | 

lim sup ——————— = «(f) = lim sup . 
12 r? n— 0 (2pd)—'n? 





3.2. Asa corollary we get, taking d=1/(2p), in Theorem 3, 

THEOREM 4. If f(z) is any integral function of order less than p or of order p 
and minimal type (x(f) =0), then 
log | f(n2/ee%riln) | 5 


lim sup - 
n— 0 n? 


0. 
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3.3. If o(z) is the canonical product with simple zeros at the lattice 
points z=m-+in, m,n=0, +1, +2,---, it is known from the pseudo-peri- 
odic properties of o(z) that (i) and (ii) of Theorem 2 hold for o(z) with p=2 
and d=7/2. Hence the class C(2, 7/2) has the peculiarly simple E-set 
z=m+in, m,n=0, +1, +2,---. 

3.4. I have shown elsewhere* that a function of C(2, 7/2) bounded at 
the lattice-points must be a constant. The question may be asked whether 
the same is true of an E-set for C(p, d) for which the conditions of Theorem 2 
hold. That this is in fact the case can be shown by using exactly the same 
method followed in the case of the lattice points. + So we can state 


TueoreM 5. Let [zn] be a set of points satisfying the conditions (i) and (ii) 
of Theorem 2. Then any function of order p and type less than d bounded at the 
points [zn] must reduce to a constant. 


3.5. As a particular case of Theorem 5 we get 


THEOREM 6. An integral function of order p and type less than 1/(2p) 
bounded at the points 


stlogwetia o= 1,2,3,°°-;7=0,1,2,---,#—1 
reduces to a constant. 


3.6. It may be noted that an E-set for a class C(p, d) is a fixture to that 
class and is independent of the individual functions of the class. Theorems 
2-4 throw a good deal of light on the peculiar behaviour of the functions of 
C(2, 1/2) at the lattice points. These latter were, in fact, the starting point 
of the investigations of this paper. It is very probable that conditions closely 
allied to those of Theorem 2 are also necessary for an E-set although I have 
not succeeded in discovering exactly what these conditions are. The question 
whether (ii) of Theorem 2 always involves (i) is also unsolved. 


* Journal of the London Mathematical Society, vol. 11 (1936), pp. 247-250. 

tT Since f(z,)=0, x(f) SO; if x(f) <0, f(z) =0; if x(f) =0, then also «(f?) =0, so that formula (3) 
holds with m=0 and f?/p!, p=0, 1, 2,--- , in place of f(z). An addition and an argument, as in 
Iemma 2, will show that e/) is of finite order, that is, f(z) is a polynomial which must be a con- 
stant since f(z) =O(1). 
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FOURIER SERIES AND MEAN MODULI OF 
CONTINUITY* 


BY 
OTTO SZASZ 


1. Introduction. Let f(@) be a real-valued function of the real variable @, 
of period 27, and let {(@)eZ.f We consider the formal Fourier series of f(6) 
and write 


£0) ~ DY cnet? ~ ao/2 + DY (an cos nO + b, sin 8), 
(1.1) yy ’ = 
Cn = —{ f(r)e~imtdr = 3(an — ibn), Cn = Cn, M=0,1,2,---. 
Td + 


We denote by Lip (a) the class of functions satisfying the condition 
Lip (a) | (0 + 1) — f@)| < Kes, 


where a>0 and K = K, is a constant depending on f. 
In 1914, S. Bernstein [1, 2]t proved the following result: 
If f(0) eLip (a), a>1/2, then >>| c,| < ©; for a<1/2 this is no longer true. 
This result was generalized by the writer [12] in two directions: 
1. The class Lip (a) was replaced by the more general class 


® 1/2 
Lips (a; 2) \~ f [7(0 + 2t) + f(@ — 2) — 24(0) aah < Kit, t>0. 
rJ_, 

2. The exponent of convergence of the sequence of Fourier coefficients 
{cn} of a function of class Lips (a; 2) was determined, that is, the small- 
est constant & such that }>|c,|*+*< for all e>0. It was proved that 
k=2/(2a+1) for 0<a@<1 and that there exist functions in Lip2 (a; 2) such 
that >>| c,,|/@at» =o, 

In a later paper [14] these results were extended to more general classes, 


1 ® 1/p 
Lipe (a; p) \— f | (0 + 2t) + f(@ — 2) — 2F(6) a < Ki, 


t>0,0<aS1,1<pS2. 


* Presented to the Society, December 31, 1936; received by the editors December 29, 1936. 

The author is indebted to Professor J. D. Tamarkin for many valuable suggestions in the process 
of writing this paper. 

+ That is, f(@) is integrable in the sense of Lebesgue. In general, by ? we denote the class of 
functions measurable and such that | f(0), ?eL. 

¢ Numbers in brackets refer to the bibliography at the end of this paper. 
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For functions of this class, the exponent of convergence of the sequence {cn} 
was found to be k= p/(ap+p—1) and it was proved that there exist func- 
tions in Lips (a; p) such that >>| c,|*= 0. - 

In an earlier paper Hardy and Littlewood [5] found the same value for k 
for the class 


1 , 1/p 
Lip: (a; p) \— f | f@+2) —f@e- i |raok < Kt, t>0, 


— 


under the restrictive assumption ap >1.* 
Let f(0) be continuous and of period 27. The modulus of continuity of 
f(9) is defined by 


(1.2) £(f; 6) = &(6) = max max | f(@ + 2) — f(6)|. 
l4]S8 0 
In 1934, S. Bernstein [3] generalized his result as follows: 

If yy m-"E(1/n) <@ then >| c,| <<. Conversely let (4) be a positive 
function such that n(6)6-* is increasing in 6 for sufficiently small positive 
values of a, and decreasing for some a <1. If in addition }\) -"/2n(1/n) = « 
then there exists a continuous function f(@) such that &(f; 5)<7(6) while 
|G] =. 


In what follows we shall prove some theorems which include all the re- 


sults mentioned above as special cases and which also extend certain results 
of Hardy and Littlewood concerning the classes Lip; (a; p).T 

The following facts will be frequently used in the sequel. 

(i) Young-Hausdorff inequalities. Let 1<p<2, g(0)~>.-«Ynei"*. Then 


1 


[Clvleyer s Lf" letolark st 


2r 


fi g(r) rah {| va |P} ur. 


2r 


* This paper of Hardy and Littlewood contains many important results concerning the class 
Lip: (a; p); cf. also [4]. It should be observed that the class Lip» (a; p) includes the class Lip; (a; ). 

T Results analogous to the theorem above of S. Bernstein were obtained for the convergence of 
Fourier integrals by Titchmarsh [15] and by Hille and Tamarkin [8]. Results of the present paper 
can also be extended to the cases of Fourier integrals and of almost periodic functions. These exten- 
sions will be treated in a subsequent paper. The main results of the present paper were communicated 
to the Harvard Mathematical Colloquium on May 23, 1935. 

t By p’, g’,- ++ we denote quantities which are related to p, g,--- by 1/p+1/p’=1/q+1/q’ 


aoe ooh, 





368 OTTO SZASZ [November 


It should be observed that Young-Hausdorff inequalities are trivially satisfied 
even in the case p=1, if we agree to replace 


1 ® 1/p’ 
(Cllr, {= fl eoleark 


by sup,|¥n|, sup,|g(z)| respectively, where sup,|g(r)| denotes in this case 
the “effective upper bound of | g(r)|” [7, p. 135]. 
(ii) Hélder inequality. Assuming g>1, we have 


fad bad l/q@ bead 1/q’ 
| ab, s(Llo ‘ (x b, “) j 
v=1 v=1 


v=1 


f "| Oe | at < (f |p |eat) “( J ‘|e val)", 


with the same agreement as in (i) in case g = 1. 
(iii) Minkowski inequalities. If g=1, 


{J fet oie) ps fel Siena)” 
iS » 7 als o{ fl $.(.x) jas 


(iv) If we put 


1 b l/p 
a (f | o( |rat) = M,(4;4,6)=M,()=M,, p>, 


then M, is an increasing* function of p and log (M,)” is a convex function of p, 
that is 
(1.3) (My)? S (Mp,)?(Mp,)"22, Pp = pipit pope, pi toe =1, 

Pi = 0, p2 = 0. 
Furthermore, on denoting by M(¢; a, })=M(¢)=M the effective upper 
bound of |¢| in (a, b) we have 


(1.4) lim M,(¢) = M.(¢) = M(¢). 


pr 2 
Finally if we allow p2—~ in (1.3) and observe that then 


p2 — p P— pi 
= ~~ i, Pope = pP2— p — pr, 

p2 — pr po — pr 

* By increasing (decreasing) we mean non-decreasing (non-increasing), unless explicitly stated 
to the contrary. 


Pl 





, 
t 
H 
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we have 
(1.5) (My)? S (M,,)™M?-”:, 0< pi S p.* 

The notation 7(¢) will be used to denote a positive decreasing function of ¢ 
such that (¢) | 0 as¢| 0. By y will be meant an arbitrary positive constant. 
The symbol O(¢(, y)) will have its usual meaning with the understanding 
that O refers to ¢ as a function of #, for y fixed, and that O need not hold uni- 
formly for all y. 

2. Auxiliary propositions. In order not to interrupt the subsequent dis- 
cussion we shall prove in this section some inequalities which will be of funda- 
mental importance in the sequel. 


Lemma 2.1. Let OFA, SA2S--- SAn,S--- be any non-decreasing se- 
quence of positive numbers, and p>0. Then all statements (for all y) 


(2.1, y) A, = O(n'n(y/n)) 
are equivalent. 


It is clear that if y<~y:, then (2.1, y) implies (2.1, y:). If y>v, let & be 
an integer such that 7/7: <&. On replacing by kn in (2.1, 7) we have 


An S Akn = O((kn)?n(y/kn)) = O(n'n(yi/n)), 
so that again (2.1, y) implies (2.1, :). 


LEMMA 2.2. All statements 


(2.2, 7) LX a(/») <%, 


(2.3, 7) > 2n(y2>) < », 


(2.4) f n(1/t)dt < « 


are equivalent. It is understood that in (2.2, y), (2.3, y), y may assume inde- 
pendently any value >0, not necessarily the same in these two formulas. 


First assume that vy has the same value in (2.2, y), (2.3, y). Since n(y/n) | 0 
asn fT « we have 


2n 
nn(y/2n) S Do n(y/v) S nn(y/n). 
y=n+1 
On putting here m =2* and summing over \=0, 1, 2, - - - we see at once that 


* We refer to [7] to the proofs of (i-iv). 





370 OTTO SZASZ [November 


(2.2, y) is equivalent to (2.3, y). That (2.2, y) is equivalent to (2.4) follows 
immediately from the Cauchy integral convergence test. Since however (2.4) 
does not depend on y, we may give y independently any values in (2.2, y) 
and in (2.3, y), and all resulting statements will be equivalent. 


LemMMA 2.3. All statements 


(2.4, v) Dd 2(2>y/n) = On(y/n)) as n> &, 
A=1 


(2.5, 7) Dd »n(y/v) = O(n(y/n)) as n> @, 


(2.6) f ema/aax = O(n(1/u)) as u— @ 


are equivalent, in the same sense as in Lemma 2.2. 
Again we first assume ¥ to be the same in (2.4, y) and (2.5, y). The equiva- 
lence of these two statements follows then immediately from the inequality 


2n 


$n(y/2n) S Do v'n(y/v) S a(y/n). 


v=n+1 


Since v~'n(y/v) decreases when v increases we may again apply the Cauchy 
test, with the result 


E rin(y/r) < win /n) +f 2h(t/x az, 
n/y 


v=n 


f x—'n(1/x)dx < yu-'y(1/n) +f a 'n(1/x)dx 
u n/Y ; 


< yu '(1/u) + Do n(y/v), 


v=n 


where, in the second formula, m= [yu]+1. The first of these formulas shows 
that (2.6) implies (2.5, y), and the second that (2.5, y) implies (2.6). Since 
(2.6) does not depend on y, we complete the proof as in Lemma 2.2. 


Lemna 2.4. Let {a,} be any sequence of constants a, =0, and p>O, then the 
statements 


(2.7) >| sin vt |*a, = O(n(t)) as t- 0 


v=l 


and 
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(2.8) > > vay + > a, = O(n(r/2n)) as n> @ 


vol vent 
are equivalent. 
We first prove that (2.8) implies (2.7). Let (2.8) be satisfied and ¢>0 be 
given. Then on taking 
n = [x/2t], ns n/2t<n+1, t > r/2(n+ 1), 


we have 


> | sin vt|*a, < >> va, + >) a = o(s G5) = O(n(t)). 


v=1 v=1 v=n+2 


Conversely, let (2.7) be satisfied and a sufficiently large integer » be given. 
Let 5>0 be such that 


Tv us 
(2.9) ie teee see She 
25 2(n + 1) 2n 


Since (#) increases when ¢ increases, an integration of (2.7) over (0, 6) yields 


> ay J ‘ sin vt |*dt = O(5n(5)). 


v==l 


On the other hand, in view of our choice of 5, 


5 5 
f | sin vt |Pdt > (20/n) f tedt > (v/2)°6°+!/(p + 1), y=1,2,---,n, 
0 0 


and 
t) vb r/2 
f | sin vt |pdt = nf | sin t|*dt = ni/v f (sin 4)°dt 
0 0 0 


> v3/ f “\ in 2) tdt = > : +1 
V3/V sin ¢)? cos = P ’ vr=n ewe 5 
edo vp + 1) ~ wp +1) : 





where 
2v6 2v6 2v6 vd 


n= [=], naii—<att, ngir>—-a, a? -* 
v us al vd 


This gives 


>> (vd)?a, + > a, = O(n(6)), 


pol poen+1 





372 OTTO SZASZ [November 


which is equivalent to (2.8) in view of (2.9). 


LemMaA 2.5. Under the assumptions p>0 and 


(2.4, y) Dd 2(2>y/n) = O(n(y/n)) asn—> 0, y>0. 


A=1 


all the statements 


(2.10, ) weS oe. + DX a, = On(y/n)) as n> @, 


v=l v=n+l 


(2.11, 7) oS we, = Obst) wo a~e, 


v=1 


(2.12) >» | sin vt lea, = O(n(2)) as t—0 


v=1 
are equivalent. 


To prove that (2.10, y) and (2.11, ) are equivalent it suffices to prove 
that (2.11, y) implies (2.10, 7), the converse being trivial. Put 


n 
uy = 0, Un, = =. vay, 


v=1 


Then, if (2.11, y) is satisfied, we have 


2n 2n 
> a = >> (wu, — my1)v-? 


v=n+l1 v=n+l1 


2n—1 


— u,(n + 1)-° + D> u(v-* — (v + 1)-*) + tte, (2n)-° 


v=n+l 
2n—1 


O(n(y/n)) + QL OW 'n(y/»)) + O(n(y/2n)) = OCn(y/n)). 


Consequently, 
Xa = 0 ( p (2/1) = O(n(y/n)), 


v=n+l A=0 


by (2.4, y). Thus (2.10, y) and (2.11, y) are equivalent. The proof of Lemma 
2.5 is now readily completed by using Lemmas 2.1, 2.3, and 2.4. 


Lemma 2.6. Let a(u), b(u) be functions satisfying conditions 
(2.13) O<ySa(u) 51, O<yS du) S51, a(1) = d(1) = 1, 


neither of them being identically equal to 1. Then the following statements are 
equivalent: 


SPL ROIS AT RMI ae ONE NEA 


EMER ame 


| 
; 
, 
: 
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(2.14) J "g(1/2)d2 = O(ee(1/n)) 05 w—> 0, 
(2.15) n(1/u) = n(1)a(u)u-! exp { f “agra, 
(2.16) Jf easayas = O(u*n(1/u)2) as u— @, 


(2.17) n(1/u) = n(1)b(u)u-' exp {J #orrad ‘ 


We first prove the equivalenceof (2.14) and (2.15). Onputting ¢(x) = n(1/x) 
for x21 and ¢(x) =¢(1) for 0<«<1, we see that ¢(x) |0 as xf «. Now if 
(2.14) is satisfied, we have 


ug(u) =f o(adx s 'uplw), 
0 
where necessarily 0<y <1. Put 


a(u) = - » gilt) = J cas, o1(1) = ¢(1) = n(1). 


Clearly a(u) satisfies (2.13) while 


eee . —, o1(4) = da(1) exp { J “teat 


On substituting this expression of ¢:(u) into ¢(u) =a(u)u-'¢,(u) we get (2.15). 
Thus (2.14) implies (2.15). The converse is readily proved by an easy com- 
putation by using (2.13). To prove the equivalence of (2.16) and (2.17) we 
apply an analogous argument starting from the inequalities 


ywier(u) =f  x9%(x)de S Qr)-w'o*Qw) 


(implied by (2.16)) and putting presently 
242 u 
1(u) = OO, gue = f“xoXarar, 
2$2(u) 0 


oa (u) = up?(u), —-2b*(#)po(u) = ude! (u), 


go? (u) = ud?(u) = 7(1)b?(u)u- exp 2f eras i 
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To complete the proof of our lemma it remains to show that (2.14) is 
equivalent to (2.16). On assuming (2.14) to be satisfied we have (2.15), 
whence 


fax < nt)? fof) exp {2 f a(pr-vath dx 
1 1 1 
= (| exp {2 f “aorarh | = ofnta/ay9, 
1 
which is (2.16). Conversely on assuming (2.16) we have (2.17) so that 


n(1/u) > n(1)b?(u)u-* exp {J ec@ras\ = m(1/u), 


n(1/u) < n(1)y~'b?(u)u-! exp {fears = y~'m(1/u). 


The function :(1/) clearly is of the type (2.15), hence satisfies (2.14), so 
that 


f ‘a(t/x)de <8 fm (1/2)dx = Own (1/u)) = O(un(t/x)). 


The proof of Lemma 2.6 is now complete. 


REMARK 2.1. Condition (2.14) of Lemma 2.6 is satisfied if, for a positive 
a<1, n()t-*| when tt . By Lemma 2.6, conditions (2.15), (2.16), (2.17) will 
be also satisfied in this case. 


Indeed our assumption implies that n(1/x)«* T when xf , whence 
f n(1/x)dx S wen(t/u) f x~*dx = O(un(1/u ). 
1 1 


REMARK 2.2. If in (2.15) 
(2.18) 0<yS au) Sy <1, u> 1, 


then 


(2.19) fo ena/aae < 


and 


0 


(2.20) f. 7 'n(r)dr = O(n(t)) as t- 0. 
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Conditions (2.19), (2.20) are also satisfied if for some positive a<1, n(t)t-* | 
when t | 0. 


Indeed if (2.18) is satisfied then 


n(1/u) = o( exp fu f ‘rath ) = O(u7!) as uw, 


so that (2.19) holds. Again using the same notation as in the proof of Lemma 
2.6 and assuming for simplicity n(1) =1 we have 


f xIn(1/x)dx = a'gx(z)} + f x%py(x)dzx 
ri rm -1 


n(t) 
2, + Lad 


itl Pn, x _ a) _ a 
fie n(1/x) (> 1) dx = a= = O(n(t)) as t- 0. 


Since, however, 


ai > 1 
a(x) 71 


we also have 
f 7 01/2)ax = 06400) 


which is (2.20). The last two statements of Remark 2.2 are readily proved 
if we observe that n(1/x)a* | as xf implies (2.19) immediately while (2.20) 
follows then from 


f, x—'n(1/x)dx < t-%(t) f. x-*-ldy = O(n(t)) as t- 0. 


3. Mean moduli of continuity. For any function f(@) we shall use the no- 
tation 
Aof(; t) = f(@), 
Aif(0; ) = f(0 + 1) — fe — 2), 
A2f(O; t) = AiAif(; t) = f(0 + 24) + f(@ — 2t) — 2f(), 


Anf(O; 1) = Aidmsf0; 4) = 5 (— 17°C maf + (m — 2»)t), 


se ew RRa>< 
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If f(0)eL”, p>0 we define the expression 
(3.2) w™(f; 6) = sup M,(A,f(0; t); — 2, 7) 


0<t<6 
as the mean modulus of continuity of order m of f(@) in L”. We shall also 
write w,(5) or w, instead of w,‘”(f; 5) if no confusion results. In view of §1, 
(iv), w, is an increasing function of p. It is clear that w,(4) is also an increasing 
function of 6. Moreover it is well known that M,(A;f(@; t)) 0 as t—0 (“con- 
tinuity in L”” of a function of L”). The same is true then of M,(A,,f(@; t)) so 
that w,‘”(f; 6) | 0 as 6 | 0. We also note that when f(@) is continuous 
(3.3) lim w,\? (f; 6) = wo.) (f; 6) = E(f; 26) 


pe 


(cf. §1, (1.2)). Furthermore if 
{(0)~ >> ce, 


then 


(3.4) Anf(0; t) ~ > ce”? — etre) meiv? | 

With this notation we prove 
Lemma 3.1. If p21." then 

(3.5) 2" | ca | S o™(e/2n) Sw" (4/2n), n=0,1,2,---. 
We have 

(- 5" 


2 


j= — fHoe-otas = J 10 + (m — 2v)r/2n)e—*"*(— 1)"d0, 


whence, by (3.1), 
1 ” 
2"\c,| < —{ | Amf(8; w/2m) | dO < wy™(w/2n) < w™(e/2n). 
rss nd 


THEOREM 3.1. Let f(@)eL7, 1S p52, k>0, and 


(3.6, p) DS n-*!?'(w,(™ (e/2n))* < w.F 
n=1 


* For the case m=1, cf. [19, p. 18]. 
{t When p=1 we write 


(3.6, 1) > (on™ (x/2n))k< ©, 


The same remark refers to analogous situations in the sequel, without being stated explicity. 
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Under these conditions 


Ti«l<. 


n=0 









For p=1 the theorem follows directly from (3.5). Now assume p>1. If k=’, 
the statement of the theorem is an immediate consequence of the Young- 
Hausdorff inequality, without using assumption (3.6, »). Hence the same will 
be true when k> >’. Finally, let 0<k<p’. The Young-Hausdorff inequality, 
being applied to (3.4), gives 


oo 
2mv’ >> | sin vt|™?’| c, |’ = 2™”’+1 S| sin vt |™?’| c, |?’ 


yv=—0 v=1 


S My(Anf(O; t))”” Sw (f; )”’. 




















Hence, by Lemma 2.4, 


+S | |?” = Ow (x /2n)”’) 


v=n+1 








Cy 


(3.7) n-™P’ D> ymr’ 
v=1 

and, a fortiori, 

(3.8) n-mP’ > ym’ | c, |?” = O(wy\™ (/2n)?’). 

v=1 


On replacing by 2 we have 





2n 


(3.9) = 


v=n+l1 








P’ = O(w,™ (r/4n)?’). 


Cy 







Now, by the Hélder inequality, 


2n 2n 1/q’ 
YE lalts wn ¥ ||) : q>1. 


v=n+l1 v=n+l1 







If we choose here 
kq’ = p’, 


and combine with (3.9), we get 





q = p'/(p’ — k) 






2n 


» » 


v=n+l1 


Cy 








2n 
k= O(n!-#!?'o\™(e/4n)*) = o( bs rH" a§(x/2)*). 


v=n+l1 


To complete the proof of Theorem 3.1 it remains to put m=2*, \=0, 1, - - - 
and take summation over X. In view of (3.6, p) this yields 
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D\e|* = o( 2. rH as(x/20)4) < @, 


v=2 v=2 


REMARK 3.1. From Lemma 2.2 we conclude that assumption (3.6, p) of 
Theorem 3.1 can be replaced by any one of the equivalent assumptions 


(3.6, p, 7) De FP’ (y/n)* < 0, 


n=1 


(3.10, p) pm QAU-KIP gy (m) (QA) k§ < cw, 


A=0 


(3.11, p) f a # IP’ (™(1/x)*dx < @, 
1 


REMARK 3.2. Note that a result of the preceding discussion is that any one 
of the conditions of Remark 3.1 imply (3.8). 


The following theorem is a generalization of Theorem 3.1. 

THEOREM 3.2. Let 
1S p52, 0< pis pS bo, p = pifi + p2p2, pi + p2 = 1, 1 2 0, p2 2 0. 
If f(0)eL™ and if 


(3.12) Dy m-*/?’ [wy (y/n)erPwy™ (y/n)mr]*/? < 0, 0<k sp’, 


n=1 
then 


Dil en|k¥ < @. 


n=0 
By the convexity property 


Pe PiP1 P2P2 
= Wp, Wp, ? 


and our theorem follows immediately from Theorem 3.1. In the case where 
Wy, (6) <K 8%, wy,(™ (5) <K6%, a, >0, a2 >0, [6, p. 252] condition (3.12) is 
satisfied whenever 
1 
aipipi + aepepe > 1 + (> _ 1)p, ks p’. 


With the notation pi =p, pp=1—p, OSp<1, p=ppit(1—p) pe we get 


1 
(3.13) appr + ae(1 — p)p2 >1 + (— a“ 1) p, k<p’. 
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In particular, for k =1, 
paipi + (1 — p)aspe > 1. 


This condition for the case m=1 was given in a slightly different form by 
Hardy and Littlewood [6, p. 252]. For p=2, p:<2< ps, this condition re- 
duces to 


(p2 — 2)aipi + pi > p2 — (2 — pidacpe. 
Similarly, (3.13) reduces to 


1 
(po — 2)airpi + pi > pe — (2 — pi)aspe + 2(— = 1) (pe — pi). 


If aif: =1 this becomes 
k > 2(p2 — pr)/{2p2 + (2 — pidaspe — pr — 2}, 
which is less than 1 if aep.>1. 
In the special case a; = ~; = 1 we obtain the condition 
k > 2(pe — 1)/{(2 + a2)p2 — 3}. 


Note that the class Lip, (1, 1) coincides with the class of functions of bounded 
variation [4, p. 599; 5, p. 619]. If, in addition, f(6)eLip (ae), p2 can be taken 
arbitrarily large, and so, on allowing p2— ©, we get 


k > 2/(2 + ae). 


This result, in the case m=1, is due to Waraszkiewicz [16], while Zygmund 
[18, pp. 591-598; 19, p. 138] gave an example of divergence of >>| p,|* for 
k=2/(2+ a2). To summarize we state the 


COROLLARY 3.1. Assume that p; 52 p2 and that 


1 7 l/p 
Rha tesa \— f | anf(o;0) ao < Kit, t>0, 


for ~=a, p=p: and a=a2, p=ps. The series >-5 |\cn|* converges provided k 
satisfies (3.13). 


The basic inequality in the proof of Theorem 3.1 was (3.8). A partial 
converse is represented by the 


THEOREM 3.3. Let 1<p<2. Let n(t), in addition to the general assumption 
n(t) | 0 as t | 0, be such that 


«oo 


(3.14) 2 (= 2)"— O(n(r/n)”) as n> @, 


A=1 





380 OTTO SZASZ | November 


If the Fourier coefficients of f(@) satisfy the condition 


(3.15) Dv? | cy |? = O(n™?n(x/n)?) 


val 


then 
wy” (fj; 2) = O(n(t)) as 10. 


For a given t<7 we have by the Young-Hausdorff inequality 


M y(Anf(O; t))? S ye yh | sin vt |mP Sy f* 


v=—oO 


s gents} > | sin vt|"?| c|/? + >> c|rk 
v=1 v=n+l1 
(cf. 1, (i)), where 
n= [x/t] +1>1, r/n <t<5 4/(n—1). 


Let S,(t), S2(t) denote the first and the second term in { }, respectively. 
Then, by (3.15), 


Sit) S tm” Dov | c, |” = O(n(e/n)”) = O(n(t)”). 
v=1 
Furthermore, if we replace 7 by 2 in (3.15) we readily find 


2n 


Dd | «|? = O(n(ar/n)*), 


v=n+l 


whence, by (3.14), 
st) = Solr = o( Ts (= 2)’) = Oln(x/n)®) = O(n(0)”). 


v=n+l A=1 


Thus 
M p:(Amf(O; t)) = On), 
which finally implies 
(m) 


wp’ (f; 1) = On). 


RemMarK 3.3. From Lemmas 2.3 and 2.1 we conclude that assumption (3.14) 
of Theorem 3.3 can be replaced by any one of the equivalent assumptions (y >0) 


(3.14, y) p n(2>y/n)? = O(n(y/n)”) as n> @, 


l=1 





ee eee 


i 
‘ 
3 
: 
3 
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(3.16, y) Le »'n(y/v)? = O(n(y/n)?) as n> @, 


(3.17) f x—'n(1/x)°"dx = O(n(1/u)?) as uw, 
and the assumption (3.15) by the equivalent assumption 


(3.15, y) > vm? | c,|? = O(n™?n(y/n)?), y > 0 arbitrary. 


v=1 
In the special case n(¢) = Ké« log (1/#)*, 0<#<1, (3.14, y) with y=1 be- 
comes 
>, n-#2-(log n + d log 2)8 = O(n-@(log n)*) 
A=1 


which is satisfied whenever a>0, 6 arbitrary. In the casea=1/p, p>1, B=0, 
m =1 this reduces to a theorem of Hardy and Littlewood [5, p. 620]. 

If p= p’ =2, the preceding discussion yields 

THEOREM 3.4. Let n(t), in addition to the property n(t) | 0 as t| 0, be such 
that 


(3.18) Yn(29~) = o(m(a/ny) as n> =. 


A=1 
Then condition 
(3.19) wi (f; 1) = Oln(t)) as 10 
is necessary and sufficient in order that 


(3.20) px y2m| c, |? = O(n?™n(y'/n)?) as n>, y’ >O0. 


v=1 


4. Conjugate series.* The series 
(4.1) > (a, sin n6 — 6, cos n6@) 
n=l 
is called the conjugate of 
ao/2 + > (a, cos n@ + b, sin 6). 
n=l 


* We refer to Zygmund [19] for various facts we use here of the theory of conjugate series and 
conjugate functions. 
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If the latter is the Fourier series of a function f(@)eL”, p>1, then (4.1) is 
also the Fourier series of a function f(@)eZ”, which is defined almost every- 
where as the Cauchy principal of the integral 


(4.2 j= -— f° (¢) cot $(¢ — O)dt 
.2) {(@) = = _SA cot 3 . 


THEOREM 4.1. If p>1 and 
wk™(f; 2) = O(n(d)) as t- 0,7 
then also 
wf” (f; t) = O(n). 


The formulas 


70) = —— [" f0 + 6) cot 6/249, 
2rJ_, 
Anf(0; t) = — — fans + ¢$; t) cot ¢/2 do 
Zed —. 


show that A,,f(0; 2) is conjugate to A,,f(9; t). Hence by a theorem of M. Riesz 
[19], if A, denotes a constant depending only on #, 


M p(Anf(O; t)) S ApMp(Anf(O; #)) = O(n). 
This implies 
os™(F; t) = On). 
5. Inequalities for power series and polynomials. In the present section 
we state and prove some inequalities associated with power series and poly- 


nomials, which will be useful in constructing various “Gegenbeispiele” in sub- 


sequent sections. 
Let 


co 
F(z) = > en2", z= re, 


n=0 


be a power series convergent for 0 <r<1. We write 


1 Ea 1/p 
M,(F;1r) = (; f | F(re'®) rao) » p>do. 
TY + 


It is well known that M,(F; r) is an increasing function of r and that 
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lim M,(F; r) = M.(F;7r) = M(F;1r) = max | F(z) |. 


p70 lz[Sr 

Lema 5.1. Let x(t) be a positive function, 
(5.1) x(t/2) = O(x(t)) as t 0, 
and F(z) such that 
(5.2) M,(F; 7) = O((11 — r)*x(1 — r)) as r- 1, B20, p21. 
Then 
(5.3) M (F;7r) = O((1 — r)-# tay — 1)), p<qs~. 

We first prove our lemma in the case g= ~, when it reduces to 
(5.4) M(F; r) = O((1 — r)-#"?x(1 — 1). 
We have 

1 F(g)d¢ 


F(z) = F(re®) = — ; o = peir, 
2aJ ir—p § — 2 
1i+r ' 1-r 
p= D ’ p=p f= 2 ’ 
whence 


1 J F dr 
| F(2)| s —f _LFG)|ar_ S Mi(F; p)O((1 — r)“). 


rJ_. [pe — 7] = 
Combining this with (5.2) for p=1 we see that 
M(F; 1) = O((1 — r)-*1x(1 — 7), 
which proves (5.4) in case =1. If p>1, we have by the Hélder inequality 


1 , 1/p’ 
M(F;r) S M,(F; p) {= f | peit — r|-rark 
Td x 


C) L/p? 
= M,(F; "04 f [(o — r)?+ ]e'rarl 


M,(F; p)O((l — r)-"/”) = O( — r)-F1/7xX(1 — 7). 


The result in the case p<q< = is now readily obtained from the convexity 
property combined with (5.4). Indeed, by (1.5), 


M,! = MMe? = O((1 — r)~8?x(1 — r)?)O((1 — r)~ (BHP) (1 — r)t-?) 
= O((1 — r)-8at!-a/ry(1 — 7)2), 


In the remaining lemmas of this section we shall use the following notation. 
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(5.5) F(z) = > as” 


converge for r<1. Let 
on = 0,(2) = o,(F; 2) = un" {neo + (n — 1)aazt--- + Cn—12"—} 


be the arithmetic mean of the m first partial sums of the series (5.5). Let 
Q(u) be a non-negative and convex function of u20, 2(0) =0, so that Q(x) 
is increasing. It is well known [19, pp. 83-84] that 


(5.6) M,[2(| | )] < M,[2(| F@|)]. 
In particular 
(5.7) M,(on(2)) S M,(F(z)), 
We shall use these facts to prove 

Lemma 5.2. If a polynomial 

P,(2) = co + 613 +++ + + no", 

satisfies the inequality 
(5.8) | M,[9(| Pa(2)|)] <1, 
then its derivative P,! (z) satisfies 
(5.9) M,[Q(n-"| P,!(z)|)] S 1.4 

On writing 

Pi¥(z) = Cn + Cn-iB + ++ + + coz" = 2"P,(2), 
we have 
no,(P,*; 2) = nen + (m — 1)eniz +--+ > + oz" = 2*'P,! (2), 

whence, by (5.6), 


1 7 1 cd 
— J abe | peo| Jao = — fol] ocr 2)| Jao 
Ur = 2r im 


1 * 1 ¥ 
s5- fall P@| a= — fal) ac Jao 


* Cf. [9, p. 333]. 

+ Lemma 5.2 is a special case of a theorem of Zygmund [17, p. 394] which states the same re- 
sult for any trigonometric polynomial instead of a polynomial in e*”. We give a separate proof because 
of its simplicity. 
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which is the desired result. 

Coroiary 5.1. If 
(5.10) M,(Pajr)S1, OSr=|2z| <1, 
then 
(5.11) M,(P,);7r) <n. 

For r=1 this is a special case of Lemma 5.2, corresponding to Q(u) =w?. 
Since M,(P,; r), M,(P,! ; r) are increasing functions of r, the result follows 
for any r<1. The limiting case of Corollary 5.1, as p— @ is the classical theo- 


rem of M. Riesz [11]: If | P,(z)| <1, |z| <1, then | P,’(z)| <n. The proof 
above can be readily modified to yield this result also [13]. 


Coroiary 5.2. Let f=pe't, 0<pS1,0<t<7/2 and 

- P,.(2f) - P,(z¢) 
2(¢ — £) 

If (5.10) is satisfied, then 





z= re, 0O<rZil. 


Q(z) 


(5.12) M,(Q; 17) < nt/sint < =n, pz. 


We have 


t t 
P,(2t) — Pa(zt) = 2 f P,! (2u)du = ipz f P,! (zpe‘)e*"dr, 
5 at 


. t 
- f P,! (zpe**)e**dr = —— I(z), 
2siniJ _, sin ¢ 
1 t 
I(z) = —f P,! (zpe**)e**dr. 
2t J _4 
By the Minkowski inequality 


1 © l/p 1 t 1 T l/p 
= I ?d@ <— d —{ Pgh ir ra | 
CS (| ) 2 J _ ac A (zoe'*) | 


whence 


t t x 
M,(Q;r) Ss —M,(P. 5; rep) S$ ——2S5—n2. 
sin sin ¢ 2 
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6. Converse theorems. In the present section we shall prove that various 
results of $3 are the “best possible,” in a certain sense. We first prove a lemma 
which will be needed in the sequel. 


Lemma 6.1. If a,>0, B,>0, a, | 0 as vf ©, and >-”_,a,8,= ~, then 


n 
> (a, _ Qn+1)By > oasn—-o, 


v=0 


For a given positive integer m we can choose m so large that am >2an41. 
Then a,—Gn41>4a,, v=0, 1,---, m, and 


m 


n m 1 
pis (a, — On+1) By > > (a, ioee On+1)By a > a,B, —-n7n asm—on, 
v=0 v=0 


v=0 


Now to show that the result of Theorem 3.1 in the case k = 1 is “the best pos- 
sible” we shall prove the following: 


THEOREM 6.1. Let n(t), in addition to the property n(t) | 0 as t | 0, be such 
that 


(6.1) f nayayax O(un(1/u)) as uo, 
while 


(6.2) Dd n-!?'n(1/n) 


u=1 


Then there exists a function f(0)eL” such that 
w9™(f; 8) <n(5) but Dono len] = 2. 


We introduce a sequence of polynomials 


2° 2 
(6.3) &n(z) = zac ( > “) : n=1,2,--- 


v=0 


a sequence of numbers ¢, =7(2-") and a sequence of positive integers {An} 
such that 


(6.4) wo =0, A= 224+ n—2, Angi >Anf2™!, n=0,1,---. 


Construct the power series 


(6.5) G(z) = Do fe — e4rdgr(z)2” = D> v2”. 


v=l 
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We shall establish the following properties of G(z). 

(i) yn>0, n=0, 1, 2,--- and Don-0¥n= ped 

(ii) G(z) converges for |z| <1, and as r—1, G(re**) converges for almost 
all @ to a limit function 


Gel) = g(BeL?, (8) ~ D yne'n?. 
n=0 
(iii) wy (g; 6) =O(n(4)) as 6-0. 
These properties clearly imply the truth of Theorem 6.1 if one observes 
that wv,” (g; 5) =O(w,(g; 5)) as 6-0. The fact that y, >0 follows immedi- 
ately from the positiveness of the coefficients of g,(z). Furthermore 


pe Y > p (e, oa €41)(1 +24+3+4+---+ 2°) 2-¥C+1/p") 
v=0 


v=0 


1 oo 
> an > (€, — € 41) 2-1 P’), 
v=0 
But 


n n n 


(6.6) be (e, —_ €4.1) 271-1’) = =. €By _ Eng 12"l-1/P’) = pS (e, = €n+1)By, 


v=1 v=1 vol 


where 


Bi =a 2!-1P" | B, = 2¥(1-1/P’) = 20-DC-1/p") | 


and 


n 
> B, = 220-1/P"), 


v=1 


By Lemma 2.2, (6.2) is equivalent to the divergence of the series 
> 62"4-1/P”), so that the series 


Loy = (1 — 2-149") Yi, 2r-tlP) = oo, 


v=2 v=2 


By Lemma 6.1, >-"_,(€ —€n41)8,— © as n— ©, whence >.,-o¥n= ©,and prop- 
erty (i) is proved. 

To prove (ii) denote by u,(z) the general term of the sum (6.5) defining 
G(z), 


Un(Z) = (€n — €n41)£n(2)2™. 


We have 
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1 7) 2" 2p 1/p 
M,(u,(e*)) = (En — Engi) 2-H”) (ff > eit io) 


24 nal 


1 * | sin (2" + 1)0/2 |22 \1/p 
= (€ cnesyzrnsaten (— f (2" + 1)8/ i) 
Jo sin 6/2 


* | sin (2" + 1)0/2 |??_ \1/2 
< (en — cnas)ancrings-stol fi ( )0/ i) 
0 


: ad sin x 2p l/p 1 + Qn 2-1/p 
< (én Eng) 2" CFL Pag? dx , 
0 x 2 
Hence 


(6.7) M ,(un(z)) S M,(un(e®)) < Alen — €n41), z= re®, 


*1sin x |?2?_ \te @ /sinx\* \1/2 
A= n(f a) n(f ( ) ax) . 
0 x 0 x 


| un(z) | < Blen — €ngi)(1 — r)-"/?, 








where 


Thus 


where B is a constant which does not depend on and the series defining 
G(z) converges in |z| <1. Moreover, by the Minkowski inequality, 


M,G(z)) < > M,(u,(z)) S$ Aa. 


This ensures the properties of G(z) stated in (ii) (cf. F. Riesz [10]). 
We now pass on to estimating M,(A,G(z; ¢)). On putting ¢=e** we have 
forr<1, 


A,G(z; t) = G(re?@*) — G(re’®) = > { u,(2¢) — u,(zf) } == 7: Aw,. 
v=1 


v=1 


Hence 


(6.8) M,(A:G(z; )) < > M,(Am,) = . + © =S,4+ Se. 


v=1 v=n+l 


From (6.7) we get immediately 
So < 2A €n41- 


The general term of S; can be estimated by means of Corollary 5.2 and (6.7), 
with the result 





FOURIER SERIES 


< 2At D> (2°*2 + dy) (6 — €r41) S 10At D> 2"(e, — 6,41) 
v=1 


vel 


n gn 
< 10At D> (21 — 2), S 2oat f n(1/x)dx = O(t2%(2-*)), 

v=1 1 
by (6.1). Now assume 0<i<1. If we choose m so that 2"!<f!<2", n21, 
then 


5; = O(n(t)), S2 = O(n(t)), 
whence 
wp?) (g; 5) - O(n(5)) ’ 


and the proof of Theorem 6.1 is complete. 

In the case p=2 it is possible to extend the result of Theorem 6.1 to hold 
for any k>0 as is shown by 

THEOREM 6.2. Let n(t), in addition to the property n(t) | 0 as t | 0 be such 
that 


(6.9) f xn(1/x)*dx = O(u'n(1/u)?) as u> &, 
1 
while, for a given k, 0<k<2, 


(6.10) > n-*!2n(1/n)* = @., 


n=1 


Then there exists a function f(0)eL* such that 


we™ (f; 5)< (5) but dopo] Cn] *= 0. 

The proof in many respects is similar to that of Theorem 6.1, so that we 
shall discuss in detail only the points where these two proofs differ from each 
other. We introduce the same sequence of polynomials g,(z) with p’ replaced 
by 2, 


tad 2 
8n(2Z) = zn ( r), oleae 1, 2, ra 


v=0 


and changing slightly the notation of Theorem 6.1, construct the power series 


ox 


(6.11) G(z) = >> ag(z)2” = >> v2", a, = (6 — €f,1)'/*, 


v=1 v=0 


which reduces to the power series G(z) of Theorem 6.1 for k=1. We shall 
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establish the same properties (ii), (iii) which were proved for the G(z) of 
Theorem 6.1, with p replaced by 2 and the property 


(I, &) vn > 0, Dt = @, 
n=0 


instead of (i). As in the case of Theorem 6.1, Theorem 6.2 will follow from 
these properties. 
To prove (I, k) we note again that y, >0, »=0, 1, 2, - - - , while 


> vt > > ak (1 + 24 ZE4 ~~~ 4 Dk)2-wHZ DS (A+ 1)! > ak 270-#/2) | 


v=0 v=1 vol 


Property (I, &) will be proved if we show that 


(6.12) DY ak 2° #2) = YO (ek — hy 1) 2° #2) = ow, 


vol v=1 
Since a¥ =e* —é,, this can be done in the same manner as in the proof 
of Theorem 6.1, if we replace there 7 by 7*, «, by e#, p’ by 2, and B, by 
2r—k/2) — 20-DA-k2) for y>1, and by 2'-*/? for »=1. 
To prove property (ii), with p replaced by 2, we put 
Un(Z) = angn(z)2 
and prove, in the same manner as in the proof of Theorem 6.1, that 
(6.13) M2(u,(z))? < A®a?. 
Since 
Gig = (ee — €y1)?/* = (ef — ebyir)(e — et yr)?! 


< (ef — efyilee-* < €? — e341, 


(6.14) 


we have >_,_,a? < «, and the remaining argument will be the same as in 
Theorem 6.1. 
Finally, to prove property (iii) we now have 


M? (A:G(z; t)) = ¥ M?(Ai(u,)) = > + DO = Si +S. 


vel v=1 v=n+1 
In view of (6.13) and (6.14) we have 


S2) = Of,2,1), 
while 


S? = ro( Ye - <t)2) - ro( d 2 (2% — 2») 


vol v=l 
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= ro( y 2? (2” — 2-9) = ro( J “a(1/2)*d2). 


v=1 - 
On assuming 0<#<1/2 and choosing m so that 
m<ris21, n2>I1, 


we now have, in view of (6.9), 


si =0(# f° a(1/2)*4x) = 0-10), 


Sx) = O(n(Z)?), 
from which property (iii) is readily obtained. 
REMARK 6.1. In view of Lemma 2.6 the conditions (6.1) of Theorem 6.1 and 
(6.9) of Theorem 6.2 are equivalent. 


In the case 0< <1 the result of Theorem 6.2 can be improved as shows 
the following: 

THEOREM 6.3. If conditions of Theorem 6.2 are satisfied with 0<k <1, then 
there exists a continuous function f(0) such that (f; 6) <n(8) but >-)~o|c,|*= @. 
The same result holds even when 1<k <2, provided we make additional assump- 
tions 


(6.15) f x—'n(1/x)dx -f t1(r)dr < 


and 


(6.16) ff ema/sae = f t~1'(r)dr = O(n(t)) as t- 0. 


The proof is based on a result of one of our earlier papers [12]. We in- 
troduce a sequence of primes {gq,}, g,=1 (mod 4) and such that for y suffi- 
ciently large, v >vp say, each interval (2-1, 2”) would contain just one g,. We 
set 


(6.17) Nn, = gi + Q2 + eae + q@ 
and observe that 
(6.18) n, = O(2”) = O(g,) aa vo. 


For each g,=gq we put 


ft a . a 2 ; "oe 
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where (j/q) is the Legendre symbol, and consider the polynomial 


(q) @ (q@) ‘wei 


shat teed: hae’ ae ++ bage 
It is known (cf. [12]) that 
| go(z) | 
Finally, let 


u,(z) = ag, 1!2g20"-!-r+ 19, (2) , 


(6.19) 
a, = (= ebys)82"2, = 92). 


Note that for0<k<1, 
(ek — ek,1)'/* = (ek — ef) (EF — ey)!" S (GF — eyed * S €, — €41, 


and for 1<k<2, 


(ef _— eF,1)1/* = 


Thus 


- 2”!2(e, ma €41); 0 < k < 1, 
S 2”!%,, 1<k <2, 


whence 

n n Qn 

¥ 26 — 641) SD (241 — Me, 52 f n(1/2)dz, 
(6.20) 52a, < 4 sia * O<kS1, 


v=l on 


> 2, = (2+! — 2) < 2f n(1/x)dx,1<k <2. 
v=1 v=l 1 
Similarly, for 0<k <1, 


(6.21) bP 2-*!2q, s > (e, _ €,41) = €nt+l, 


v=n+l1 v=n+l1 


while for 1<k <2, 


oo oo 


(6.22) 02", s Die =2 >) (2 — 2)2-, < 2f a~'n(1/x)dx. 
2” 


v=en+1 y=n+l v=n+1 


Since 1/g,<2-’+! for vy >vo, these formulas show that under assumptions of 
our theorem, 


(6.23) Dagrrz<02, WO<k<2. 


v=l1 
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On the other hand for all k, O0<k <2 we have by (6.19), (6.20) 


1 io} 
(6.24) > akgi-* > ee DY (ef — cbs) 20-4) = ow, 
v=1 


v=1 


Now construct the power series 


co} 


(6.25) G(z) = >> u,(z) = > 2”. 


vl 
Since 
(6. 26) | wn(z) | S angr/?, 
formula (6.23) shows that G(z) converges uniformly in |z| <1, hence is con- 


tinuous in the closed unit circle, so that g(@) =G(e**) is continuous. On the 
other hand y, are the Fourier coefficients of G(@) and we have 


Lol lt > Deakgr2*(1 + 2* + 3* +--+ + (gq — 1)4) 
v=l v=1 


> (k+1)'D ak gr?*(q — 1) > 21k +1) akgim-t = «. 
v=1 ml 


To complete the proof of Theorem 6.3 it remains to estimate the modulus 
of continuity &(g; 5) of g(@). We have to estimate 


| g(@+%)— g(8) | < > | u,(ei@r0) — u,(e%®) | = > + DH =5 +5. 


v=1 v=1 v=n+1 


In view of (6.26), (6.21), and (6.22) we see at once that 


co io) 
S <2 } ag, !? =O  ™ au2~'), 
v=n+l1 v=n+l1 


whence 
Si = Olens1) = Ofn(2-")) if O<k £1, 


5S = o( f (1/2)dx) =O(n(2-")), if 1<k <2. 
x 


To estimate 5S; we use Corollary 5.2, (6.26), and (6.20) with the result 


n = 
SO = 10( ¥ a2) = 10( f n(t/2)ds), 0O<k <2. 
1 


v=1 


Now assume 0</<1 and choose m so that 2"-!<1/#<2". Using (6.1) which 
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is equivalent to assumption (6.9) of Theorem 6.2, and thus must be satisfied 
also in the case of Theorem 6.3, we have 


Si = O(n(t)), Sx = O(m(t)) as t-0, 
and finally 
&(g; t) = O(n(2)). 


On multiplying g(@) by a suitable constant factor we shall obtain a function 
f(@) the existence of which is asserted in Theorem 6.3. 

As an illustration of the preceding theory consider the function n(¢) = 
t*(log 1/t)*, 0<a<1, 6 arbitrary real. Since 


d 
— (n(t)t-*) = t*-*-"(log 1/t)®-*{ (a — p) log (1/t) — B}, 


n(t)i-* | 0 ast | 0 if 0<p<a, and by remarks 2.1 and 2.2, n(é) satisfies con- 
ditions (6.1), (6.15), and (6.16). Now 


Dd n-*!*y(1/n)* = >> n-*/2-4k(log n)8*§ < 
n=2 n=2 
if either k>2/(2a+1) and 8 arbitrary, or k=2/(2a+1) and B<—1/k 
= —(2a+1)/2. In this case, according to Theorem 3.1, condition we(f; 6) 
=0(n(8)) implies >>| cn |*< @. 
If however 8 = —1/k = —(2a+1)/2, then the power series (6.25) for z=e*® 
represents a continuous function g(@) for which 


E(g; 8) = O(6* log (1/5)-*-") as 6 0, 
but 
> | Yn |2/ att) =o, 
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THE CHARACTERIZATION OF THE 
CLOSED n-CELL* 


BY 
D. W. WOODARD 


1. Introduction. Various characterizations of the closed 1-cell and of the 
closed 2-cell have been given. But, with the exception of a paper by Alexan- 
droff,{ there is no record of previous attempts to give a characterization of the 
closed n-cell which is uniformly valid for all values of n >0. 

Characteristic of the present work are (1) the use of the notion of strong 
homeomor phism (§2) by means of which is defined a very useful concept, that 
of the descendant of a set, and (2) the emphasis placed upon an essential prop- 
erty of the closed n-cell as given in Corollary, Theorem P; (§3). 

In Theorem I (§4) there is presented a characterization of the closed 
n-cell without reference to the euclidean spaces. The definition of the closed 
n-cell implied by this theorem, although given by means of recursive state- 
ments, is essentially set-theoretic in character. The words and symbols con- 
stituting this theorem may be regarded as defining a function of n, F(n), 
such that if & is a positive integer, F(k) is a closed k-cell. The space F(n) 
is defined in terms of certain of its subsets as given by F(n—1). By definition, 
F(0) consists of a single point. 

The proof of Theorem I is based upon Theorem I’ (§4). This latter theo- 
rem gives a characterization of the closed n-cell in terms of the closed (a —1)- 
cell. 

2. Definitions. The set 1 —M, where M designates the closure of the 
set M, is called the \-set of M and is denoted by \[M]. 

A set M, is said to be strongly homeomor phic with a set M2 provided there 
exists a homeomorphism, H(/,) = Me, of such nature that H(M,) =M2.t 

Let P be a non-vacuous subset of a set M such that M—P=M,+M2, 
M,-M.=P and M;, i=1, 2, is strongly homeomorphic with M. Each of the 
sets M; is called a proper descendant of M. This relation is expressed sym- 
bolically: M;=D?(M). The set P is said to generate the descendants. The 


* Presented to the Society, June 20, 1934 under the title Uniform set-theoretic characterizations 
for closed n-cells; received by the editors July 29, 1936. 

7 P. Alexandroff, Zur Begriindung der n-dimensionalen mengentheoretischen Topologie, Mathe- 
matische Annalen, vol. 94, p. 296. 

t The use of the expression “strongly homeomorphic” in this connection was suggested to the 
author by Professor J. R. Kline. 
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complex whose elements are the descendants of M generated by P is repre- 
sented by A[P|M. 
A[P]M = (D?(M), D:?(M)). 

A set P is said to generate improper descendants for a set M as follows: 

(1) P+0, M0, but P does not generate proper descendants for M: 
D?(M) =0, i=1, 2; A[P]M =(0, 0). 

(2) P=0: D?(M) =M, i=1, 2; A[P|M=(M, M). 

(3) M=0: D?(M) =0, i=1, 2; A[P]M =(0, 0). 
We define two additional complexes: 


A[P](M,, M2, dil M,) _ (D(M)), D,P(M)), cae ae D,?(M,), D?(Mn)), 


A[pJM = [Pi] (Atri). 


That the complex A?_,[P;:]M contains at least one non-vacuous element 
is indicated as follows: A?_,[P:]M+0. It is to be noted that, if P;=0 for 
every value of i, every element of A?_,[P;]M is identical with M. 

It will be of advantage to extend the notion of a descendant of a set and 
speak of every descendant, proper or improper, of a descendant of a set M 
as a descendant of M. When there is no doubt as to the identity of the set 
which generates a given descendant, the symbol for the generating set will 
be omitted. Frequently multiple subscripts will be used in denoting descend- 
ants, as in D,2(M). In such cases the meaning will be clear from the context. 

An n-cell, n>0, is a subset of a space S which is strongly homeomorphic 
with the set in euclidean n-space which is the interior of the (w—1)-sphere 
whose equation is }-7_,x? =1. A 0-cell is a set consisting of a single point. 

3. Preliminary Theorems. We prove first 


THEOREM P,. Let C" and K™ be two n-cells, n>0. If there is a homeomor- 
phism, H,(d[C]) =\[K*], there exists a homeomorphism, H2(C") =K", such 
that H2(X[C"]) = H,(A[C*]). 

In view of the definition of the n-cell (§2), K” may be taken to be the set 
in euclidean n-space which is the interior of the (n —1)-sphere whose equation 
is }-?_,x? =1. Since C" is strongly homeomorphic with K*, there is a homeo- 
morphism, H,(C*) = K", such that H.(A[C*]) =A[K*]. Denote by O the point 
(0, 0, - -- , 0) in euclidean n-space. Let p be any point of \[C"], Hi(p) =q 
and H.(p) =q’. Let Og and Og’ be the straight line intervals in K* joining 
O to g and q’ respectively. Make the points of Og and Og’ to correspond in 
such a manner that a point g, of Og corresponds to a point gi of Og’ if, and 
only if, d(O, g:) =d(O, qi).* 


* If p and q are two points, the symbol d(, g) is used to designate the distance from # to q. 
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Since p is any point of A[C"], this procedure results in a transformation 
of K* into itself which is a homeomorphism. If Hs(K*") =K* is this trans- 
formation, H,(g:) =q/. Let H. denote the transformation Hz='H,. Then H2 
is a homeomorphism. H,(C") =K*. Since H2(p) =Hs"H.(p) =H="(q’) =4, 
H2(r[C"]) = Mi (A[C*]). 

Corotiary. If C* is an n-cell and if there is a homeomorphism, H,(4[C*}) 
=\[C*], there exists a homeomorphism, H2(C*)=C*, such that H2(d[C*]) 
Be H(A [C* }) " 

THEOREM Pp». Let St and Sz be two topological n-spheres such that 
S?=C2+C%, Cr -C2=A[C7,]=d[Ch], 2=1, 2, and Ct is an n-cell. Then 
there exists a homeomorphism, H(S,") =S.", such that H(C*,) =C%,, i=1, 2. 


C*, is strongly homeomorphic withC%,. There is a homeomorphism Hi (C%, ) 
=C%,, such that A,(A[Ct,]) =A[C3,]. But A[C,]=A[Ce], i=1, 2. Then 
H,(A(Ct, ]) =AiA[Ci ]) =A[C2,]. By Theorem P, there is a homeomor- 
phism, H2(C*,) =C%, such that H2(A[C%, ]) =Hi(A[Ct, ]). The existence of the 
required transformation is evident. 

Corotzary. If S* is an n-sphere, S*=C%,+C%,=C2,+Cz, and C2,-CR 
=\([Ci,] =A[Ca], i=1, 2, there exists a homeomorphism, H(S") =S", such that 
A(C},) =Cy, 7=1, 2. 

THEOREM P;. Jf C* is an n-cell, X[C*] =C?-!4+¢-! and C-!.ce-! 
=)[C?-'],i=1, 2, there exists an (n—1)-cell Ch~* such that \[C3~*]=d[Ct~"], 
i=1, 2, and A[C3~*] C*¥0. 


Let K* be the same subset of euclidean u-space as in the proof of Theorem 
P,;. The (n—1)-dimensional plane x, =0 has in common with K* the (n—1)- 
cell K3-'. The set \[K*] is the sum of two closed (m—1)-cells, K*~' and 
K?~*, such that K?~*-K3-'=A[K?~"], i=1, 2, 3. By Theorem P», there is a 
homeomorphism, H,(A[C*])=A[K"], such that H,(C?-')=K?-!, i=1, 2. 
By Theorem P; there is a homeomorphism, H2(C*) = K*, such that H2(A[C*]) 
= H,(A[C"]). The set Hz![K37~*] is an (n —1)-cell C}~*. Obviously A[C37*]C* +0. 
The set C3~* separates C” into two m-cells. 

Remark. In the sequel the symbol C* (or C;*) is always to be understood 
as designating a k-cell. 

4. Principal theorems. We state now our main theorems. 


THEOREM I. In order that a space Z” be a closed n-cell, the following condi- 
tions are necessary and sufficient: 
(4.1) Z” is a connected and locally compact Hausdorff space* which is de- 


* A Hausdorff space is a space de‘.ned by a system of neighborhoods which satisfy the Hausdorff 
neighborhood axioms. See F. Hausdorff, Grundziige der Mengenlehre, 1914, p. 213. 





1937] THE CLOSED n-CELL 399 


fined by a countable set of neighborhoods: {N;},i=1, 2,3,---. 

(4.2) Z" contains a proper subset I” such that (i) I*=Z* and (ii) if there is a 
homeomor phism, H,(d[I"]) =d[I*], there exists a homeomor phism, H2(Z") =Z", 
for which H.(d[I*]) =H, (A[I*}). 

(4.3) Let W, and W; be two sets such that 04 W,-W2>W;,7=1, 2, Wiis a 
neighborhood N; and Wz is an element of Aj_,|P:|V, where V is either I” or a 
neighborhood belonging to Im and O0€P;¢X[Na;|, Na;s¢V, Xai. Then 
We->[Wi]=>-9_,Z7", Aj, [J7-"]W20, and, if Ks, is a component of 
d[W2]—A[W2]-Z7-, there exists Zg* such that Ks,=Tp, *. 

(4.4) Z°(=I°) is a set consisting of a single point. 

THEOREM I’. This theorem differs from Theorem I only in the following re- 
spects: (1) in Condition (4.3), Zj~', I;~', 25-1, and Ij-* are replaced by 
C*a-, Cg; ', and Cg-* respectively, and (2) Condition (4.4) is omitted. 

5. Proof that the conditions in Theorem I’ are sufficient. We state first 


5.1. Lemma 1. There exists a set G of compact neighborhoods which is a 
subset of the set of all neighborhoods in Z” having the following properties: 

(a) The set G is equivalent to the set of all neighborhoods. 

(b) Corresponding to each point p, there exists a subset of G: G(p) = {Na,}, 
i=1,2,3,---, such that N.;>p and Na,;,, ¢ Na,. 

(c) If {Ns}, i=1, 2, 3,---, is a set of neighborhoods belonging to G for 
which N»,,,¢ N»,, then the set] |;_ Ns, consists of a single point.* 


Hereafter all neighborhoods mentioned will be members of the set G. 
5.2. Lemma 2. The set d[I"] is an (n—1)-sphere. 


There exists a neighborhood N, such that N,-A[J"]#0 and N.>/*. By 
Theorem I’ (4.3), Z"-[N]=Do4. Cr"! and A[C3""]I"0. 





I” = DiI") + DiI") + Cz; Di): DT") = CH. 


The set NV,-A[Z"] contains a point p which belongs to one and only one of the 
sets \[J"]-A[D,(J") ], i=1, 2. Suppose that A[D,(J*) | > p. There is a neighbor- 
hood N, such that N,> and N,-D2(I") =0.¢ Then [N;] contains a closed 
(n—1)-cell C2-! such that A[C2-'] D,(I") #0 (Theorem I’ (4.3)). 


* For the proof of this lemma, see I. Gawehn, Uber unberandete 2-dimensionale Mannigfaltig- 
keiten, Mathematische Annalen, vol. 98, p. 339. An understanding of the method by which the sets 
G(p) are obtained is assumed in 5.8 and 5.9, 

¢ The fact that Z” is a locally compact Hausdorff space assures us of the existence of a neighbor- 
hood N; having the desired properties. In fact, the following proposition, of which we shall make 
frequent use, holds; If F is a closed set and p, a point not belonging to F, there exists a neighborhood 
N,> p such that Ny: F=0. 





D. W. WOODARD [November 





DI") = Dy(I") + Dw(I") + C2; Dull"): Dis(I") = C=, 


Every point of \[D,(J") ] not belonging to C2~! belongs to one and only 
one of the sets A[D,;(I") ], i=1, 2. Since C2! is connected and C2-!-C2-! =0, 
C"~' belongs to one of the sets A[D,,(Z") ]. Suppose that C?~! ¢A[Dj2(Z*) ]. 
Then C2-'-A[Du(7*) | =0. 

Case 1. <3. Assume that, in this case, \[J"]—A[J"]-C2-' contains an 
infinite number of components. C2~' ¢ J". Every component of A[J*]—A[J*] 
-C®-1 is an (n—1)-cell (Theorem I’ (4.3)). 

If n=1, C.° consists of a single point and d[J']-Ca°=0. Then A[J"] is 
not a connected set and consists of infinitely many points. 

Let »=2. The set C/ is a 1-cell and A[C2] consists of two points, g, 
and ge. C,' belongs to a component C,} of A[D,(Z?) ]—A[D,(I2) ]-C,!. The 
points g, and g, separate C,,' into three 1-cells. Of these three 1-cells, one is C7 
and each of the other two 1-cells is a subset of a component of d[J?]—A[I2]-Cy 
which belongs to \[D,(Z?) ]. By a similar process it can be proved that each 
of the points g; belongs to the A-set of one and only one component of 
A[7Z?]—A[Z?]-Cz! which is contained in A[D,(J*)]. Every component of 
[72] —A[Z2]-Cz belongs to one and only one of the sets \[D,(I?) ]. At least 
one of the sets \[D;(J?)] contains an infinite number of these components. 
Let A[D,(J?) | be stich a set. 

The set gitge cannot belong to the A-set of a single component of 
[72] —A[7Z2]-C,z! which belongs to \[D,(J2) ]. For, suppose that C2 is a com- 
ponent of A[/?]—A[J?]-C, which belongs to A[D,(Z?)] and whose }-set is 
gitge. There exists N; such that N,-A[D,(J?)]40 and W,-(C+C?2) =0. 
Then A[N;]| contains a 1-cell C2 such that A[C2]D,(I?) #0. C3+C2 is a 
1-sphere which belongs to a component of A[D,(J?)]—A[D, (7?) ]-C2. But 
such a component would not be a 1-cell. We can now conclude that A[D,(J?) | 
consists of infinitely many components and that each of these components is a 
1-cell. This last statement holds true for \[J?] which is homeomorphic with 
d[Di(7*)]. 

Since \[D,(I) ]|—C2-!0, there exists a closed 1-cell Cz~! belonging to 
the 4-set of a neighborhood and A[C3~'|D.(I") #0, n=1, 2. 





DI") = Da(I") + Doo(I") + Ce; Da(I")-Doo(I") = Cr. 


Suppose that C?~! ¢dA[Doo(I*) |. Then C2~!-¥[ Do (J") ] =0. A[Da(Z*) ], 7=1, 2, 
being homeomorphic with d[J*], consists of infinitely many components, each 
of which is an (n—1)-cell. 

There exists a homeomorphism, H(A[Di(I")]=A[Da(I*)]). It can 
be shown that A[D,(J")]=G,+G:, where G;¥0, G,-G2+G,-G.=0, 
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G, ¢d[Dy(7*) ]-A[7"],  H(G:) ¢d[Da(I*)]-A[Z"] and both of the sets, 
A[Du(I*) ]-A[J*]—Gi and d[Dza(I*)]-A[Z"]—H(G,), are non-vacuous. Let 
H(G,) =Gi. 

There exists a homeomorphism, H,(A[J"])=A[J*], such that H,(G:) 
= H(G,) =G,’, H,(G,’) =H-\(G,’) =G, and, if x is a point of A[J"]|—G,—G)’, 
H,(x) =x. By Theorem I (4.2), there is a homeomorphism, H2(Z") = Z", for 
which H2(A[I"]) = H,(A[I*]). 

Under the transformation He, a subset of Da Da(I"), i=1, 2, is transformed 


into itself and a subset of Da(J*) is transformed into a ous of Dua(I"), 
jk; j, R=1, 2. The set Da(J*), being homeomorphic with Z", is a con- 
nected set. Since Hz is a homeomorphism, H.(Da(I n)) is a connected set. 
H.(D(J")) contains non-vacuous subsets in each of the two sets, D,(I") —Ce7} 

and D,(I")—Cj~*. Neither of the two last-named sets contains a point or 
limit point of the other. Therefore, H2(Di(I")) -C3~! #0. 

Let n=1. In this case the point C,° is the transform of two distinct points 
belonging respectively to D,,(/") and D2(J”). This is impossible since H2 is a 
homeomorphism. Therefore, our assumption that [Z']—A[J*]-C.° has an 
infinite number of components has led to a contradiction. Hence \[J*] con- 
sists of a finite number of points. Let m be the number of points in \ [J']. 


AZ] = A[Di()] a4] + a[D2(7)]-a[7], 
n, = 2(m, — 1), 


%, = 2. 


Therefore, \[J'] is a 0-sphere. 

Let n=2. Since each point of A[C/] is a limit point of A[J?]—G:—G/, 
HAA[C2 ])=A[C2] and HAD(I))-C# ¢C#, i=1, 2. Then C2 
—)>~?_,H(Dia(I2))-C2 is not a connected set. (C2) ¢C2. For, if 
HC2) cC?, H(C2)¢Ci—>2?_,H(Da(P))-C. But no subset of 
Ca —>2?_,H2(Da(7))-Cé containing \[C2] is a connected set. Therefore, 
H.(C2) contains a point g not belonging to C?. This point g belongs either to 
D,(I*) or to D.(I*). The discussion is of the same character in either case. 
Suppose that D,(J?) >q and Hz1(q) =q’. Since C2 contains no point which 
is a limit point of G,, q’ is not a limit point of G:, H2(A[D,(Z?) ]-A[Z?] —G,) 
=)[D,(I?)]-r[7?]—G;. The point g, which belongs to D,(I*), is not a 
limit point of H.(A[D,(I*)]-A[Z?]—G,). Therefore, g’ is not a limit point 
of A[D,(I?)]-A[7?]—G:. Then there exists N, such that N,>q’ and 
V,-(A[D, (I?) ]—C2) =0. The set A[N,] contains a closed 1-cell C? such that 
A[C} |D,(I?) £0. Since the A-set of each descendant of D,(I?) generated by 
C} is homeomorphic with \[D,(J?) |], each component of the \-set of such a de- 
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scendant, under our assumption, is a 1-cell. C! belongs to a component of the 
d-set of each descendant of D,(J*) generated by C} and C2 - (A[D,(I?) ]—C2) 
=0. Then A[C2]¢C2. The set C2 contains a 1-cell C; such that A[C; ] 
=i[C;]. The d-set of one of the descendants of D,(J*) generated by C} con- 
tains the 1-sphere C} +C,). This contradicts the fact that every component 
of the A-set of a descendant of D,(J*) generated by C? is a 1-cell. Hence our 
assumption that \[J?]—A[J?]-C# contains infinitely many components has 
led to a contradiction. 

The set \[Z?]—A[Z?]-C2 is non-vacuous and consists of a finite number 
of components C2,, C2,,°--, Ca,. There exists N, such that N,-C2,~0 
and W,- >J_,Ci,=0. The set A[N,] contains a closed 1-cell C? such that 
A[C?2 |I?0. As in the above, it can be shown that the \-set of one of the 
descendants of J? generated by C? contains a 1-sphere. Then d[J?] contains 
a 1-sphere S'. Suppose that A[J?] contains a point g not belonging to S'. 
There exists N,, such that V,,>g and W,-S'=0. Then [Nn] contains a 
closed 1-cell C? such that A[C; ]J?0. S', being a connected set, belongs to 
a component of A[J?]—A[J?]-C,’. But such a component, containing a 1- 
sphere, would not be a 1-cell. Hence \ [J?] =S". 

The set A[J?]—A[I?]-C2 consists of two components belonging to 
d[D, (I?) ] and A[D.(I?)] respectively and A[C] is the \-set of each com- 
ponent. a 

Case 2. n=3. The set Cj~’, being a connected set, belongs to a component 
Cr of A[D,(I") ]—A[D,(7*) ]-C2-* (see the first part of this proof). By the 
Jordan-Brouwer Theorem,* Cf *—d[Cy~?] =Mi+Me, M,-M2=d[CI*], and 
M;,, i=1, 2, is a connected set. Since C?~' is connected, one of the sets M; 
contains no point of Cj~*. Let M, be this set. Then M; is a subset of a com- 
ponent C;~ of A[J"]—A[Z"]-Cj-* which belongs to \[D,(J") ] and which has 
[Cz] for its \-set. Then A[D,(7*) ] contains the (w—1)-sphere C7-'+Cf. 
Therefore, \[J*] contains an (n—1)-sphere. By an argument used in connec- 
tion with the proof for the case when =2, it can be shown that A[J*] is an 
(n—1)-sphere. The set \[J"]—A[J"]-Cz-! consists of two components belong- 
ing to A[D,(J*) ] and \[D,(I*) ] respectively, and A[C7~*] is the A-set of each 
component. 

5.3. Lemma 3. If N. is a neighborhood such that N.cI", the set [Na] 
is an (n—1)-sphere. 

Since NV, is an open proper subset of the connected space Z", \[N..] #0. 
V.. is compact (Lemma 1). 


* L.E. J. Brouwer, Beweis des Jordanschen Satzes fiir den n-dimensionalen Raum, Mathematische 
Annalen, vol. 71, p. 314; J. W. Aleaander, A proof and extension of the Jordan-Brouwer separation 
theorem, these Transactions, vol. 23, p. 333. 
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Case 1. n=1. There exists a set of neighborhoods {N,,},i=1,2,---,m, 
such that I" > Ny, > Na, Ng;-A[Na]*Oand A[N.] ¢>-7,N4,. ThenN,,-A[Na] 
=>" Co, i=1, 2, ---,m. Henced[N.] consists of a finite number of points. 
By a method used in Lemma 2, it can be proved that A[N.] is a 0-sphere. 

Case 2. n>1. There exists Ny such that N,-A[N.]~0, Nycl and 
Ny> Na. Then Ny-A[Na] => 9_,C*~! and A¥_, [C7 ]N, +0. Let p be a point 
of C?-'. The point pis not a limit point of the set }-f_.C?~'. There is a neigh- 
borhood N; such that NV;> p, Ns ¢ Ny, and N;->_§-2C? =0. Then A[N 5] con- 
tains a closed (n—1)-cell C?~' such that A[C?""]N..+0. By arguments given 
in the proof of Lemma 2, it can be proved that Cy” contains an (n—1)-cell 
Cz—! whose )-set is \[C?']. It is evident that the \-set of one of the descend- 
ants of NV, generated by C?-! contains the (n—1)-sphere C?~!+C?™ and, 
furthermore, that the \-set of this descendant is identical with this (m—1)- 
sphere. Hence \[N.] is an (w—1)-sphere. 


5.4. Lemma 4. Let W1, We, and V be the sets given in Theorem I’ (4.3) with 
the following restrictions: W,¢I* and, if V4I", Vel. Then W2=>-47;D; 
+>°%_,C?-!, Dj is a proper descendant of W2 and D,-D, =0,r#s. If wis a fixed 
value of j, there are two sets, Dz and Dg, such that \[D.|-’[Dg]=Cz"! and 
Cr-r[Ds]=0, 54a, B. The set [Da]—C%! is an (n—1)-cell whose d-set 
is \[Cz-"]. 

Since A[W;], i=1, 2, is an (n—1)-sphere, it can be shown that A[C}~*] 
¢d[W:2]. The other desired results can be obtained by referring to the defini- 
tions in §2, Theorem P, and results previously established. 


The set of descendants given in the lemma is called the set of final descend- 
ants of W generated by \[W,]. 


Corotiary. If V is I* or is strongly homeomor phic with In, A[C?-'|W2#0 
for all values of j. 


This proposition can be proved by means of the results given in the 
lemma, Theorem I’ (4.2) and Theorems P, and Py». 


5.5. Lemma 5. Let C?-! and Cj-! be two (n—1)-cells such that d[I"] 
=C?-14C2-! and C2-!-Ce-! =nd[C?-'], =1, 2. Then there exists an (n—1)- 
cell C3 having the following properties: \[C3~']=\[C?"], i=1, 2, and 
A[c?"*|]I*+0. 

There exists N; such that \[N;] contains a closed (n—1)-cell Cz“! and 
A[Cz-']I"~0. From the proof of Lemma 2 it is known that A[J"]=Cy-? 
+(C3;', where Cg-'-Cg>*=A[Cz-"] =[Cp7"], i=1, 2. By Corollary, Theo- 
rem P», there exists a homeomorphism, H,(A[J"])=A[J"], such that 
H,(C3;') =Ct7', t=1, 2. There is a homeomorphism, H2(Z") =Z", of such 
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nature that H.(A[ZJ"]) =H,(A[J"]). The set H2(Cz2-") is an (n—1)-cell C37. 
Since Hz is a homeomorphism, A[C3~*]I* +0. 
5.6. Lemma 6. I” is a connected set. 


Case 1. n=1. d[J'] consists of two points, p, and pe. Suppose that I’ is 
not connected. Then 


I’ = M,+ Me; My-M:+ M;-M, = 0; M; #0. 
The two sets, M,+/:+/2 and M.+:+ 2, cannot both be connected sets. 
For, assume that each of these sets is connected. There exists V;, such that 


N,>p;: and Nid pe. Since Mi+p,:+ 2 is a connected set, M:+p:+ 2 con- 
tains a point g belonging to A[N;,| and A[q]J'+0. M,>q. Then M2 >q. 


I = DP) + DT) + q; DD) - DAT) = gq. 


Each of the points p;, i=1, 2, belongs to one and only one of the sets 
A[D,(7") |, 7 =1, 2. The connected set Mz+,+ fs is the sum of two non-vacu- 
ous sets belonging respectively to D,(I') —g and D,(I') —q. This is impossible. 
Therefore, at least one of the sets M;+ 1+ 2 is not connected. Suppose that 
M,+ i+ 2 is not connected. 


M, + pit po = Pit Po: P,-P2+ Pi-P, =0; Pi ¥ 0. 


The set ~:+ 2 cannot belong to one of the sets P;. For, suppose that 
Pi > pitpe. Z'=(Pi:+M2)+P2. But Z'! is a connected set and P,+M,-P» 
+(P:+M:2)-P.=0. Then let P;> p;, i=1, 2. The set P; is connected. For, 
suppose that 


Py = Put Pe; Pu: Pit Pu-Pw = 0; Pu #0. 


The point ~, belongs to one of the sets P;;. Assume that Py >. 
Z'=(Piu+P2+M2)+Pi2. Again we have an impossible situation, since 
Pyt+P.+Me:Pit+(PutP2+M:2)-Pi2=0. Then P, is a connected set. Simi- 
larly, P: is a connected set. Since M, 0, at least one of the sets P; contains 
more than one point. Let P,; be such a set. Now assume that M2+/:+frisa 
connected set. There exists NV, such that NV, >, and N, > P;. Then Pi, being 
a connected set, contains a point « of \[N,] and A[x]J'+0. 





I' = Ds(1") + Ds") + %; Ds,")-Ds,7') = x. 


Since x belongs to M,, the connected set Mz2+:+ 2 is the sum of two non- 
vacuous sets belonging respectively to D;,(J')—x and D;,([‘)—x. Then 
M.+ 1+ 2 is not a connected set. 


Me + pit po = Rit Ro; Ri-Re+ Ri-R2 = 0; Ri #0. 
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As in the above, it can be shown that, by a proper choice of subsets, R; > pi, 
i=1, 2. Z'=(PitRi)+(P2t+R2) and Pi+R,- (P2+R2)+(Pit+Ri)- P2+R2 
=0. But Z! is connected. This final contradiction shows that J! is a con- 
nected set. 

Case 2. m>1. There exists NV, such that NV, ¢ J”. \[N,] is an (n—1)-sphere 
(Lemma 4). Suppose that W, is not connected. Then 


VN, = By — Bo; B,- Be a B,-Be = 0; B; ~ 0. 


\[N,], being a connected set, belongs to one of the sets B;. Suppose that 
IW, ] ¢B,. Z"=[B,+(Z"—N,) ]4+Bz and B,+(Z*—N,) B+ [B,+(Z*—N,)] 
- B, =0. But Z* is connected. Then W, is connected. 

Let T be a component of J. Z">=T+(A[I*]+(J"—T)). If a point g of T 
were a limit point of /*»—T, there would be a neighborhood WN, such that 
N,cI", N,>q and N,-(I"—T) #0. Then the set T+, would be a con- 
nected set. This contradicts the fact that T is a maximal connected subset of 
I", The set A[J"] contains a limit point of T. 

Let p be a point of A[T]-A[Z"]. There exists N, such that N, > and 
N, > T. Then T-[N,] #0. Z"-A[N,] =D7_ Ce, Ch“ - I" =Cp-* and T-A[N, ] 
¢ >¥_,C;-1. Let T-C?* #0. Then Cf ¢ T. A[C? ] J" #0 (Corollary, Lemma 
4) 





In = DI") + DAI") + Cr; Did"): D2") = Cr. 


There exist two sets, Cz>* and Ci>" such that A[J"]=Ci-'+Ci-* and 
Cz-1.C™=1 =\ [Cp] =[C27"], i=1, 2. Suppose that A[D,(I") ] > Czr*, i=1, 
2. Let S"-! be the (n—1)-sphere in euclidean n-space E* whose points 
have coordinates which satisfy the equation: >-7_,x?=1. The (n—1)-dimen- 
sional plane x; =0 separates S"-' into two (m—1)-cells, Kf" and K™, such 
that S*-!'=K*"!4+K3"! and K?-'-K}-'=\[K?"], i=1, 2. By Theorem Pz 
there is a homeomorphism, H(A[J"])=S"—", such that H beth =K*-}, 
i=1, 2. 

Let ~: be a point of Cay! and H(p:) =i. Kf-'>;. In E* there exists 
an (n—1)-dimensional plane Ej’ such that Ef’ contains the points p/ 
and (0, 0,---, 0). Ef" separates S"-' into two (m—1)-cells, K5-' 
and Kart. Se'=Kp-'+Ka-!, Kp-'-K3-'=)[Kg-'], d[Kgr']>p/ and 
A[Kp,*]-K27*0, i=1, 2. Let H-'(K-')=Cyr'. Then A[Cjr*]> A, 
A[Ca-*]-Car?#0 and A[I*]=Co+CR, CHC =A"), F=1, 2. 
By Lemma 5, there exists Cp>' such that Cz-*¢J™ and A[Cg-*]=A[Cer*], 
i=1, 2. The connected set C3-* contains non-vacuous subsets in each of the 
two sets, D,(J") and D,(I"). Therefore C3> 1.c7-'40. Since CP’e¢T, 

3, © 7. Then p,, any point of C2-', is a limit point of T. In the same man- 
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ner it can be shown that C2>'¢d[T]. Hence A[T]=A[Z*]. If J* contains a 
component 7; distinct from T, \[T:] =A[Z*]. From the preceding discussion, 
it is seen that 7,-Cf-*+0. Then 7, cannot be distinct from T. 


5.7. Lemma 7. There exists a neighborhood N, such that N.cI" and N. 
is strongly homeomor phic with I”. 


There exists N, such that N,-A[J"]#0 and N,>J*. Then Z*-A[N,] 
=) je i. Let D,(J") and D.(I") be the two members of the set of final 
descendants of I" generated by \[N,] which have C?~' on their A-sets (Lemma 
4). Let p be a point of Cf’. There is a neighborhood NV, such that N.>p 
and WV, belongs to the set D,(J")+D,.(J")+C?-". A[N;] generates a set of 
final descendants for Na. Wa:A{Ne]=D72,Cz'. Since W.-A[N.]eCr’, 
DyeiCz, '¢ Cr. Let D,(N.) and D2(N.) be the two members of the set 
of final descendants of NV. generated by \[N,] which have C;~' on their 
\-sets. A[NV.| generates a set of final descendants for each of the sets D;(J"), 
i=1, 2. CZ-'-A[N.]=0. Then, since C}~" is a connected set, C3~* belongs to 
the \-set of one and only one final descendant of each of the sets D;(J*), 
i=1, 2, generated by \[N..]. Let these two final descendants be D,,(J") and 
D2(I") belonging to D,(I") and D.(J*) respectively. There exists V, such that 
N.-Cj-'#0 and N, belongs to the set Du(J")+Da(J")+C5-*. N. contains 
a point ~; of D,(N.)..The point p; belongs to one of the sets Dii(*). Suppose 
that D,,(J")>;. Since J” is a connected set, Du(Z") is connected. But 
Dy (I") -(A[Na]+A[N;]) =0. Then D,,(J") ¢ D,(N.). Since each of the two 
sets, \[J"] and A[N.], is an (n—1)-sphere, each of the sets, A[Du(J*)] and 
X[D,(N.) ], is an (n—1)-sphere. A[Dy:(J") ] ¢X[D,(N.) ]. Therefore \[Du(7*) ] 
=\[D,(N.) |, since no proper subset of an (n—1)-sphere is an (7—1)-sphere. 
No point of D,(NV..) can belong to any final descendant of one of the sets 
DI"), i=1, 2, generated by \[N..] other than D,,(I*). For, otherwise, such a 
descendant would belong to D,(N.) and its \-set would be identical with 
d[D,(N.)] and, therefore, with \[D,(J") |—an impossible situation. Then 
D\(N.) =P:(1). Hence D,(N.) is strongly homeomorphic with J*. N, is 
strongly homeomorphic with J”. 

Coro.titary. Let N, and N; be two neighborhoods such that N,+N; 
cI, N, is connected, N; contains a point p of \[N,| and N;>N,. Then N; is 
strongly homeomor phic with N, and p is a limit point of Z*—N,. 

This proposition can be proved by means of the procedure used in the 
proof of the lemma. 


5.8. Lemma 8. Let N. be a neighborhood such that N.c I", Nq is strongly 
homeomor phic with In and Na=:>..,P:, where each set P, is an open set with 
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respect to Na. Then Na=)_;~;D; such that D;-D,=0, &¥n, and D, belongs 
to at least one set P;, and is strongly homeomorphic with Na. If w is a 
fixed value of j, ®[DuJ=die,C2-*, Cr-?-C2-1 =0, st, and, if h is a fixed 
value of i, \[D,]—Cy,* ts an (n—1)-cell and either CR-'¢ Na or Cir* cd[Na]. 


If Cirt¢Na, there is a set D,, kA~p, such that [D,]-A[D.]=C2-? and 
Ci, [Ds] =0, 5y, x. If Cir? ed[Na], Cir*-d[Do]=0, ox. 


The following proof applies when n>1. The modifications necessary when 
n=1 are obvious. 

The set WV. is compact. Assign to each point # of WV, the neighborhood N., 
such that W,, is the neighborhood of G(p) (§5.1) of least subscript having the 
following properties: V.,¢1", N.,>N. and N,,- N. belongs to at least one of 
the sets P;. There exists a finite subset of the set of all such neighborhoods: 
T,= {Ny,}, j=1,2,---,, such that }°%_,Ny,> NV. and Ny, > Ny,, cxd. By 
successive applications of Corollary, Lemma 7, it can be shown that every 
neighborhood belonging to 7; is strongly homeomorphic with WN, and is, 
therefore, a connected set. 

Let Ny,, be any neighborhood of T;. Every point of the set \[Ny,,]- Na 
belongs to at least one of the neighborhoods of T;. Suppose that the sub- 
scripts in the symbols for the neighborhoods constituting 7; are so chosen 
that {N,,}, 7=1, 2,---, m—1, is the set of neighborhoods such that 
A[Ny,, |: Ny; 40, 7=1, 2,-- +, m—1. 

Let Ay, represent Ny,. If Ny,-A[Ny,]=0, let (Ay,)y, be Ny, and, if 


Ny,-»[Ny,] 0, let (Ay,)y, be the set of final descendants of Ay, generated 
by A[Ny, ]. If N,,-»[Ny,] =9, let By.y, be Ny, and, if Ny,-»[Ny,] ~9, let 
By,.y, be the set consisting of those final descendants of Ny, generated by 
\[N,,] which do not lie in Ny,. 

Every descendant of Ny, is a connected set. No final descendant of Ny, 
generated by A[N,y,] contains a point of the set A[NVy,]+A[Ny,]. Then every 
such final descendant lies wholly in Ny, or wholly in Z"—V,,. 


Ayw. = (Aye. + Buss, 
Aviv: = Ny, + Ny,: 


If Ayw,A[Ny,] =9, let (Ayw,)y, be Ay, and, if Ayw,A[Ny,| <9, let 
(Ay,y.)y, be the set consisting of the final descendants of members of Ay,y, 
generated by A[N,,] and those members of Ay,y, which contain no point 
of A[Ny, ]. If Ny, A[Ny,] =0, By y,=Ny, and, if Ny, :A[Ny,] 0, By, is the 
set of those final descendants of Ny, generated by \[N,,] which do not lie in 
Ny,. If Byy,-d[Ny,] =0, By wv. =By, and, if By y,-A[Ny,]~0, Byy,v, is the 
set consisting of the final descendants of members of By, generated by 
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\[N,y,] which do not lie in Ny, and those members of By, ,y, which contain no 
point of A[Ny, ]. 


Avs = (Ayiws)vs + Bu ws 


3 
Aya, = Ly Ny;- 
j=l 


Proceeding in this manner, we obtain Ay,y,...¥,—-,- 


pe a a = (Ay, ve eae: ee ok ln atthe 


yo = > Ny;- 
j=1 
Considering in the next step the neighborhood WNy,, we obtain 
Ay.v,-+-¥m-wm- Lf T; contains additional neighborhoods Ny,,,;, 7=1, 2,---, 5, 
Nums;*(A[Nv, |: Wa) =0. Continuing as in the above, we obtain finally 


p 
yn -28 


Let A be the set consisting of those final descendants of members of 

Ym ++, generated by A[NV.] which lie in VN, and those members of 

- 4m +p Which Jie in N.. A = N.:>-5_, Ny, = Na. Since the members of A 

are connected sets and A -(A[N.]+}>-%_,A[Ny, |) =0, the subdivision of WV, 
obtained by the above process is unique, that is, the subdivision is independ- 
ent of the order in which the neighborhoods Ny, enter into the discussion. 
Since A[Ny,, | eee a set of final descendants for each of the neigh- 
borhoods Ny,, 7 =1, 2, m—1, the set A[Ny,,]->-7.5' Ny, is, topologically, 
an (n—1)-dimensional onli set and dA[Ny,,] - 075'A[Ny,] is an (n—2)- 
dimensional set. Then A[Ny,,]-Avyv.---¥n—. 0. Therefore A[Ny,,] generates 
sets of final descendants for certain members of Ay y,...y,,-,- Let E be the 
set of such members of Ay,y,---vn—,- E-A[Ny,,]=>-1C2, Ch!-E=Cr"', 
Cr}.c*-'=0, &#n, and A[C?*]¢A[E]. Suppose that p is a point of 
r [Ny,, |: ‘Aywe-: ‘Vm—1 and that E > p. Then AX [Ayw,- . aoe 2p. But 
A[Aywwo---¥m-1! =2.y21 A[Ny,; ]. Hence p belongs to the A-set of at least one of 
the neighborhoods Ny, j j=1,2,-- en Let A[Ny,]>p. Wy,-AL ALN vn] 
= pja1C3, » Ny,-C3-'=Cz-* and > ‘ Ci ‘>p. Suppose that C3~'> p. 
There exists NV, such that N,>p and N,-E=0. Then N, contains a point 
qg of Cz-'. There is a epee N. such that N.>9, N.c Ny, and 
V,-E=0. N.-A[Ny,, ] =>_5- Co, 1. The set 4 Ci i is an (n—1)-dimensional 
set. Lakh c Ay y,- ties —E. Then La cA[Ny,, ]-A[ Aye. + vm 
But A[Ny,, ]-[Ay,v.---vn—,| is an (2—2)-dimensional set. The contradiction 
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here encountered shows that A[Ny,,]-Ay.ys---¥m—-1 =A [NV ym ]-E =n C2. 

Let Cj,* be one of the sets C?~' and M, and M;z be the two final descend- 
ants of a member of Ay,y,...y,,-, generated by A[Ny,,] such that M,- Mz 
=\[M,]-A[M2]=Cz-*. The set Mit+M2+C;-" is a descendant of one of 
the neighborhoods Ny,, 7=1, 2,---, m—1. Let M denote the set Mi+M,2 
+C?-'. Considering now the set A[Ny,,,,], two possibilities present them- 
selves: 

(1) A[Ny,,,,]-(Wi+M2) =0. In this case M, and M; are members of 
A y+ + Ym¥m41" 

(2) A[Ny,,.,]-(i+M2) £0. In this situation \[Ny,,,,] generates final de- 
scendants for one or both of the sets M;. If \[Ny,,,,]-M@i0, [Ny,,.,]-A[Mi] 
is an (n—2)-dimensional euclidean set. Then A[Ny,,,,]-Cz,' is at most an 
(n—2)-dimensional set. The set M belongs to one of the members of 
Ay.y4---¥m-- Let M’ be this member. M may be identical with M’. Under our 
present assumption, A[Wy,,,,] generates a set of final descendants for M’. Let 
R be the “et of these final descendants. R¢ Ay,y,---¥mn—ivnsis Cr, © R and 

Cr-* A(R] =Ce*-A[Ny,.4,]- Then Cz-*-R#¥0. Therefore \[Ny,,] generates 
sets of final descendants for certain pane of Let R; be the set of such 
members of R. Ri-A[Ny,,] =D7-1C2! and C2-!-R,=C2z'. Since Cz-*-A[R] 
is 4 most an (m—2)-dimensional ™ certain . ‘é sets a % belong to 
Cz, *. Cz>* may be one of the sets es '. Suppose that, by a proper choice 
of subscripts, i 9,04, 2, , @, is the set of the sets C2>' which be- 
long to Cy, *. If Cf’ contains a point g that does not belong to pF : 
A[R] >¢. It can be shown by a method analogous to one used above 
that Cz-' contains no such point g. Therefore, Cj>'= =1Cay * 
A yh 4+ ¥mn—Wn+ibm=AVv¥2"*-Vm-Wmvm4 Corresponding to each set C%;", 
J=1, 2, +--+, Gi, Avwe---¥m—iWm¥me, CONtains two members, £;; and F2;, such 
that E,;- Es; =i [E,;| -A[E2; | =Ci; 

Let Y be the set consisting of the final descendants of members of 
Ay.w,-- .-y, generated by » [N..| and those members of Ayw,-- .-y, Which 
ame no > gaia of A[N.]. It is evident that Y- )“4_,C2-! = “s" er” on, 
corresponding to each set Cj, ', . re contains two members, B;; ad Bo, such 
that B,;- B2;=d[B,;]- [Bai] = -1_ x[Ny,,]-4=A[Ny,, ]- Ve ¢ De 1Cr. If 
Ny, ¢ Na, A[Ny,, ]-A =D 5c" =e if Ny,,¢ No, A[Ny,,|-A is the sum ot a 
certain number of the sets ce =", 

It can be shown that re] => j01 "ig and, corresponding to each set 
Cz~', Y contains two members, P;; and P2;, such that P,;- Ps; =P rsl- d[ Po; | 

=C- '. Therefore A[A ] =A[Na]+Na: > 9 A[Ny, | = Deter . Each set C?~! 
belongs wholly to V, or wholly to \[Na]. Ci-'-Ch-* =0, i: Hie. If Ch ¢ Na, 
Ci,* belongs to the A-sets of two and only two members of A and no other 
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member of A contains a point of C;~' on its A-set. Since every point of A[N.] 
is a limit point of Z*—W,, if C;-' cA[N.], Cz-* belongs wholly to the A-set 
of one and only one member of A and no other member of A contains a point 
of Ci~* on its A-set. It can be shown without difficulty that, if D is a member 
of A and A[D]>Cz-', then A[D]—C7-* is an (n—1)-cell whose d-set is 
Ne) 

Let B be any member of A. Evidently \[B]=)-)_,Cz~', Cr-!-Cr-* =0, 
yi #92, and A[B]—C?-* is an (n—1)-cell whose d-set is A[C}-*]. Since every 
neighborhood of 7; is strongly homeomorphic with J", it follows that B is 
strongly homeomorphic with J" and Lemma 5 holds if B is substituted for I*. 
Then there exists C7! such that Ct>'-B=Ctr', A[Ct7']=A[C,7"] and 
A[cr-'|Bx+0. 


B = D,(B) + Do(B) + Ci;*; Di(B)-Dx(B) = Cir". 


Suppose that Ct~'¢A[D,(B)]. Then >-)_.C3-! cd[D2(B) J. It - be shown 
that the set \ [D.(B) ]—C3-‘is homeomorphic with the set \[B ] —C}~'. There- 
fore \[D2(B)]—C2-! is an (n—1)-cell whose d-set is [C27]. Ste exists 
Czr1 such that A[C37']=A[C37] and A[C37']D.(B) #0. 





D.(B) = Das(B) + Dea(B) + Cir"; Dz(B)-Dox(B) = Ci. 


Suppose that C.~! ¢A[Dz(B) |. Then >~>_,C2-! ¢A[Dz2(B) ]. Proceeding in 
this manner, we finally arrive at the following sunlit: B= Bit DyeiCn 
where B; is a descendant of B, \[B;]=C*~'+Cr-!, j=1, 2,---, 6, and 
d [Bos] =>. iCh 

Subject each member of A to the same sort of subdivision. The result is a 
set of descendants of neighborhoods satisfying the requirements of the lemma. 

5.9. Let N. be the same as in Lemma 8 and the sets P;, which occur in 
this lemma, be the sets V.-N,,, where N,, is a neighborhood belonging to a 
finite set of neighborhoods which cover Nz. Then V.=)>_;.;D; (Lemma 8). 
Each set D; is the descendant of a neighborhood. As in Lemma 8, denote 
by T; the set of all such neighborhoods. Let €:, €2, - - - , én, -- - be asequence 
of positive numbers such that €,4: <e¢, and lim,..€, =9. 

Designate by K the set in euclidean u-space E” whose points have coordi- 
nates which satisfy the inequality >-?_,2? <1. Then K is an n-cell and \[K ] is 
an (n—1)-sphere. It will now be proved that K =) j_,K;, where the sets 
K; are n-cells and that there exists a homeomorphism, H(>-j_,A[D;]) 
=)-j-.\[K;], such that H(A[D,]) =d[K;], j7=1, 2,---, 7. We shall show 
that, if the above statement is true for r=m, the statement is true for 
r=m-+1. 
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Suppose that we have a subdivision of NV, of the sort described in Lemma 8 
in which r=m+1. Then V. =) 3." D;. Consider the set D,. The discussion in 
Lemma 8 shows that there exists a set D, such that D,- D,=C%-', none of the 
sets \[D;], other than \[D,] and A[D,], contains a point of C*-!, A[D]—C>? 
is an (n—1)-cell Ctyz!, A[D,]—Ctz? is an (n—1)-cell Ctr!, and C%7!-Ctr} 
=\[Cr-']=d[C27"]=d[C2r']. Suppose that «=2. Let D represent the set 
D,+D2+Ciz*. Since we are assuming that our present sets D; result from 
a process similar to that employed in Lemma 8, it is clear that D is 
strongly homeomorphic with N,. A[D] is the (m—1)-sphere C®7!+Ct;?. 
Na=D+>07"%;'D;. The sets D, D;, \[D], \[D;], 7=3, 4,---, m+1, have 
the properties and the relations among themselves ascribed to the corre- 
sponding sets obtained in Lemma 8. Since it is assumed that the statement 
under consideration is true for r=m, K =)_j_,K; and there exists a homeo- 
morphism, H,(A[D]+>—7-)\[D;]) =>-7. ,A[K;], such that Hi(A[D]) =\[Ki] 
and H,(A[D;])=\[Kz], 7=k+1, k=2, 3,---, m. Hi(C%7") is a closed 
(n—1)-cell C?-?, 7=1, 2. C?-!-Cz-! =n[C2-"], 7 =1, 2. Then, by Theorem P; 
there exists an (n—1)-cell C3~! such that A[C3~']=A[C7-*], 7=1, 2, and 
A[C3-*]Ki~0. Hi(s[Ciy"]) =A[C3-*]. By Theorem P, there is a homeo- 
morphism, H2(Cty')=C%-!, such that H2(A[Ct>"]) =H.(A[Cry']). Since 
A[C3-1]Ki #0, Ki=Ku+Ki2+C?-. Ki;, 7=1, 2, is an n-cell. There exists a 
homeomorphism, H;()0j-)A[D;]) =A[Ku]+d[Ki]+D7..A[K;], in which 
H;(d[D;]) =Hs(Ciz*+Ciy') = Ai (Ciy) + A2(Ciz") =A[Kis], j=1,2, and 
H;(A[D;]) =\[Kz], 7=k+1, k=2, 3,---, m. The statement under consid- 
eration holds for r=1. The induction is complete. 

We have the desired result K =}_j_,K;, and there is a homeomorphism, 
H(dj-14[D;]) = )5-:\[Ki], such that H(x[D;)) =\[K;], j=, 2, a eg Oe 
Suppose that K; is one of the sets K; and that d(K;) > «..* Let R be the set of 
all points of E* which have coordinates x; such that 0<4%;<1,7=1,2,---,m. 
There exists a homeomorphism H,4(R) = K;. The correspondence established 
by His uniformly continuous both ways. Therefore, there is a number 6, >0 
such that, if the distance between any two points of R is less than 46,, the 
distance between the corresponding two points of K; as given by Hs is less 
than ¢,. Let m be the smallest integer greater than n2/5, and let -=1/m. 
Then ¢<6,/n"?. 

Consider the (n—1)-dimensional planes in E” whose equations are 


4 = yt, +=1,2,---,m;y=1,2,---,m—1. 


These (n —1)-dimensional planes are »(m—1) in number and separate R into 
m* n-cells R; such that R=).”,R;. Let Ho(R,;) =Kz;, j=1, 2,---, m. If 
* The symbol d(M) is used to denote the diameter of the set M. 
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two points belong to a set R;, the difference between the x;-coordinates 
(i=1, 2, - - - , m) of these two points is at most ¢. Since ¢< 6,/n?, the distance 
between these two points is less than 6,. Then d(K:;) <6, 7=1, 2,---, m”. 
Corresponding to K; is the set D; which belongs to N.. By successive ap- 
plications of an argument used above, it can be shown that D;=)-”" , Dz, 
where D;; is a descendant of D;, and there exists a homeomorphism, 
HAST (Dei) = 72 A[ Kz], such that H;(A[Dz;]) =A[Ke;] and H,(A[D;]) 
=H (d[D;]) =d[Ke]. 

Suppose that this procedure is followed in the case of every set K; whose 
diameter is not less than ¢;. The final result is that V, and K can be expressed 


as follows: 


K = > Kf ° 
j=1 


d(K;) <e, D,{™ is strongly homeomorphic with V,, K;™ is an n-cell and 
>7_,A[D;] ¢ 2. A[D{ ]. There exists a homeomorphism, Hy,(>0j_ ,A[D;™ ]) 
=>" A[K,™ ], such that Hy,(A[D; ]) =\[K,™ ], 7=1, 2,---, nm, and 
Hy ((D;)) =HO[Dj)), §=1, 2, - > 7 

Assign to each point p of NV, the neighborhood N,, such that N,, is the 
neighborhood of G(p) (§5.1) of least subscript greater than 2 having the 
following properties: NV,, belongs to every neighborhood of 7; which con- 
tains p; if N; belongs to 7; and N; >>, then M,,-N;=0; Nv, >D;™ for all 
values of 7. There exists a finite subset of the set of all such neighborhoods: 
T.={No,},7=1, 2,---, 4, such that )°)_,N4,> Va and Ny, Nz,, s¥t. 

Let D, be any one of the sets D{”. Suppose that N,,,-D,? #0. Then 
N4,,:D is an open set with respect to D{”. Since D{” is strongly homeo- 
morphic with V., Lemma 8 is true if D® and the sets N,,,-D\” are substi- 
tuted for V,, and the sets P; respectively. Then D’ =>-{_,D\), and the sets 
D‘ and X[D{%] have the properties and the relations among themselves 
ascribed to the corresponding sets in Lemma 8. Corresponding to D{ is the 
set Ki). Then K\?=)°{_,K\). K‘ is an n-cell and there exists a homeo- 
morphism, H,,(>-{-,A[D{?]) =>-f_ A[K®], such that H, (A[D® ]) =\A[K?], 
i=1, 2,---, e, and H,(A[D, ])=\[K ]. Hy Az A[K ]) =r[K ]. 
Let H,, denote the transformation H,,H;,*. Then by Corollary, Theorem P, 
there is a homeomorphism, H,,(K,‘?) =K,™, such that H, (A[K }) 
=H, ([K{ ]). Let A,(Ko?)=Ko. H,,A[K2])=\[Ko]. If H; is 
used to denote the transforn.ation H,,H,,, 
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were »( Xalxs?}) 


i=l i=1 


> MKS dl, ” 


H,(A[D,: }) [Kui 
H(d[D;”}) = H,,H,,A(D,]) = H,,0[K,’]) = #,,0[K,”])) 
Hy Hy, (A[K, |) = Hy,Q[D,”)). 


(1,1) 
|, 


Similar results can be obtained for any two corresponding sets D; 
and K;™. 

By the process described above, we can obtain the following 

V.= DDS, K = Dk, 
i=l j=1 

D® is strongly homeomorphic with V., K;® is an n-cell, and d(K;) <é:, 
G=1,2, +--+, re. DG ALD ] eQ ALD; ] and D7. ALK ] ¢ DoF. A[K ]. 
There exists a homeomorphism, Hy,(>-7. ,A[D, ]) =i. A[K@ ], such that 
Hy [Dj ]) =d[K{ ] and Hy, MD ]) = Hy, ALD J). 

Continuing the process, we can obtain the sets Fi=)0y_-,)_)",A[D; ] 
and F:=)-;-,).;.,A[K; ], such that 


Tk = 

n= k : = > (k 

= DD, K = DK}, 
j=1 


j=1 


D is strongly aggre an with NV,, K is an n-cell, d(K*) <e, 
THN [D;@ Je SO* AD J, SHAK; ] e OE ALK ] and, for every 
value of k, there ina heemmenesiien, Ay (jt AD }) =Djt ALK ], such 
that Hy,(d[D; ® ]) =d[K ] and Hy, (US [Di ]) =H, LAD). 

Corresponding to 72, the set of neighborhoods used in obtaining the sets 
D;®, there is a set of neighborhoods 7; employed in a similar manner to 
obtain the sets D;*). The neighborhoods of 7; are determined as follows: 
Assign to each point / of WV, the neighborhood N., such that N,, is the neigh- 
borhood of G(p) of least subscript greater than k having the say tte prop- 
erties: N., belongs to every ee of T;, 7=1, 2, , k—1, which 
contains p; if NV, belongs to 7;, 7 =1, 2, , k—-1, and N, an then W.,- NV, 
=0; N., > D;*-» for all values of 7. There “hie a finite subset of the set of all 
such neighborhoods: T7;.= { V,,;},7=1, 2, ---,g, such that >°9_,N,,> Nand 
Nig ? Nu, a. 

We can now conclude without difficulty that, if p is a point of V., there 
exists a sequence of neighborhoods {N;,}, 7=1, 2,---, such that N;,> 9, 
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Ni,4#Ns,, ab, Ns; belongs to T;,;, kj; <kj41, and Ns,,,¢Ns;. By Lemma 1, 
IL- Na; =p. _ 

Every neighborhood of T; which contains a given point p of NV contains 
all the sets D{® for which D; > p. If the sets Di, k=1, 2,---, are such 
that Dc D¥-!, k>1, then [J;.,D® contains a point p, since D® is a 
compact set. Then, by means of the result stated in the preceding paragraph, 
we can infer that]. Dj) =p. 

Let p be a point of N.—F, and _ the set D{*® which contains p. It is 
evident that p=[];-,D® =]],-,D®. Let K® be the set which corre- 
sponds to D®. JJ,.,K® consists of one point p’. The point p’ cannot be- 
long to F». For, if F, > p’, the point p’ appears in F; for the first time in the set 
A[K&”], m2=1. Then p’=[]i-,,A[K&]. Under the circumstances, how- 


od . . . . . 
ever, []:-,A[D®] would be non-vacuous. This is impossible, since 


Ih-.A[D®]=0. Then K—F2 > p’. 

Make every point » of V.—F; to correspond to the point p’ of K—F; 
obtained in the manner just described. The process used in obtaining the sets 
F, and F, establishes a (1, 1) correspondence between the points of F, and 
the points of F2. We now have a (1, 1) correspondence between the points of 
N., and the points of K. This correspondence is continuous both ways. 
Then WV, is homeomorphic with K. Therefore Z, which is homeomorphic 
with WV, is a closed #-cell and J” is an n-cell. 

6. Proof that the conditions in Theorem I’ are necessary. The proof which 
follows is applicable when n >1. The slight modifications necessary when n = 1 
are obvious. 

In euclidean n-space let K be the set of all points whose coordinates x; 
satisfy the condition 0<2;<1, j7=1, 2,---,m. K is an n-cell and A[K] is an 
(n—1)-sphere. Let NV, be the irrational number (.99 - - - 9)”? in which the 
symbol 9 occurs k times and N;, the irrational number similarly defined in 
which the symbol 8 takes the place of 9. The neighborhoods NV; to be defined 
belong to certain sets L;,i=1,2,3,---. 

The neighborhoods belonging to the set Z; are obtained as follows: De- 
note by e the number 1—JN,. Let %, be the smallest integer greater 
than 1/e, and m, the number 1//;. Then m,<e,. The (w—1)-dimensional 
planes x;=¢m, (j =1, 2,---, ; t=1, 2,---+, 4—1) separate K into h? sets 
K,, such that K =)°)""_ ,K,,. Each set K,, is the interior of an (n—1)-dimen- 
sional cube whose edges are equal in length to m,. Denote by r,, the smallest 
positive integer such that N‘’/r,,<m,/2, and by g,, the number N®)/r,,. 
Let the point (x.%, x2”, - - - , #,”) be the point of K,, which is equidistant from 
the vertices of K,,. Denote by M,, the set whose points have coordinates 
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x; which satisfy the condition x1+-g,,—¢e:<2;<x1+g,,+e.. Then K,,¢ M,,. 
The neighborhoods of L; are the sets K-M,,, yi: =1, 2,---, Ay”. 

The neighborhoods belonging to the set Lz are obtained as follows: Let 
E;* be an (n—1)-dimensional plane containing an (n—1)-dimensional face 
of K or of a set M,, and E}z!, an (n—1)-dimensional plane containing an 
(n—1)-dimensional face of a set M,, such that EfX7'-EX7'=0. Designate 
by 6: the lower bound of the set of numbers which give the distances between 
all such pairs of (w—1)-dimensional planes. Denote by e2 the number 
1—N), where g2 is the smallest integer such that 6e2< 2. Define the num- 
bers he, me, ry, and gy, by the method used in obtaining the corresponding 
numbers in the preceding paragraph and obtain the sets K,, and M,,, 
ye=1, 2,---, hf, which correspond to the sets K,, and M,,. The neighbor- 
hoods which belong to Lz are the sets K-M,,, y2=1, 2,---, hf. 

In general, the neighborhoods belonging to the set Z; are obtained as 
follows: 

Let Ef be an (n—1)-dimensional plane containing an (m—1)-dimen- 
sional face of K or of a set M,,, 7=1, 2,---, i—1, and Ey’, an (n—1)- 
dimensional plane containing an (m—1)-dimensional face of a set My, 
k=1,2,---,%-—1, such that Ef'-E'=0. Denote by 6; the lower bound 
of the set of numbers which give the distances between all such pairs of 
(n—1)-dimensional planes. Let e; be the number 1—N"), where gq; is the 
smallest integer such that 6e;<6;. Define the numbers h;, m;, ry,, and gy, 
by the method used in obtaining the corresponding numbers in the preceding 
paragraph and obtain the sets K,, and M,,. The neighborhoods belonging to 
L; are the sets K-M,,, y:=1, 2,---, h?. 

If a is a given value of z, no (n—1)-dimensional face of one set M,, is 
in the same (m—1)-dimensional plane with an (7—1)-dimensional face of a 
second set M,,. No (n—1)-dimensional face of a set My, is in the same (n —1)- 
dimensional plane with an (w—1)-dimensional face of a set M,,, b¥c. 

When K and K are substituted for Z* and J* respectively in Theorem I’, 
all of the conditions of the theorem are satisfied. 

7. Proof of Theorem I. We can conclude from the result obtained in (5.9) 
that, if Z"-1is a space such that I"— is an (n—1)-cell, Z"is a closed n-cell and 
I" is an n-cell. By Theorem I (4.4), Z° is a closed 0-cell and I° is a 0-cell. The 
proof by induction that the conditions in Theorem I are sufficient follows im- 
mediately. The proof that the conditions are necessary is found in §6. 
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PARTIALLY ORDERED SETS* 


BY 
H. M. MACNEILLEf 


1. Introduction. A relation, ¢, orders a set, K, of elements, a, b,c,---, 
if Postulates 1.1 and 1.2 hold for any elements of K. 


1.1 PostuLaTe. acband bccimplyacc. 
1.2 POSTULATE. aca. 


Such a set need not possess simple or linear order and for this reason is 
commonly called a partially ordered set.f A large part of the theory of simply 
ordered sets applies, with little or no change, to partially ordered sets. Al- 
though the principal objectives of the paper are certain properties of partial 
order which have either a trivial or no counterpart in the theory of simple 
order, considerable use is made of the parallelism between the two theories 
without a systematic development of it. This parallelism makes it natural to 
call any set which satisfies Postulates 1.1 and 1.2 an ordered set, dropping the 
word “partially.” This convention leads to no confusion in this paper as but 
scant reference is made to simple order. acd is read a is contained in b. 

The relations of equality and equivalence order any set in which they occur. 


Being a subset of is a relation ordering the subsets of a given set. The relation 
less than or equal to orders the set of real numbers. A set of propositions is 
ordered by the relation of implication. An ordering relation can be assigned 
to any system, such as a Boolean algebra, which has an associative operation 
with respect to which every element is idempotent. The relations of being 
homomor phic to and being a subsystem of order any aggregate of classes with a 
common set of operations. These examples do not begin to exhaust even the 


* Presented to the Society, in part, April 19, 1935; received by the editors May 28, 1936. See 
also, Extensions of partially ordered sets, Proceedings of the National Academy of Sciences, vol. 22 
(1936), pp. 45-50. 

+ This paper contains the results of a doctoral dissertation, Extensions of partially ordered sets, 
accepted by Harvard University in May, 1935. It also contains further results obtained while the 
author was a Sterling Fellow at Yale University, 1935-36. 

t Hausdorff (10), p. 139, Ore (18) p. 408, von Neumann (17), p. 94, and Alexandroff (1) p. 1650. 
Alexandroff (1) shows that discrete spaces in which 4 = B implies A = B are abstractly equivalent to 
partially ordered sets where AC B if, and only if, A is an element of B. Bennett (2) speaks of such sets 
as having semi-serial order. Tucker (26) calls such sets cell spaces and makes the relation < (§2), 
instead of C , fundamental. 

The numbers in parentheses refer to the bibliography at the end of the paper. 
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common instances of ordered sets in mathematics.* 

This paper presupposes the calculus of classes without restriction as to 
cardinal number. The classes employed are defined by such properties that 
the admission or rejection of a candidate does not depend upon the disposi- 
tion of candidates under consideration or not yet considered. Hence, the para- 
doxes connected with inconsistent aggregates do not arise and no recourse to 
the theory of types is necessary. In fact, no classes are employed where the 
admission or rejection of a candidate depends upon the disposition of ele- 
ments already considered. The definition of such classes depends upon a par- 
ticular well ordering of the candidates. For the classes here considered, the 
possibility of well ordering the candidates is not assumed. 

The concept of a class or set, K, can be specialized by the imposition of 
correspondences between subsets of its elements. A correspondence can be 
considered as a subclass of the class of ordered pairs of subsets of the given 
set. Hence, the only new undefined concept needed for the introduction of 
correspondences is that of an ordered pair.} If, under a correspondence, a 
subset A corresponds to a subset B, A—B, then B must be uniquely deter- 
mined by A and the definition of the correspondence. A is called the original 
of B and B is called the image of A. The domain of a correspondence in K is 
the class of subsets which have an image in K. The ranget is the class of 
subsets which have at least one original in K. The definition of a correspond- 
ence may restrict the subsets admissible to the domain both as to the par- 
ticular elements and the number of elements they may contain. The 
correspondence may also impose such restrictions on the subsets admis- 
sible to the range. A set K is closed under a correspondence if the image of 
every admissible original exists in K. The ordering relation may be defined 
as a correspondence if the domain is restricted to single elements of K and 
the image of any element a is the set B of all elements 0; such that ac )b,. 
The closure of K under this correspondence is assured by Postulate 1.2. The 
relations, operations, and homomorphisms, the systematic exploitation of 
which is the object of this paper, are further instances of correspondences. 

In terms of the ordering relation, new relations are defined in §2 and 
operations in §3. An ordered set is not necessarily closed under the opera- 


* For example, the order preserving mappings, a—D(a), of an ordered set K upon the interval 
[0, 1] of real numbers, such that D(a)+D(b) = D(a+b)+D(ab), where addition and multiplication 
in K are defined in §3 and ordinary addition is used for the real numbers, have as special cases the 
theories of probability, measure, and dimensionality in projective geometries. See von Neumann (17) 
and Freudenthal (9). 

T Quine (20), p. 10, for classes, p. 18 et seq. 

t Stone (22), p. 33. 
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tions of §3, though closure under certain operations implies closure under 
others. The relations between closure under various subsets of the operations 
of §3 are worked out in §4 and §7. This forms a basis for the classification 
of ordered sets with respect to the operations under which they are closed, 
as equivalent types can now be recognized. Multiplicative systems, lattices 
or structures, and Boolean algebras are among the distinct types of ordered 
sets included in this classification. 

The object of this classification is to establish content for the extensions 
which form the principal part of this paper. The purpose of an extension is to 
adjoin elements to a given set so as to increase the number of operations un- 
der which it is closed. This is usually accomplished by the construction of a 
new set with the desired closure properties and with a subset isomorphic with 
the given set. These constructions depend upon the theory of homomorphisms 
developed in §5. Methods of constructing and methods of combining exten- 
sions are discussed in §9. In the following sections, the adjunction of units, 
unrestricted sums and products, unrestricted distributive sums, and comple- 
ments is attained. By successive application of these extensions, any ordered 
set can be imbedded in a complete Boolean algebra. §9 contains a more de- 
tailed statement of the program of extensions carried out in this paper. 

2. Definition of new relations. In an ordered set, if a¢b does not hold, 
we write a¢b and read a is not contained in b. The proofs of theorems, in 
cases where they are practically automatic, have been omitted. The propo- 
sitions which follow refer to a set, K, of elements, a, b, c, - - - , ordered by 
the relation c. 


2.1 THeoreM. Every subset of an ordered set is an ordered set. 
2.2 DEFINITION. a3) if bca. 
2.3 THEOREM. The relation > orders the set K. 


By virtue of Definition 2.2, an exact duality exists between the relations 
c and >. Hence, any general proposition holding for the relation ¢ im- 
plies a dual proposition for the relation >. The relations ¢ and > are not 
mutually exclusive. For example, aca and a>a. To obtain, mutually ex- 
clusive relations we give the following four definitions: 


2.4 DEFINITION. a=) if acb and dca. 
2.5 DEFINITION. a<bif acband db¢a. 
2.6 DEFINITION. a>b if a¢b and dca. 
2.7 Derinition. a||b if a¢b and b¢a. 


2.8 THEorEM. Exactly one of the relations =, <, >, and || holds for any 
ordered pair of K elements. 
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These four mutually exclusive relations are usually used in defining or- 
dered sets. An ordered set in which the relation || does not occur is a simply 
ordered set or a set with linear order. It frequently happens that the rela- 
tions < and > do not occur in an ordered set. There is also the trivial case 
where all elements are equal. With these exceptions, all four relations occur 
in any ordered set. The equality defined by Definition 2.4 satisfies the usual 
postulates for equality and is an ordering relation. 


2.9 THEOREM. Postulates 1.1 and 1.2 are consistent and completely inde- 
pendent. 


Proof: The necessary examples can be constructed with three elements. 


2.10 THEorEM. Jf a=b and c=d, then acc implies bcd and a¢c im- 
plies b¢d. More generally, equals may be substituted for equals in an ordered 
set without effecting the ordering relation. 


Let A be an ordered set of elements, a;, to each distinct element of which 
an ordered set, A «—a;, of elements, a;;, has been assigned. The set B of ele- 
ments b;«—>a;; is defined as any set of elements in a one-to-one correspondence 
with the totality of elements in the sets A;. A relation, ¢, for B is defined as 
follows: b;; ¢ by: if either a; ca, and a;>a,, or a;=a, and a;;Ca,. This is 
the product (in the sense of Hausdorff (11), p. 46), ordered lexicographically, 
of two ordered sets. The sum (in the sense of Hausdorff (11), p. 44) is a special 
case of the product. This is an example of a property commonly restricted 
to simply ordered sets which generalizes at once to partially ordered sets. 


2.11 THEorEM. The set B, as defined above, is ordered by the relation c, 
as defined above, if, and only if, the sets A and A; are ordered. 


3. Definition of operations. Given an ordered set, K, it is possible in vari- 
ous ways to define correspondences, A—B, between subsets of K. For ex- 
ample, let A—B if b; is in B if, and only if, b; ca; for every a; in A. In such 
situations, we can regard the correspondence as defining B as a function of 
A or as defining an operation upon A. We are particularly interested in cer- 
tain correspondences where the elements of the set B are all necessarily equal. 
By Theorem 2.10, equals may be substituted for equals in ordered sets, so 
we can represent such sets by a single element. In general, correspondences 
between subsets and single elements will be referred to as operations. As a 
rule, these operations are relative to the set K for which they are defined and 
are not necessarily the same when defined for subsets of K. Thus, to avoid 
ambiguity, it is necessary to specify the set relative to which the operations 
are defined. We shall denote subsets of K by capital letters with or without 
subscripts and elements of these subsets by the same small letter with one 
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more subscript. For example, a; is an element of A, b;, of B;, and so on. Be- 
cause of the duality between the relations ¢ and > each definition yields 
two operations, one for each relation. The operations have been defined for 
the relation ¢ and the changes necessary to obtain the dual have been indi- 
cated in parentheses. The following definitions of operations are made with 
no assumption as to the closure of the arbitrary set, K, under them. The 
question of closure is treated in later sections. In the theorems of this section 
it is tacitly assumed that the subsets involved lie in the domain of the opera- 
t:ons involved. 


3.1 Derrmitio0n. a is a product, [[a; (sum, ><a;) of A if aca; (a> ,) for 
every a; in A and «ca; (x><a,) for every a; in A implies x ca (x3 2).f 

3.2 THeorem. /f a and b are both products (sums) of A, then a=b. 

3.3 THeorem. If a=[]a; (0a;) and b=[[b; (>°b,) and, for each a; in A, 
b; exists in B such that b; ca; (b;>a;), then bca (b> a). 

3.4 Coroiiary. If a=), then ac=be (a+c=b+c). More generally, equals 
may be substituted for equals in products (sums) without changing the value of the 
product (sum). 

3.5 Corotiary. albc]=[ab]c=abe (a+[b+c]=[a+b]+c=a+b+0). 
More generally, if each b; is the product (sum) of a subset of A and, for each a; 
in A, b; exists in B such that b; ca; (b; > a;), then [[a;:=] 0; (0a:=>_)). 


3.6 COROLLARY. ab=ba (a+b=b+a). More generally, the value of a prod- 
uct (sum) is independent of any ordering or arrangement of the factors (sum- 
mands). 


3.7 CoROLLARY. aa=a (a+a=a). More generally, [[a=a (D-a=a). 


3.8 Derinition. [[d; (>°0,) distributes b with respect to []a; (d0a;) if 
b=[]b; (6 =>°d,) and, for each b,, a; exists such that a; ¢b; (a; >)). 


3.9 DEFINITION. ab (a+b) is modular with respect to a if every element, 
x, such that abcxca (a+b>x><a) can be distributed with respect to ab 
(a+). 

3.10 Dertnition. []a; (>0a,) is distributive if every element, x, such that 
[Jai ¢x (Sa; >) can be distributed with respect to []Ta; ()-a,). 

3.11 THeorem. If [Ja; (Soa,) is distributive and [[a;¢b (0a; >), then 
[12; (32d,) exists such that [[b; (d°b,) is distributive and distributes b with re- 
spect to []a; (d-a,). 


t For the case of two factors this goes back to Peirce (19), pp. 32-33. See also Schréder (21) p. 196, 
Huntington (12), and Bennett (2). 
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3.12 Tueorem. If a=[]a; (a= >< a;) and each a;=] Jai; (a:=>0a;;) and if 
all these products (sums) are distributive, then a =] [a;; (a=) _a;;) is distributive. 


3.13 THEorEM. a=] a; (a=)>¢a;) and [Ja; (D-a;) is distributive, if A is 
the set of all elements a;>a (a;¢a). 


3.14 Dermnition. 0 (I) is a zero (one) of K if 0 ca (I> a) for every ain K. 
3.15 THEeorem. If 0 (I) and b are both zeros (ones) of K, then0=b (I=)). 
Collectively, the elements 0 and I are called the units of K. 


3.16 THEOREM. a0=0 (a+I=I) and a+0=a (al=a). Furthermore, a0 
(a+I) and a+0 (al) are distributive. 


3.17 Deriition. a’ (a*) is a product (sum) complement? of a if aa’ =0 
(a+a* =I) and ax=0 (a+x=I) implies x ca’ (x 3a"*). 


3.18 THEorEM. /f a’ (a*) and b are both product (sum) complements of a, 
then a’ =b (a* =D). 


3.19 THEorEm. ac |a’|’ (a> [a*}*). 
3.20 THEOREM. acbimplies b’ ca’ and b* ca*. 


3.21 DEFINITION. bis a com plement of a with respect to c and dif a+b=c 
and ab=d. 


Complements, unlike sum and product complements, are not, in general, 
unique. Sum and product complements may be defined with respect to ele- 
ments other than 0 and I. This further distinction, though not needed in this 
paper, would prove useful in developing Stone’s generalized Boolean algebras 
along the lines of this paper. 


3.22 THEeorem. If a’ =a*, then a’ is the unique complement of a with re- 
spect to I and 0. 


4. Classification of ordered sets by closure under operations. We proceed 
to the classification of ordered sets with respect to the operations under which 
they are closed. The discussion of the different types of complements is post- 
poned until after the treatment of lattices. We further limit the number of 
types to be considered by distinguishing only between operations on finite 
and on infinite sets. The classification might be continued indefinitely by dis- 
criminating between different orders of infinity in restricting the subsets ad- 
missible to the domain of an operation. Under these restrictions, there remain 
to be considered six possibilities of closure with respect to multiplication, 
together with their duals for addition. 


ft Collectively called pseudo-complements by Birkhoff (3), p. 459. 
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4.1 Postutate. If a and b are in K, then ab (a+b) isin K. 

4.2 Postutate. If ab (a+b) is in K, it is modular with respect to a. 

4.3 PostuLate. If ab (a+b) is in K, it is distributive. 

4.4 PostuLaTE. K contains a unit 0 (1), that is, the product (sum) of all its 
elements. 

4.5 Postutate. If A is a subset of K, then][a; (>a;) is in K. 

4.6 Postutate. If [Ja; (d-a;) is in K, it is distributive. 


Clearly the dual postulates are not equivalent to the originals, so we shall 
denote them by asterisks. For example, Postulate 4.1 relates to products 
while Postulate 4.1* is the corresponding postulate relating to sums. 

These postulates, together with the postulates for ordered sets give us a 
system of 14 postulates. We wish to investigate the independence and con- 
sistency of all subsets of this system. Not all these postulates are independent. 
In each case we must either establish a relation between some combination 
of these postulates or show their independence by examples. The consistency 
of the entire set is demonstrated by an example. Fortunately, the large num- 
ber of examples required can all be constructed by combining a few simple 
examples in various ways. The following examples are the ones required for 
these combinations. 


4.7 Example. K consists of a single element, a, such that aca. 


4.8 Example. K consists of two elements, a and 6, such that aca and 
6c and no further relations hold. 

4.9 Example. K consists of three elements, a, 6, and c, such that aca, 
b cb, and c cc and no further relations hold. 

4.10 Example. 4.9 with the additional relation a cd. 

4.11 Example. K consists of the positive integers in their natural order. 

4.12 Example. K consists of the positive integers where mc2n—1, if 
m= 2n—1 in the natural order; 2m c 2n, if m<n in the natural order; and no 
further relations hold. 

4.13 Example. K consists of three elements, a, 6, and c, such that aca, 
ach, bcb, bcc, and ccc and no additional relations hold. 

4.14 Example. K consists of the positive integers where m cn if m<n in 
the natural order. 


Examples 4.7, 4.8, 4.9, 4.10, and 4.13 are self dualistic. We denote the 
duals of the remaining examples with an asterisk. All the examples except 4.13 
and 4.14 are ordered sets. These examples may be combined in sequences, 
such that the assigned relation holds between any two elements of the same 
example and such that all the elements of any example are contained in every 
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element of every succeeding example. We shall enclose such sequences in 
brackets, for instance, [4.11, 4.7] consists of the integers in their natural 
order and a single element containing all of them. It follows from Theorem 
2.11 that if the components of such a sequence are ordered sets, then the en- 
tire sequence is an ordered set. 

The definitions of operations do not require that the relation ¢ be an 
ordering relation. Hence these definitions can be applied equally well to the 
examples which are not ordered sets and the postulates for closure under 
operations can be considered independently from those of ordering. 

We shall study each postulate separately, determining all the combina- 
tions of the remaining postulates which imply it and constructing examples 
which show its independence from the remaining postulates by which it is 
not implied. By suitably combining these examples, an example can be con- 
structed in which any given subset of the postulates, and those postulates 
shown to be implied by this subset, hold, while the remaining postulates do 
not hold. 


4.15 THrorem. Postulate 4.6 (4.6*) is implied by no combination of the re- 
maining postulates. 


Proof: Consider the example [4.7, 4.12*, 4.7]. Clearly, the product of 
the even integers is the zero of the set and every odd integer contains it, 
but no odd integer can be distributed with respect to it. The remaining 
postulates are satisfied. 


4.16 Lemma. Postulates 4.4 and 4.5* (4.4* and 4.5) imply Postulate 4.5 
(4.5*). 


Proof: If A is any subset of K and B is the set of all K elements such that 
b; ca; for every element of A, then B is not void for it contains the element 0, 
which exists by 4.4, and 7); exists by 4.5*. But, by 3.1 and 3.1*, }-);=[[ai. 
Therefore, 4.5 holds. 


4.17 THEeoreM. Postulate 4.5 (4.5*) is implied by no combination of the 
remaining postulates except by Postulates 4.4 and 4.5* (4.4* and 4.5) jointly. 


Proof: Consider Example 4.11*. All the postulates except 4.4 and 4.5 are 
satisfied. Consider Example [4.11, 4.11*]. All the postulates except 4.5 and 
4.5* are satisfied. 


4.18 Lemma. Postulate 4.5 (4.5*) implies Postulate 4.4 (4.4*). 


Proof: The product of all the elements of K, which exists by 4.5, is the 0 
of K. 





424 H. M. MACNEILLE [November 


4.19 THEeoreM. Postulate 4.4 (4.4*) is implied by no combination of the re- 
maining postulates except by Postulate 4.5 (4.5*). 


Proof: Consider Example 4.11*. All the postulates except 4.4 and 4.5 are 
satisfied. 


4.20 Lemma. Postulate 4.5 (4.5*) implies Postulate 4.1 (4.1*). 


4.21 THroreM. Postulate 4.1 (4.1*) is implied by no combination of the re- 
maining postulates except by Postulate 4.5 (4.5*) and by Postulates 4.4 and 4.5* 
(4.4* and 4.5) which jointly imply Postulate 4.5. 

Proof: Consider Example [4.8, 4.7]. All the postulates except 4.1, 4.5, 
and 4.4 are satisfied. Consider Example [4.11, 4.8, 4.7]. All the postulates 
except 4.1, 4.5, and 4.5* are satisfied. 


4.22 Lemma. Postulates 4.1* and 4.2* (4.1 and 4.2) imply Postulate 4.2 
(4.2*). 

Proof: We assume that ad exists and that ab cc ca. We must distribute c 
with respect to ab. By 4.1*, b+<c exists. Let X be the set of all elements, «x, 
such that xca and xcb-+c. X is not void, for c is in X. We next show that 
x in X implies xec. We have ccc+x¢b-+c, and the sums exist by 4.1*. 
By 4.2*, c+x=c+y, where ycb. Also, since cca and xca, c+x=c+veca 
and yca. But, yca, ycb, and ab cc imply ycabcc. Hence, c+x=c+y=c 
and xcc. By 3.1, c=a(b+c). a(b+c) exists, since c does, and distributes c 
with respect to ad. 


4.23 Lemma. Postulates 4.1* and 4.3* (4.1 and 4.3) imply Postulate 4.3 
(4.3*). 

Proof: We assume that ab exists and that abcc. We must distribute c 
with respect to ab. By 4.1*, a+c and b+<c exist. Let X be the set of all ele- 
ments, x, such that x ca+c and xc b+c. X is not void for c is in X. We next 
show that x in X implies x¢c. We have, by 4.3*, since xca+c, x=u+v 
where u ca and v¢c and, since wc xcb+c, u=w+y where wed and ycc. 
But web, weuca, and abcc imply wcabecc. Hence, x=w+y+vec. By 
3.1, c=(a+c)(b+c). The product exists, since c does, and distributes c with 
respect to ab. 


4.24 Lema. Postulate 4.3 (4.3*) implies Postulate 4.2 (4.2*). 
4.25 Lemma. Postulate 4.6 (4.6*) implies Postulate 4.3 (4.3*). 


4.26 THEorEM. Postulate 4.3 (4.3*) is implied by no combination of the re- 
maining postulates except by Postulate 4.6 (4.6*), by Postulates 4.1* and 4.3* 
(4.1 and 4.3) jointly, and by combinations implying one of these. 
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Proof: Consider Example [4.7, 4.9]. All the postulates except 4.3, 4.6, 
4.1*, 4.4*, and 4.5* are satisfied. Consider Example [4.7, 4.9, 4.7]. All the 
postulates except 4.3, 4.6, 4.3*, and 4.6* are satisfied. Consider Example [4.7, 
4.9, 4.12*]. All the postulates except 4.3, 4.5, 4.6, 4.1*, and 4.5* are satisfied. 


4.27 THEeoreEM. Postulate 4.2 (4.2*) is implied by no combination of the re- 
maining postulates except by Postulate 4.3 (4.3*), by Postulates 4.1* and 4.2* 
(4.1 and 4.2) jointly, and by combinations implying one of these. 


Proof: Substitute 4.10 and 4.9 in the examples given for 4.26. In addition 
to the postulates listed in 4.26 as failing to hold in each case, 4.2 and, in the 
second case, 4.2* are no longer satisfied. 


4.28 THEOREM. Postulate 1.1 is not implied by any combination of the re- 
maining postulates. 


Proof: Consider Example [4.7, 4.13, 4.7]. All the postulates except 1.1 are 
satisfied. 


4.29 THEOREM. Postulate 1.2 is not implied by any combination of the re- 
maining postulates. 


Proof: Consider Example [4.7, 4.14*, 4.14, 4.7]. All the postulates except 
1.2 are satisfied. 


4.30 THEOREM. Postulates 1.1, 1.2, 4.1-4.6, and 4.1*-4.6* are consistent. 


Proof: Consider Example [4.7, 4.7, 4.7]. All the postulates are satisfied. 

Given any subset, Q (admitting the void set as a subset), of the postulates 
so far considered, the closure of Q is defined as the subset of the postulates 
which contains Q and all postulates implied by combinations of the postu- 
lates in Q. A subset, Q, of the postulates is said to be closed if it is identical 
with its closure. Clearly, the subset consisting of all the postulates which hold 
in any given ordered set, must be a closed subset. It remains to exhibit, for 
each closed subset, Q, of the postulates, an ordered set in which the postu- 
lates, Q, and no others, hold. 

To do this we select examples from those used in proving the theorems 
of this section (specifically, 4.15, 4.17, 4.19, 4.21, 4.26, 4.27, and their duals) 
and arrange these examples in a sequence, ordering the result lexicographi- 
cally as in 2.11. It is necessary that the examples selected have units, with 
the possible exceptions that the first example in the sequence may lack a zero 
and the last example may lack a one. 

First, consider the case where Postulates 4.4 and 4.4* are in Q. Then for 
each postulate not in Q select an example in which it fails to hold and all the 
postulates in Q hold. Since Q is closed, this is always possible, as no postulate 
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not in Q is implied by any combination of postulates in Q. Suppose there are ” 
postulates not in Q, then we have m examples, A; each with units 0;, I;, which 
we shall arrange in a sequence A=[A,, Ao, ---, Ai, ---, An]. For this 
example, the postulates Q and no others hold. In the first place, by 2.11, 
A is ordered if, and only if, every A; is ordered. Postulates 4.4 and 4.4* 
hold in A, since they are in Q and hence hold for A; and A,. Next, consider 
any subset, B, of A. The elements of B come from the sets A;. Suppose 
that 7 is the lowest index for which A; contributes at least one element to B. 
Then [[%&, if it exists, is in A; as 0; is contained in this product and Oj+1 
is not. Furthermore, every element of A appearing in some A;, 7>j, can be 
distributed with respect to []0,. For this element contains I; which contains 
some b; by the selection of 7. Hence the existence and distributive properties 
of []4; depends solely on the corresponding properties of the subset of B 
in A;. Hence any of the postulates regarding the existence and distributive 
properties of products which holds for every A; holds for A. A similar state- 
ment is true for sums. Furthermore, as the sum or product with respect to A 
of any subset of any A;, being bounded between 0; and I;, cannot be in A; 
for any ji, hence the failure of a sum or product to exist or have certain 
distributive properties in some A; guarantees the same failure in A. But 
every postulate of Q holds in every A;, hence in A, and every postulate not 
in Q fails in some A; and hence in A. 

We now consider the case where Postulate 4.4 is not in Q but Postulate 
4.4* is. If Postulate 4.5* is in Q, then the closure Q of the set formed by ad- 
joining 4.4 to Q must contain 4.1 and 4.5. In no case need other postulates be 
adjoined to Q to obtain Q. Since Q contains 4.4 and 4.4* an example, A, can 
be found for it under the case first considered. If 4.1 is not in Q, then [4.8, A ] 
is an example of Q. If 4.1 isin Q, then [4.11*, A | is an example of Q. Postulate 
4.5 cannot be in Q as it would imply 4.4 in Q. By similar reasoning [A, 4.8] 
and [A, 4.11] are examples of the case where Q contains Postulate 4.4 and 
not Postulate 4.4* and A is an example of the closure of Q and Postulate 4.4*. 
If neither Postulate 4.4 nor Postulate 4.4* are in Q, and A is an example for 
the closure of Q, 4.4 and 4.4*, then [4.8, A, 4.8], [4.11*, A, 4.8], [4.8, A, 4.11] 
and [4.11*, A, 4.11] are the examples required. 

5. Homomorphisms, isomorphisms, automorphisms, and subsystems. In 
the theory of ordered sets, so many operations are involved that it is neces- 
sary to formulate the concepts of homomorphism and subsystem with gen- 
erality and precision to provide, without ambiguity, for the different cases 
which arise. A homomorphism is a correspondence between the elements, the 
ordering relations, and the operations of two ordered sets. Isomorphisms and 
automorphisms are particular types of homomorphism. We consider two 
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ordered sets, K and K, and a set, 0, of univocal operations defined by an 
ordering relation. 


5.1 Derinition. A homomorphism relative to © from K to K is a corre- 
spondence, —, between the elements, ordering relation, and operations 9 
of K and similar entities of K such that: 

a. If ais in K, then a uniquely defined element, d, exists in K such that 
a—d; 

b. If dis in K, then at least one element, a, exists in K such that a—4; 

c. An ordering relation, €, is defined for K such that acb in K implies 
GEbin K; 

d. If 0 is in O and @(a;) exists in K, then 6(d;) exists in K and 0(a;)—0(d,). 

K is homomorphic to K relative to 9 if there is a homomorphism relative 
to © from K to K. Since the operations 9 are defined in terms of the relation 
¢ and Q in terms of €, the correspondence 0-4 is determined by the corre- 
spondence ¢—é&. Thus a homomorphism is determined by the correspond- 
ence between elements and between ordering relations. It can be classified 
by the operations © which it is said to preserve. 

We have already remarked that the definition of operations is relative to 
the entire set to which they are applied and not just to the elements immedi- 
ately involved. Thus, although any subset of an ordered set is an ordered 
set, there is no assurance that the operations defined for a subset will be 
identical with operations defined for the entire set when operating on ele- 
ments of the subset. This fact motivates our definition of subsystems. 


5.2 Derinition. K is a subsystem of K relative to 0 if K is a subset of K 
and if, whenever 0(d;) exists in K, 6(d;) exists in K and 6(d;) = 0(d,). 


Nothing in the definitions of homomorphisms and subsystems requires 
that the sets involved be closed under any operations. In many cases the 
sets involved are not closed under the operations 9. Every homomorphism 
preserves units. A homomorphism does not necessarily preserve sums, prod- 
ucts, complements, or sum and product complements. If a subsystem pre- 
serves units, it preserves complements and sum and product complements. 
A subsystem does not necessarily preserve units, sums, and products. 

Taking the complement is not always univocal} and, hence, is not always 
admissible to the set 0. The other operations considered are always univocal. 
We next consider some of the properties of homomorphisms and subsystems. 


5.3 THEOREM. A given aggregate of ordered sets, K;, is ordered by the rela- 
tion c, if K;¢ K; whenever K; is homomor phic to K; relative to 9. 


t See Theorems 7.28 and 7.29. 
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5.4 THEOREM. A given aggregate of subsystems, K;, relative to © of a given 
set is ordered by the relation c if K;¢ K; whenever K; is a subsystem relative to 
0 of K;. 

5.5 THEOREM. A given aggregate of ordered sets, K;, is ordered by the rela- 
lion ¢ if K;¢ K; whenever K; is homomor phic relative to © to a subsystem rela- 
tive to © of K;. 


5.6 DerrinitTion. K and K, two ordered sets, are isomorphic if a 1-1 cor- 
respondence exists between the elements of K and the elements of K such 
that acb implies @E5 and @Ed implies ac bd. 


We remark that an isomorphism is a symmetric relation. The expressions, 
an isomorphism exists between K and K and K is isomorphic to K, are equiv- 
alent to K and K are isomorphic. All operations are preserved by an isomor- 
phism, so it is not necessary to specify them. 


5.7 Tueorem. If K and K are isomorphic, then each is homomor phic to the 
other relative to any set of operations. 


For homomorphisms and isomorphisms it is not necessary that the ele- 
ments of K and K be distinct. Furthermore, if K and K have elements in 
common, it is not necessary that their ordering relations be the same in their 
common part. We call an isomorphism between K and K an automorphism 
if the elements of K and K are the same, though the ordering relations need 
not be the same. Among automorphisms, we are particularly interested in 
dual automorphisms. 


5.8 Derinit1on. An isomorphism between K and K is a dual automor- 
phism if the elements of K and K are the same and the ordering relation of K 
is the dual of the ordering relation of K. 


5.9 Tueorem. If K is an ordered set and K is any subset of K such that a 
in K and bca(b>a) imply b in K, then K is a subsystem of K with respect to 
multi plication (addition). 

5.10 Corottary. If A is a subset of K and x is in K if, and only if, 
x Ca; (x><a;) for every a; in A, then K is a subsystem of K with respect to multi- 
plication (addition). 


5.11 Corottary. If a is in K and x is in K if, and only if, x ca (x><a), 
then K is a subsystem of K with respect to multiplication (addition). 


5.12 THeorem. If A is any subset of an ordered set K and K is the subset 
of K such that x is in K if, and only if, a; ¢ x (a; >) for every a; in A, then K 
is a subsystem of K with respect to multiplication (addition). 
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5.13 Corotiary. If a is in K and x is in K if, and only if, acx (a>x), 
then K is a subsystem of K with respect to multiplication (addition). 


5.14 THEoreM. Given a set of subsystems, K;, of K with respect to multi- 
plication (addition) and K the section, or common part, of the subsystems Ki, 
then K is a subsystem of K with respect to multiplication (addition). 


5.15 Corotitary. If A and B are subsets of K such that a; <b; for every a; 
in A and every b; in B and x is in K if, and only if, a; ¢x ¢b; for every a; in A 
and every b; in B, then K is a subsystem of K with respect to addition and multi- 
plication. 


5.16 Coroxiary. Jf a and b are in K, acb, and x in K if, and only if, 
acxcb, then K is a subsystem of K with respect to addition and multiplication. 


5.17 THeorem. If K is homomor phic to K with respect to certain types, 
©, of addition and multiplication and A is the set of elements, a;, in K which 
have the same image, a, in K, then A is a subsystem of K with respect to @. 


5.18 Coro.iary. If K is closed under a subset ® of © then A is closed 
under ®. 


6. Multiplicative systems and lattices. An ordered set which satisfies 
Postulate 4.1 for the existence of finite products is called a multiplicative 
system. If Postulate 4.5 for the existence of unrestricted products is satisfied, 
the ordered set is said to be a complete multiplicative system. In this section, 
the dual theorems apply to systems in which the dual postulates are satisfied. 


6.1 THeorem. I[f K is a multiplicative system and a, b, and c are elements 
in K, then 

(a) a=a; 

(b) a=b implies b=a; 

(c) a=b and b=c implies a=c; 

(d) ab (a+b) exists in K; 

(e) a=b implies ac=bc (a+c=b+c); 

(f) ab=ba (a+b=b-+a); 

(g) a[bc] =[ab]c (a+ [b+c] =[a+b]+<); 

(h) aa=a (a+a=a); 

(i) ab=a (a+b=a) implies acb (a>b), and conversely; 

(j) ab=a (a+b=a) implies that a+b (ab) exists and that a+b=b (ab=b). 


6.2 THEorEm. /f 6.1 (b-h) are taken as postulates and ¢ (>) is defined 
by 6.1 (i), then a set, K, satisfying 6.1 (b-h) is ordered by the relation ¢ (>), 
is a multiplicative system, and the equality and multiplication (addition) defined 
by ¢ can be identified with the equality and multiplication (addition) postulated 
by 6.1 (b-h). 
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Theorems 6.1 and 6.2 establish the equivalence between the approach to 
multiplicative systems in which equality and multiplication are made funda- 
mental and that in which the ordering relation is made fundamental. Theo- 
rem 6.1 serves to show the greater simplicity of the latter method of approach 
and gives the more important elementary identities of such systems. 


6.3 THEOREM. If, in a multiplicative system, >a; ([]a;) exists and is dis- 
tributive, then >>a;b = [D-a; |b ([] [a: +0] =] ]a:+0). 

Proof: a; ¢ >a; for every a;in>_a;, hence, a;b ¢ [}-a;]band >a,b ¢ [Soa; Jb. 
On the other hand, since >a; is distributive and [}°a;]b ¢>-a;, [Soa;]b =o 
where, for each c; in }-c,, a; exists such that c; ¢a;. Also, c; ¢ [>>a;]b, hence, 
c;¢a;[>-a;]b=a,b. It follows that [}0a;]b=>oc, ¢> laid. Therefore, >-a,d 
= [doa;|d. ; 

6.4 CoroLuaRy. /f, in a multiplicative system, a+b exists and is distribu- 
tive, then ac+be = [a+b |c ([a+c][b+c]=ab+c). 


6.5 THeorem. If, in a multiplicative system, >a; ([]a;) exists and for every 


element, b, in the system a:b = [>-.a; |b ([] a: +b] =] ]a:+0), then >a; ([] a) 


is distributive. 


6.6 THeorem. If, in a multiplicative system, >a; ([]a;) exists and is dis- 
tributive, then >a:b ([] [a:+b]) exists and is distributive. 


Proof: >-a;b = [>-a; |b which exists. If x ¢ }>a;b, then, since >.a;b = [}-a; Jd, 


xe) a; and xcb. Since va; is distributive, x = [}°a;]x=)caix. Since x <b, 
x =bx, hence, x =)_a;bx and >-a,0 is distributive. 


6.7 THEeoremM. Jf, in a multiplicative system, a+b (bc) exists, is modular 
with respect to a (c), and acc, then a+be=[a+b|ec. 


Theorem 6.7 is stated so as to exhibit the intrinsic self duality of the 
modular property. 


6.8 THEOREM. I[f, in a multiplicative system, a+b (bc) exists and for every 
element c (a) such that acc, a+bec=[a+b|c, then a+b (bc) is modular with 
respect to a (c). 


An ordered set which is a multiplicative system with respect to both the 
relations ¢ and 2 is called a Jattice.} If the multiplicative systems defined 
by the relations ¢ and > are complete, then the lattice is complete. If but 
one of these systems is complete, we speak of a lattice with unrestricted prod- 
ucts or sums. However, these latter categories are not very general as Lemma 


+ Birkhoff (3), p. 442. Ore (18) calls such sets structures; Klein (14 and 15), Verbainde; Dedekind 
(6), Dualgruppe. Grell (9), Menger (16), and von Neumann (17) deal with special cases of such sets. 
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4.16* implies that any complete multiplicative system with a unit I is a com- 
plete lattice. 

If Postulate 4.2 holds in a lattice, the lattice is modular. Lemma 4.22 
implies that in a lattice Postulates 4.2 and 4.2* are equivalent. Theorem 6.9 
is self dualistic. 


6.9 THEOREM. A lattice is modular if, and only if, acc implies a+bc 
=[a+bec. 

If Postulate 4.3 holds in a lattice, the lattice is distributive. In a lattice, 
Postulates 4.3 and 4.3* are equivalent, by Lemma 4.23. 


6.10 THEorEM. A lattice is distributive if, and only if, actbc=[a+b]c 
({a+c][b+c]=ab+c). 

Actually, ac+bc ¢ [a+6]|c is sufficient to imply that a lattice be distribu- 
tive, for ac+bce ¢ [a+b |c in any lattice. 

A complete lattice in which Postulate 4.6 (4.6*) holds is called a lattice 
with completely distributive products (sums). The situation in the complete 
case is not analogous to that in the finite case, for Postulate 4.6 does not imply 
Postulate 4.6* in a complete lattice. If both Postulates 4.6 and 4.6* hold, 
the lattice is said to be completely distributive. 


6.11 THEoreM. A lattice has completely distributive products (sums) if, 
and only if, [[ [a:+6]=[]Ja:+6 ([D0a:]b=>0a,0). 

Some properties of subsystems and homomorphisms in multiplicative sys- 
tems and lattices are now considered. 


6.12 THEorEm. If K is a multiplicative system and K is a subset of K be- 
longing to one of the types considered in 5.10-5.16, then K is a subsystem of K 
with respect to multiplication, addition, modular addition, and distributive addi- 
tion. 

Proof: By 5.10—5.16, 6.5, and 6.8. 

6.13 CoroLiary. K is a multiplicative system and if K is complete, so is K. 


6.14 Coro.iary. If K is a lattice, modular lattice, distributive lattice, com- 
plete lattice, or lattice with completely distributive sums (products), then so is K. 


A subsystem with respect to multiplication of a multiplicative system will 
be called a multiplicative subsystem. Similarly, a subsystem with respect to 
addition and multiplication of a lattice will be called a sublattice. 


6.15 THEorEM. If K is a multiplicative system and b is an element of K, 
then the correspondence x—>bx, carrying K into the multiplicative subsystem K 


{ Compare Ore (18), p. 416 et seq. 
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of elements ycb, is a homomorphism with respect to multiplication and dis- 
tributive addition. The sum >_a; is preserved if, and only if, [>-a;]b => a,b. 


Proof: a¢c implies ab ¢cb. ac—acbh=abcb. }-a;—> [ai |b => a,b if, and 
only if, [}°a;]b=>¢a,b. If }oa; is distributive, then [}°a;]b=)°a:b and Dab 
is distributive, by 6.3 and 6.6. 


6.16 CoroLiarRy. If K is a modular lattice, then all sums a+c, where cc b, 
are preserved as modular sums. 


6.17 THeorem. If K is a modular lattice, X the sublattice of all elements x; 
such that a cx;c a+b, and Y the sublattice of all elements y; such that ab cy; cb, 
then the correspondence x;—>bx; between X and Y is the inverse of the corre- 
spondence y;—a+y; between Y and X. Together, these correspondences define 
an isomorphism between X and Y. 


Proof: x;—bx;-a+bx;=x; and x;¢x; implies bx;¢bx;. Similarly, 
y;>at+y,;—bl[a+y,;]=y; and y;¢ y,; implies a+y,; ¢a+y;. 

6.18 CoroLLaRy.t The correspondence x;—>bx;, or yj—a+-y;, between X 
and Y preserves all types of sums and products defined relative to K. 


Proof: An isomorphism preserves all operations. Hence, relative to X and 
Y, all types of sums and products are preserved. However, X and Y are sub- 
systems of K with respect to these operations by 5.16 and 6.14. 


7. Complements. We are now ready to continue the classification of or- 
dered sets with respect to the existence of complements. We consider the 
following postulates. 

7.1 Posrutate. If ais in K, then a’ (a*) is in K. 

7.2 PostuLaTEe. A dual automorphism exists in K. 

7.3 PostuLate. The correspondence aa’ (ae—a*) is a dual automor- 
phism. 


7.4 Lemma. Postulate 7.1 (7.1*) implies Postulates 4.4 and 4.4*. 


Proof: The existence of a product complement demands a 0. The product 
complement of 0 is I. 


7.5 THeoreM. If K belongs to any of the classifications satisfying Postu- 
lates 4.4 and 4.4* considered in §4, then an example of the same classification 
in §4 can be found in which Postulate 7.1 (7.1*) holds. 


Proof: Consider Example [4.7, K ]. 


t This is a generalization of Ore (18), p. 418, Theorem 2, as it shows that infinite, as well as finite, 
sums and products are preserved. 
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7.6 Lemma. Postulates 4.4, 4.5*, and 4.6* (4.4*, 4.5, and 4.6) imply Postu- 
late 7.1 (7.1*). 

Proof: 0 exists by 4.4, hence, the set B of all elements 0; such that 
ab;=0, for any fixed a in K, is not void. By 4.5*, >-b; exists and, by 4.6*, 
a(>_b;) =>_ab;=0. Therefore, }°b; is the product complement of a. 

7.7 Example. K consists of the finite, or void, subsets of the positive in- 
tegers with the relation a cb if every integer in a is an integer in b. 


7.8 THEOREM. Postulate 7.1 (7.1*) is implied by no combination of the 
postulates of §1 and §4 except by Postulates 4.4, 4.5*, and 4.6* (4.4*, 4.5, and 
4.6) jointly and combinations implying these postulates. 


Proof: Consider Example 4.11*. Postulates 4.4, 4.5, and 7.1 are not satis- 
fied. Consider Example 7.7. Postulates 4.4*, 4.5*, 7.1, and 7.1* are not satis- 
fied. Consider Example [7.7, 4.11*]. Postulates 4.5, 4.5*, and 7.1 are not 
satisfied. Consider Example [7.7, 4.7]. Postulates 4.6* and 7.1 are not satis- 
fied. In each case the remaining postulates of §1 and §4 are satisfied. 


7.9 Lemma. If the corresponding a—4 is a dual automorphism and )-a; 
([]a;) exists, then [[a; (>-4;) exists and [>°a;] =] Ja; ({[]a:] =>24,). 

Proof: a;¢) a;, hence [}-a;] ¢d;. If yed; for every a; in )oa;, then x 
is uniquely determined so that x+y, or y=4, and a;¢x. Therefore, }oa;¢x 


and y=<e [>-a;]. 

7.10 THEoreM. If Postulate 7.2 holds, then the dual of any other postulate 
which holds is also satisfied. 

Proof: Apply 7.9. 

7.11 THEorEM. Except for duals, no new postulates are implied by com- 
bining Postulate 7.2 with a given set of the remaining postulates. 

Proof: Consider any subset of the postulates, excluding 7.2 and 7.3, and 
adjoin the duals. Next adjoin all postulates implied by these. The dual of 
each such postulate will be such a one and thus adjoined at the same time. 
By the methods of §4 and this section an example, K, can be constructed in 
which just these postulates hold. The Example [K, K*] also has these prop- 
erties and in addition satisfies 7.2. 

7.12 THEeoreM. Postulate 7.2 is implied by no combination of the remaining 
postulates except Postulate 7.3. 

Proof: Consider Example [4.7, 4.7, 4.8, 4.7]. All the postulates except 7.2 
and 7.3 are satisfied. 

7.13 THEeoreM. Postulate 7.3 (7.3*) implies [a’|'=a ({a*]* =a). 
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Proof: Since a’a=0, ac [a’]’. Similarly, a’ ¢ [(a’)’|’, and by the dual 
automorphism, [a’ |’ ca. Therefore, [a’ |’ =a. 

7.14 THEeorem. Postulates 7.3 (7.3*) and 1.1 imply Postulate 1.2. 

Proof: a¢ [a’]’ and [a’ |’ ca imply aca. 

7.15 Lemma. Postulate 7.3 (7.3*) implies Postulates 7.1, 7.1*, 4.4, 4.4*, 
7.2, and 7.3*. 

7.16 THeorem. If Postulates 7.1 (7.1*), 1.1 and 1.2 are satisfied and 
dai([]a;) exists, then [a! (d0a,*) exists and [Ja} = [)oa;]'(Qoa;* = [[] a: ]*). 

Proof: Since [}-a;]’ exists by hypothesis, the existence of [[a/ follows 
from the equality. For every a;, a;[>.a;]’ ¢>+a;[>-a;]’=0 and [-a;]’ca!. 
If, for every a;, x ca/, then xa;=0, a,¢x’, Doa;ex’, andxc [D-a;]’. 

When aa’ (a<—a*) is a dual automorphism 7.16 is a special case 
of 7.9. 

7.17 Turorem. If Postulates 7.3 (7.3*) and 1.1 are satisfied, then a’ =a*. 

Proof: If a¢x and a’ cx, then x’ ca’, x’ ¢ [a’]’, x’ ca’ [a’ |’ =0, and «=I. 
Therefore, a+a’=TI. On the other hand, if a+y=I, then, by 7.16, a’y’=0 
and y’ ¢ [a’|’. Therefore, a’ cy. 

7.18 Corottary. If Postulates 7.3 (7.3*) and 1.1 are satisfied, then a’ is 
the unique complement of a with respect to I and 0. 


7.19 THEeorEeM. Postulates 7.3 (7.3*) and 1.1 imply Postulate 4.6* (4.6). 


Proof: If >\a; exists and } is any element such that bc )-a;, then let B 
consist of all elements b; such that b,c¢band 5b, ca; for some a;, and let X 
consist of all elements x; such that b, ¢ x; for every b; in B. If we show that 
b cx; for every x; in X, then b=)°b, and the theorem is proved. It remains 
to prove that bc x; for every x; in X. Let x be any element of X and y any 
element such that y¢d and ycx’. Then ya;=0 for every a;, since z ¢ y and 
z¢a;imply zin B,z¢x,z¢x’, andz=0. Hence yca/ and yc] [a/ =[}oa;]’. 
But ycbc)_a;. Therefore, y=0, bx’ =0, and b ex. Since this holds for any 
x in X, there can be no x for which it fails, and it must be true for every x 
in X. 

7.20 Coroiiary. Postulates 7.3 (7.3*) and 1.1 imply Postulates 4.2, 4.2*, 
4.3, 4.3*, and 4.6 (4.6*). 

7.21 Lemma. If Postulates 7.3 (7.3*) and 1.1 are satisfied, then either 
Postulate 4.5 or 4.5* implies the other and 4.1 and 4.1*, and either 4.1 or 4.1* 
im plies the other. 

7.22 THEeoREM. None of the Postulates 4.1, 4.1*, 4.5, and 4.5* are implied 
by Postulates 7.3 (7.3*) and 1.1. 
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Proof: Consider the following set, K, consisting of units, 0 and I and four 
elements a;,i=1, 2, 3, 4, and their product complements a; where a/ ¢ a; for 
i~j. a,a; and aj +a}, for i¥7, do not exist, therefore none of the Postulates 
4.1, 4.1*, 4.5, and 4.5* hold. However, Postulates 7.3 and 1.1 are satisfied. 


7.23 THEoREM. Postulates 4.5 and 4.5* are not implied by Postulates 7.3 
(7.3*), 1.1, 4.1, and 4.1*. 


Proof: Consider the set, K, of finite collections of intervals with rational 
end points in the closed interval [0, 1], where acd if every point of a is a 
point of 6. [0, r;] and [r;, 1], where R consists of all rational numbers less 
than (1/2)!/?, do not exist. Hence Postulates 4.5 and 4.5* are not satisfied. 
Postulates 7.3, 1.1, 4.1, and 4.1* are fulfilled. 


7.24 THEOREM. No subset of the postulates of §1, §4, and the remaining 
postulates of §7 imply Postulate 7.3 (7.3*). 


Proof: Consider Example [4.7, 4.7, 4.7]. 
7.25 THEOREM. All the postulates of §1, §4, and §7 are consistent. 
Proof: Consider Example [4.7, 4.8, 4.7]. 


7.26 THEorEM. If Postulates 7.1 (7.1*) and 1.1 are satisfied and [a’]’ ca 
(a ¢ [a* ]*), then Postulate 7.3 (7.3*) is satisfied. 


Proof: Apply 3.18 and 3.19. 


7.27 Tueorem. If Postulates 7.3 (7.3*) and 1.1 are satisfied, then ac b if, 
and only if, ab’ =0 (a*+6=1). 


Proof: If a¢b, then a=ab and ab’=abb’=a0=0. If ab’=0, then 
ac(b’)’=b. 

Sum complements and product complements are unique. We now con- 
sider the necessary and sufficient conditions that complements be unique. 


7.28 THEoreM. If K is a distributive lattice and b and b are complements of 
a with respect to c and d, then b=6. 

Proof: By hypothesis, a+b=c=a+6 and ab=d=ab. Hence, b=b(a+d) 
=b(a+5b) =ba+bb =ab+bb =(a+b)b=(a+5)b=5. 

7.29 THeoremM. If K is a lattice, but not distributive, then K contains a 
set of elements a, b, b, c, and d, such that b and b are complements of a with re- 
spect to c and d, but b¥b. 

Proof: If K is modular, it contains a subset of the form [4.7, 4.9, 4.7]. 
If K is not modular, it contains a subset of the form [4.7, 4.10, 4.7]. 


+ Birkhoff (4), p. 617, Theorem 4 and Corollary. 





436 H. M. MACNEILLE [November 


7.30 THEorEM. In any distributive lattice, with units, if a has a complement 
b with respect to I and 0, then b is the product (sum) complement of a. 


Proof: ab=0. If 6 is not the product complement of a, then c exists in K 
such that ac=0 but c¢b. This implies that c+4+b and that c+d is also a 
complement of a, contrary to Theorem 7.28. 


7.31 THEorem. If, for every element a; of a subset, A, of an ordered set, K, 
the product (sum) complement a} (a*) exists, >a; and [Ja/ ([]a: and )\a*) 
exist, and >-a; ([Ja;) is distributive, then [[a! (>\a*) is the product (sum) 
complement of >.a; ([]a:). 

Proof: [>°a;|[]a/ =>> [a] [a/ | =0. If [oa;]x=0, then aix=0, x ca! for 
every a/,andxc]Ja/. 

7.32 THEOREM. If K is an ordered set and A is a subset of K such that each 
element a; in A has a complement b; with respect to c and d and [[a; and “db; 
(><a; and [[b;) exist and are distributive, then [[a; and >-b; ().a; and] [b,) are 
complementary with respect to c and d. 


Proof: By hypothesis, a;+);=c and a;b;=d. Hence, a;¢c, b;¢c, and 
T]a:+>50; ¢c. On the other hand, []a;+>°d;=[](a:+>60,) >] ] (ai +d,) =c. 
Therefore, [[a;+}_b;=c. Similarly, [Ta; (>0d,) =d. 

8. Boolean algebras. Systems satisfying Postulates 1.1, 4.1, and 7.3 are 
considered next. These Postulates imply all the postulates considered in §1, 
§4, and §7, except Postulates 4.5 and 4.5*. Hence, such a system is a distribu- 
tive structure with units and, by Theorem 7.18, complements. The postu- 
lates for a Boolean algebra of Huntington, Stone, and Tarski can be readily 
verified in such a system. Moreover, Postulates 1.1, 4.1, and 7.3 are well 
known properties of a Boolean algebra. Therefore Theorem 8.1 follows. 


8.1 THeoremM. For a set, K, to be a Boolean algebra, it is necessary and suffi- 
cient that Postulates 1.1, 4.1, and 7.3 be satisfied. 


It follows from Theorem 7.23 that Postulate 4.5 does not necessarily hold 
in a Boolean algebra. If Postulate 4.5 does hold, the Boolean algebra is said 
to be complete. Since Postulate 4.5 implies Postulate 4.1, it is no longer neces- 
sary to affirm Postulate 4.1 and Theorem 8.2 follows. 


8.2 THEorem. For a set, K, to be a complete Boolean algebra, it is necessary 
and sufficient that Postulates 1.1, 4.5, and 7.3 be satisfied. 


It is interesting to note that Postulates 4.6 and 4.6* are always satisfied 
in a Boolean algebra, hence, it is not possible to classify Boolean algebras 
according to the extent to which the distributive property holds, as was done 


+ Huntington (12 and 13), Stone (23), and Tarski (25). 
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in the case of lattices. Stonet considers generalized Boolean algebras which 
are ordered sets with a unit 0 and such that for every } in the set, the sub- 
system of elements, x, such that x cb is a Boolean algebra. 

9. Extensions of ordered sets. The object of an extension is to complete 
or close a given ordered set with respect to specified operations. Whenever 
this can be done in some uniquely defined manner it becomes unnecessary 
to postulate closure under these operations as closure may be obtained by an 
extension. To secure the uniqueness of an extension, we require that it be 
minimal in a sense made precise by Definition 9.4. Furthermore, it is impor- 
tant that a minimal extension be determined by the given ordered set and 
the operations under which it is to be closed and not depend upon the particu- 
lar method of extension employed. By achieving this latter goal, we are able 
to make an extension by any sequence of steps we desire without affecting 
the uniqueness of the result. Naturally, an extension must preserve in the 
given set the operations under which it is to be closed. With these points in 
mind, we are lead to the following definitions and theorems. 


9.1 Derrnition. If K and ZL; are ordered sets and ® is a set of univocal 
operations defined by an ordering relation, then L; is an extension to ® of K 
provided that: 

a. L; is closed under ®; 

b. LZ; contains a subsystem, K;, relative to ® such that K and K; are 
isomorphic. 

We now seek an ordering relation for the set of extensions, L;, to ® of a 
given set, K. It is with respect to this ordering relation that we require an 
extension to be minimal. Let L; and L; be extensions to ® of K. 


9.2 DerriniTion. L; ¢ L; if a correspondence exists such that: 

a. L; is isomorphic to a subset of L;; 

b. K;is isomorphic toK;. 

We remark that the image of L; in L; need not be a subsystem relative 
to ® of L; for the relation of Definition 9.2 to hold. In fact, Definition 9.2 
and also Theorem 9.3 will hold equally well if L; and Z; are not required to 
be extensions to ® of K, but merely closed under ® and containing a subset 
isomorphic to K. 

9.3 THEOREM. The relation ¢ of Definition 9.2 orders the set of extensions 
to B of K. 

9.4 DEFINITION. Ly is a minimal extension to ® of K if Lo is a zero of the 
ordered set of extensions to ® of K. 


+ Stone (23 and 24). 
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If Lo and Ly are both zeros of the set of extensions to @ of K, then they 
are equal. But the equality in this case means only that each is isomorphic 
to a subset of the other under certain restrictions. We desire a stricter equal- 
ity, namely, that Ly and Lo be isomorphic. This result is established by con- 
sidering required elements. 


9.5 DeFINniTIon. An element of L;, an extension to ® of K, is required by 
® and K if it can be represented by a finite succession of operations of ® on 
subsets of K;. 


From the definition it is clear that the set of elements required by ® and K 
depends only upon @ and K and not upon the particular extension, L;, under 
consideration. Furthermore, each LZ; contains the set of elements required 
by ® and K. The representation of required elements in terms of ® and K 
and the ordering relation of K impose certain restrictions on their ordering. 
Such restrictions we call required relations and define precisely in Definition 
9.6. 


9.6 DerrniTion. The relation of a to b, elements of an extension to ® 
of K and required by ® and K, is required if either a cb or a ¢ b is implied by 
their representation in terms of ® and K. 


If the relation of a.to b is not required we say that it is optional. It is a 
characteristic property of minimal extensions that whenever the relation of 
a to b is optional then acb. At the other extreme, we have free extensions 
which are characterized by the property that if the relation of a to } is op- 
tional then a ¢ b. For examples of required elements and relations let addition 
and multiplication be in ® and let a, b, and ¢ be unrelated elements of K, 
then a+b and ad are required elements and ab ca+b and a+0¢ abd are re- 
quired relations. The relation of ab to ac is optional. 

In each case which we consider we are able to find an extension in which 
all the elements and relations are required. In fact, we are able to find a 
unique representation for each element of each extension such that all the 
relations are required by the unique representations and the given set. We call 
such an extension a canonical extension. 


9.7 Derinition. An extension, L, to ® of K is canonical if it consists 
entirely of required elements and a unique representation can be assigned 
to each of its formally different elements such that all the relations of L are 
required by this representation and K. 


It should be noted that the representation need be unique only for ele- 
ments which differ in form. It may well be that some of the required relations 
will introduce additional equalities. 
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9.8 THEorEM. If L is a canonical extension to ® of K, then L is a minimal 
extension to ® of K. 


Proof: Let L; be any extension to ® of K. Then L; contains all elements 
required by ® and K. In particular, L; contains elements with the representa- 
tions assigned to elements of L. To each element of L let correspond the ele- 
ment of L; with the same representation. Since all the relations of LZ are re- 
quired, this 1-1 correspondence between L and a subset of L; is an isomor- 
phism. Furthermore, under this correspondence, the subsets of Z and L; 
which correspond to K are isomorphic. Hence, Z is a minimal extension to 
@ of K. 

The proof of Theorem 9.8 goes through equally well if we do not demand 
that L; be an extension to ® of K, but merely that L; be closed under ® and 
contain a subset isomorphic to K. Since the ordering relation for extensions 
applies to this type of set too, we can assert that L is minimal with respect 
to all sets closed under ® and containing a subset isomorphic with K. 


9.9 Lemma. Jf L is a canonical extension to ® of K, then any isomorphism 
which carries L into L’, a subset of itself, so that the image of K corresponds 
to itself, element for element, carries each element of L into itself and L’ is the 
entire set L. 


Proof: Since the image of K is preserved, element for element, and since 
all the relations of Z are required by the unique representations and K, each 
element of Z must correspond to itself. 


9.10 THEorem. If L is a canonical extension to ® of K and Lo is a minimal 
extension to ® of K, then L and Ly are isomor phic. 


Proof: Since L» is a minimal extension to ® of K, it is isomorphic to a sub- 
set of L,and the images of K in L and Ly are also isomorphic under this corre- 
spondence. Using this isomorphism between the images of K, an isomorphism 
can be constructed between L and a subset of Ly by letting each element of L 
correspond to the element of Ly) with the same representation. Applying this 
isomorphism from L to a subset of Ly and carrying this subset back into L 
by the isomorphism from Ly to a subset of L, we have an isomorphism be- 
tween L and a subset of L which preserves the image of K, element for ele- 
ment. By Lemma 9.9, this subset of Z must be the set L, itself. Thus every 
element of L is the image of some element of Zo under the isomorphism from 
Ly to a subset of LZ and the subset of L in question is the entire set L. Hence, 
L and Ly are isomorphic. 

The independence of a canonical extension from the particular steps by 
which it is constructed is established by repeated applications of the following 
theorem. 
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9.11 THEoreM. Jf L; is a canonical extension to ®; of K; Li;, a canonical 
extension to ®; of L; where ®; is a subset of ®;; and K is a subsystem relative 
to ®; of L;: then L;; is a canonical extension to ®; of K. 


9.12 THEeorem. If K is closed under ®, then K is a canonical extension to ® 
of itself. 


In particular, it follows from either Theorem 9.11 or 9.12 that the iterated 
application of a canonical extension yields nothing new. Thus a canonical ex- 
tension has all the properties which we require. 

It is not in general true that a canonical extension exists for arbitrary ® 
and K. For instance, a lattice, K, which is not distributive cannot be extended 
to a distributive lattice, L, preserving both addition and multiplication, for 
some a(b+c)#ab+ac exists in K, while the preservation, in L, of this in- 
equality denies the distributive law. On the other hand, if only the distribu- 
tive sums and distributive products of K are preserved in L, then the exten- 
sion is not uniquely defined. We find, however, that the problem has a unique 
solution if all products, but only distributive sums, are preserved. Further- 
more, the form of an extension may require that the given set be closed under 
certain operations and it is natural to require that the extension be closed 
under these operations, too. Hence, for an extension, we are given two suit- 
ably chosen sets of operations, © and ®, of which 0 is a subset of ®, and an 
arbitrary ordered set, K, closed under 0. We are to construct a set, L, which 
is a canonical extension to # of K. 

Theorem 9.11 gives us the conditions under which canonical extensions 
may be combined. We now seek the conditions under which canonical exten- 
sions may be split up. 


9.13 THeoreM. /[f L is a canonical extension to ® of K, where the only 
restrictions on K are that it be an ordered set closed under ©, a specified subset 
of &, and ©’, a subset of &, contains O, then the set L’ of elements of L required 
by & and K is a canonical extension to ®' of K, and K is a subsystem relative 
to ® of L’. 


Theorems 9.11 and 9.13 enable us to derive a large number of extensions 
from the few which we actually give. It is our aim to give extensions which 
may be used as a basis for all extensions possible under the operations which 
we consider, in that all such extensions may be derived from the given ones. 
We fall short of this goal in a few cases. 

An ordered set is said to be given if its elements and ordering relation are 
defined. The operations, which we consider, are determined by this informa- 
tion. We assume that this deternination can actually be carried out. In per- 
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forming a sequence of extensions it is necessary to work out the internal 
properties of each before proceeding to the next. An ordered set is said to 
be constructed when its elements and ordering relation have been defined, 
that is, it can be used as a given set for successive constructions. 

The elements of an extension, L, to ® of a given set, K, closed under 0 
are usually suitably restricted subsets of K, such that the ordering relation 
of L can be defined in terms of the known properties of the elements of L 
immediately involved. We shall characterize three types of extension by the 
methods allowed in defining these subsets. The first type, an absolute exten- 
sion, is algebraic in nature and is characterized by the fact that the elements 
required by ® and a subsystem of K relative to ® and closed under © can 
be defined as subsets within the subsystem. Such an extension has the prop- 
erty that the extension of a subsystem of K relative to ® and closed under 0 
is isomorphic with the corresponding subsystem of the extension of the entire 
set. An absolute extension does not require the calculus of classes. The second 
type, a relative extension, depends upon the calculus of classes, including the 
theory of infinite sections, but does not involve the well ordering hypothesis. 
That is, elements of Z are classes of K where the classes of K are so defined 
that the admission, or rejection, of an element to a class does not depend upon 
the disposition of elements already considered. On the other hand, the sub- 
sets of K by which the elements of L are represented involve the entire set K 
in their definition and the property of absolute extensions with respect to 
the invariance of subsystems need not hold. The third type of extension em- 
ploys the well ordering hypothesisf in the definition of subclasses of K to 
represent elements of L. 

Each successive type of extension permits greater liberty in the definition 
of classes or, to put it in another way, requires stronger assumptions as to 
the existence of classes. Each type of extension includes its predecessors. In 
order to get by with as few assumptions as possible, we give preference to an 
absolute extension. If an absolute extension is not possible, we have recourse 
to a relative extension. In no case do we require the well ordering hypothesis. 

In a canonical extension it frequently happens that equal elements of L 
can be represented by different subsets of K. If a uniquely defined member is 
selected to represent each class of equal elements in L, then the extension has 
been reduced to normal form. In other words, if the elements of an extension, 
L, have been reduced to normal form, then elements are equal only if the 
subsets of K by which they are represented are identical. A normal form is 
found for each extension which follows. In each case the normal form is neces- 


¢ Fraenkel (7) and Zermelo (27). 
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sarily relative to the entire set K, even though the extension may be absolute. 
Here again we have no recourse to the axiom of choice. 

In the light of this discussion we now list the steps which are required 
in the construction of a canonical extension. In each case we consider the 
construction as de facto evidence that such an extension is possible. We then 
take up the cases where an extension cannot be made and point out the cases 
which have not, as yet, been solved. In presenting the extensions which fol- 
low, we shall pass from step to step without comment, assuming that the 
motives behind the various steps have been made sufficiently clear in this 
section. 


9.14 Construction. A canonical extension to ® of K, where K is closed 
under a subset, 0, of ® has been constructed when the following steps have 
been completed: 

a. The elements of L have been defined; 

b. The ordering relation of L has been defined; 

c. The closure of Z under ® has been established; 

d. An isomorphism has been established between K and a subset of L 
such that the image of K is a subsystem of L relative to ®; 

e. All operations not in @ relative to which the image of K is a subsystem 
of L have been found; (Strictly speaking, this information is not needed for 
the construction of a canonical extension, but it is needed in applying 9.11.) 

f. A unique representation, required by ® and K has been assigned to 
each element of L; 

g. All the relations of ZL have been shown to be required by K and the 
unique representations of the elements of L; 

h. The possibility of adjoining new operations to both 0 and ® has been 
investigated; (Strictly speaking, this is not necessary except to show the full 
power of the method of extension under consideration. Theorem 9.13 shows 
merely the possibility of adjoining operations of ® to 0.) 

i. If the extension is relative, the impossibility of an absolute extension 
has been shown; 

j. A normal form has been found for the elements of L. 


10. The adjunction of units. It has been shown in §4 that Postulates 1.1 
and 1.2 for an ordered set do not imply Postulates 4.4 and 4.4* for units. 
The adjunction of units may be done directly and presents no difficulty. 
However, we make a precise statement of the construction in order to avoid 
ambiguity in the sections which follow. We are given an ordered set, K, 
closed under specified operations, but not satisfying Postulate 4.4. An ex- 
tension, L, satisfying Postulate +.4 is constructed as follows. 
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10.1 Derrnit1on. The elements of LZ are the elements of K and an ele- 
ment 0. 


10.2 DeFrIniTIOn. acb in Lif a and b are in K andacbdin K andOca 
in L for every element, a, in L. 


10.3 THEOREM. L is an ordered set, closed under the operations for which 
the closure of K is specified, and satisfies Postulate 4.4. 


10.4 THEorem. [f every element of K corresponds to itself in L, then all the 
operations of §3 which can be performed in K are preserved in L. 


10.5 THEOREM. Every set, closed under the operations for which the closure 
of K is specified, which satisfies Postulate 4.4 and has a subset isomor phic with K 
has a subset of isomorphic with L. 


It is clear that if K is a multiplicative system, a lattice, or a modular or 
distributive lattice, then so is L. If K does not satisfy Postulate 4.4*, then a 
unit I can be adjoined in an entirely analogous manner. 

11. Imbedding an ordered set in a complete lattice. Given an arbitrary 
ordered set, K, with units, we construct a canonical extension, L, of K toa 
complete lattice. The assumption that K have units involves no loss of gen- 
erality, for units can be adjoined to any ordered set by the method of §10. 
The extension to a complete lattice is accomplished by means of a generaliza- 
tion of the cuts used by Dedekind} to define irrational numbers. This method 
has the advantage of preserving in form the essential dualism between sums 
and products. A cut can be interpreted either as a sum or as a product. This 
extension is necessarily relative. 


11.1 Dermition. A cut [A, B], of K consists of two sets, A and B, of 
elements, a; and b;, of K which satisfy the following conditions: 

a. a;¢b; for every a; in A and every ); in B, 

b. a; ¢x for every a; in A implies x in B, 

c. y¢b; for every b; in B implies y in A. 

The unit 0 of K is always in the initial set, A, of a cut and the unit I is 
always in the final set, B, of a cut. By assuming that K has units we have 
eliminated the possibility that either of the sets of a cut be void. Further- 
more, if the two sets of a cut have elements in common, the common elements 
are equal. 


11.2 Dertniti0n. The section, | A;|, of an aggregate of sets, A;, is the set 
of elements common to every Aj. 


11.3 Lemma. If [A,, B;] is any set of cuts in K, A is |A;| (Bis | B;|), and 
+ Dedekind (5). 
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B (A) is the set of all elements by (a;) such that a; ¢ b, for every a; in A (b, in B), 
then |A, B| is a cut. 

Proof: [A, B| satisfies 11.1a and 11.1b by definition of B. Since [A;, B;] 
is a cut and A is a subset of Aj, a; ¢ b,;, for every a; in A and every b;, in B;. 
Therefore, B; is a subset of B. Hence, y ¢ d; for every in B implies y ¢ };, 
for every };, in B; and, since [A;, B;] is a cut, y is in A;. This holds for every 
A;. Therefore, y isin A and [A, B] satisfies 11.1c. 

We are now ready to construct the complete lattice extension, L, of the 
given ordered set, K, with units. 


11.4 Derrtnition. The elements of Z are the cuts in K. 


11.5 Derinition. [A, B] ¢ [C, D] if every element of A is an element 
of C. 

11.6 Tueorem. [A, B] ¢[C, D] if, and only if, every element of D is an 
element of B. 

Proof: Since D is a subset of B and [A, B] isa cut, a; ¢d; for every a; in A 
and every d; in D. Hence, since [C, D] is a cut, A is a subset of C. On the 
other hand, if D is not a subset of B, then a; ¢d; for some a; and d;,and A is 
not a subset of C. 

11.7 THeorem. L is a complete lattice. 

Proof: [A, B]¢ [C, D] and [C, D] ¢ [E, F] imply [A, B] ¢ [E, F], for if 
A is a subset of C and C, of E, then A is a subset of E. [A, B] ¢ [A, B], for 
every element of A is an element of A. Given any set of cuts [A,;, B;] and, if 
[A, B] is the cut defined in 11.3, then [A, B] =]][A;, B;]. For, since every 
element of A is an element of A; for every Aj, [A, B] ¢ [A;, B;] for every 
[A;, B;] and, since any subset of every A; is a subset of A, [X, Y] ¢ [Ai, B;] 
for every [A;, B;] implies [X, Y] ¢ [A, B]. Similarly, if [A, B] is the cut de- 
fined in 11.3*, then [A, B] =>>[A,, Bi]. 

11.8 Lemma. Jf a is any element of K, A consists of all elements a;¢a, 
and A consists of all elemenis a ¢ G;, then [A, A] is a cut. 

11.9 THEorEM. The correspondence a-—>[A,A], where [A, A] is defined 
as in 11.8, establishes an isomorphism between K and a subset of L which pre- 
serves the relation ¢, units, sums, and products. 

Proof: [A, A] ¢[B, B] if, and only if, acd. For a;¢acb implies a;¢b 
and a; in B, for every a; in A. Conversely, if every a; in A is in B; then, in 
particular, a is in A; hence, in B; and acd. 0—>[0, K] and I->[K, I], pre- 
serving units. [B, B] =] [A;, 4;] if, and only if, b=] ]a;. For b=] ]a; implies 
bca; and [B, Bl c [A;, A;|. If ix, Y] c [A;, Ai], then Xj; Odi, x; cb, and x; 
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is in B. Hence, [X, Y]¢[B, B]. Conversely, if [B, B]=[][A;, 4;], then 
bca; and x¢a; implies [X, X]¢[Ai, A;], [X, X] ¢[B, B], and xed. An 
analogous proof holds for sums. 

11.10 Lemma. [A, B]=]][B;:, B;] ([A, B]=>C[A, A; ]) and [][B;, B;] 
(>° [Ai, A; ]) is distributive. 


11.11 THrorem. The correspondence ac—|[A, A | preserves modular and dis- 
tributive sums and products, complements, and sum and product complements. 


Proof: [B, B] =] [[A;, A;] is distributive if, and only if, b =] [a; is distrib- 
utive. For, if [B, B] ¢ [X, Y], then [B, B] ¢ [Y;, Y;] and 6c y;. Therefore, 
since [[a; is distributive, y;=[]z,;, where, for each z;,, a; exists such that 
a;¢2;,. But, since [X, Y]=]][Y;, ¥;], [X, Y] =] TI [Z, Z;.] and, for each 
(Zin, Zs], [Ai, As] exists such that [A;, Ai] ¢ [Zjx, Z;,]. Therefore, [][A;, A:] 
is distributive. Conversely, if [B, B]=]][A;, A;] is distributive and b ex, 
then [B, B] ¢ [X, X] and x can be distributed since [X, X] can. An analo- 
gous proof holds for distributive sums. By a similar proof it can be shown that 
[A, A][B, B] is modular with respect to [A, A] if, and only if, ab is modular 
with respect to a. In this case we have [A, A][B, B]¢[X, Y]e¢[A, 4]. 
Hence, by deleting from [[Y;, Y;] all factors such that [A, A] ¢ [Y;, Y;], 
the proof goes through as before. An analogous proof holds for modular sums. 
Complements are preserved, since sums, products, and units are. Let 
a+—[A, A] and a’>[A’, A’]. Then [A’, A’] is the product complement of 
[A, A] if, and only if, a’ is the product complement of a. If a’ is the product 
complement of a, then aa’=0 and [A, A][A’, A’]=[0, K]. Furthermore, 
if [A, A][X, V]=[0, K] then [A, A][Xi, X:]=[0, K], ax;=0, x; ¢ a’, and 
[X;, X:]¢[A’, A’]. Since [X, Y]=)°[Xi, X;] by 11.8*, [X, V] ¢ [A’, 4’] 
follows. Hence, [A’, A’] is the product complement of [A, A]. Con- 
versely, if [A’, A’] is the product complement of [A, A] and ax=0, then 
[A, A][X, X¥]=[0, K], [X, X¥]¢[A’, A’], xa’, and a’ is the product com- 
plement of a. 

From Lemma 11.10 we see that any cut [A, B] can be represented in 
terms of ® and K either as []0; or >-a;. We choose >-a; as the unique repre- 
sentation of [A, B]. 


11.12 THEorEemM. All the relations of L are required by K and the representa- 
tion >_a; of [A, B]. 

Proof: If [A, B]¢[C, D], then A is a subset of C and }\a;¢) c;. If 
>a; ¢ oc;, then d, in D implies ¢; ¢ d;, }oc; ¢ dx, )oa; ¢ d;, and a; ¢ d,. There- 
fore, d, is in B, D is a subset of B, and [A, B] ¢ [C, D]. 

Since K is an arbitrary ordered set with units, modular and distributive 
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lattices are eligible for extension by cuts. The question as to whether the ex- 
tension by cuts of a modular or distributive lattice is itself a modular or dis- 
tributive lattice has not yet been answered. The corresponding question for 
Boolean algebras is answered by the next theorem. 


11.13 THrorem. If K is a Boolean algebra, then the extension, L, by cuts 
of K is a complete Boolean algebra. 


Proof: Postulates 1.1 and 4.5 hold by Theorem 11.7. If [A, B] is a cut 
and A’ and B’ consist of the complements of the elements of A and B, then 
[B’, A’] is a cut, the product complement of [A, B] and [A, B]>[B’, A’] 
is a dual automorphism. 

From Theorem 9.13 we find that the canonical extension of K to a multi- 
plicative system is the subset of L consisting of the image of K and products 
of finite numbers of these elements. The canonical extension of K to a com- 
plete multiplicative system is the subset of L consisting of the image of K 
and products of any number of these elements. The subset of L consisting 
of the image of K and all sums and products of finite numbers of these ele- 
ments is the canonical extension of K to a lattice. However, since a complete 
multiplicative system with a unit I is a complete lattice, the canonical ex- 
tension of K to a complete multiplicative system is the entire set L. 


11.14 THroreM. The extension to a complete lattice of an ordered set with 
units is necessarily relative. 


Proof: Consider the set of elements a, b, c, and d satisfying 1.2 and no 
additional relations except dca and dc). In the entire set, a) =d#abc. In 
the extension of the subset a, b, and c, ab=abc. 

The elements of this extension are already in normal form. 

12. Extension of a multiplicative system to a distributive lattice. The 
next problem is the construction of a canonical extension, L, to a lattice with 
completely distributive sums of an arbitrary multiplicative system with 
units, K. To be precise, the operations © under which K is closed are units 
and finite products. The operations ® under which L is to be closed are units, 
finite products, and unrestricted distributive sums. As usual, subsets of K 
are denoted by capital letters. 


12.1 Derrinit1on. The elements of LZ are the subsets of K. 


12.2 Derinition. A cB if, for every a; in A, a;=)_;a,b;, where the sum is 
taken over every b; in B, and >_,a;b; is distributive. 
12.3 THEeoreM. The relation ¢ of Definition 12.2 orders the elements of L. 


Proof: If Ac¢B and BeC, then a;=)> a:b; for every a; in A and 
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b;=>_x6,c, for every b; in B. Substitute for each 5; in the first set of equations 
its value as a sum from the second set of equations, then use the first set of 
equations multiplied through by an element of C and distributed to eliminate 
the elements of B. That is, a;=)>,a:b; =). > ,0:bjcx =) .0:€x. Since > a,b; 
and >-,b,c, are distributive, >> ,a:bjcx, > ;>,x0:b;cx, and >> ,a;¢, are distribu- 
tive. Therefore, A ¢C. Clearly, A ¢ A. Hence, L is ordered by the relation c. 


12.4 THEeoreM. L contains units, 0 and I, namely, the elements of L con- 
sisting solely of the 0 or I of K. 


12.5 Toeorem. B=]JA; for any finite set of elements A; of L, if B is the 
set of all products with one component from each A; as factors. 


Proof: For each 5; in B there exists some a;;, in each A; such that b,.a;; =d,, 
for each b, has a factor from each A;. Therefore, b,=)_;b,a;; and >> jb,a;; 
is distributive, since }, appears as a summand. This implies Bc A, for 
every A;. If X ¢ A; for every Aj, then %m=). jmdi; and >> mai; is distribu- 
tive. Hence, xm=]]i>.jm4i; => Xm] [dij =) 4%mb, and >> i.x,b, is distribu- 
tive. This implies X ¢ B. Therefore, B=] Ai. 


12.6 THEorEM. B=)~A; for any set of elements A; of L and >A; is dis- 
tributive, if B is the set of all elements which are components of some A;. 


Proof: Since every component a;; of every A; is an element D, of B, 
@i;=>_20;;b, and >~,a;;b, is distributive, for a;; appears as a b,. This implies 
A;¢B for every A;. If A;¢ X for every A;j, then ai;=) m@ij%m ANd > mdi j%m 
is distributive for every a;; in every A;. But every }; is an a;;, hence, 
bi => mbiXm and > mb4Xm is distributive for every b, in B. This implies B ¢ X. 
Therefore, B=)_A;. X ¢>\A; implies xm =), >. mai; and that )0 >> mai; is 
distributive. It follows that am= >> ;>.j>..%mxxai; and that )0;>0j> 0 e%mXidi; 
is distributive. Hence X ¢ }>;XA;, but }>;XA,¢X in any ordered set. 
Therefore, X = }>;XA; and )-A,; is distributive. 

Since L is closed under unrestricted sums and has a unit 0, it is a com- 
plete lattice. That is, ZL is closed under unrestricted products. If K is a com- 
plete multiplicative system and the multiplicative axiom is assumed, then 
Theorem 12.5 holds for unrestricted products and we have a representation 
of all products in terms of the components of their factors. However, we 
make no use of this representation. Furthermore, by Lemma 7.6, every ele- 
ment of L has a product complement. 


12.7 THEOREM. The correspondence aA, where A is the subset of K con- 
sisting solely of the element a, is an isomorphism between K and a subset of L 
such that units, finite products, and unrestricted distributive sums are preserved. 
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Proof: a¢b implies a=ab which is trivially distributive. Hence, A ¢ B, 
where a«~A and b<—>B. Conversely, A ¢ B implies a=ab and ac bd. Units are 
preserved, as shown in 12.4, and finite products are preserved, as shown in 
12.5. Distributive sums are preserved, for, if a=) a; is distributive and aA 
and a«—A,, then a;caand A;cA. If A;¢X for every Aj, then a;=) maitm 
and >> n@i%m is distributive. Adding and applying the distributive property 
of >a:, 2=>mAXm ANd > m4%m is distributive. Therefore A ¢ X and A =)°A,. 


12.8 THEOREM. The isomorphism of Theorem 12.7 preserves unrestricted 
products and product complements. 


Proof: If a=]]a;, then aca; and AcA;. If X¢ A; for every Ai, then 
Xm =Xma; for every X» and a;. Multiplying, x,=x,a for every x, and X cA. 
Therefore, A=] ]A;. If a’ is the product complement of a and a-—>A and 
a’«>A’, then AA’ =0. By Theorem 12.5, AX =0 implies ax,,=0 for every %m 
in X. Hence, %mCa’, Xmn=%ma', and X cA’. Therefore, A’ is the product 
complement of A. 


12.9 THEorEeM. The isomorphism of Theorem 12.7 does not preserve, in gen- 
eral, sums which are not distributive or sum complements. 


Proof: Consider Example [4.7, 4.10, 4.7]. This set is a multiplicative sys- 
tem. When extended to a distributive lattice, neither a+c nor c*, of 4.10, 
are preserved. 

Complements are not necessarily preserved, since sums are not preserved, 
in general. From Theorem 12.6, it follows that each element of Z can be 
represented as the distributive sum of its components. We choose this repre- 
sentation. Thus an arbitrary element, X, of L is represented by >-x,, where 
>°x, is distributive. 


12.10 THEorEM. All the relations of L are required by K and the representa- 
tion >° xm, where >.%m is distributive, of X. 


Proof: If }>2m ¢>_y,, then, since x; ¢)_4m for every x;in X, x;¢ > y, and 
Xi =X QLVn =DonXiVn, by Theorem 6.3, and }°,.%:yn is distributive, by Theorem 
6.6. Hence, X ¢ Y. If X ¢ Y, then x;=)>,.x,=x1>,y, and 2;¢)_y,. There- 
fore, > 4m ©>_ Vn: 

Since L is closed for unrestricted products and product complements and 
the isomorphism of Theorem 12.7 preserves these operations, they may per- 
fectly well be added to the set ® of operations to which K has been extended, 
without any further changes. Since the isomorphism of Theorem 12.7 does 
not, in general, preserve non-distributive sums and sum complements, these 
operations may not be added to the set ®. 
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If the finite subsets of K are taken as the elements of L, the canonical 
extension of K to a distributive lattice is obtained. 

This is an absolute extension. 

We now seek a normal form for this extension. Although it is desirable 
that a normal form preserve the finiteness of an element which has a finite 
representation, in this case it is easy to construct examples to show that this 
is not possible without the introduction of a finite descending chain condition 
or some other type of well ordering. For example, let K be the set of proper 
subsets of the positive integers where a cb if a is a subset of b. K does not 
have a unit I. The extension, Z, has a unit I which can be represented in 
infinitely many ways as the sum of two or any finite number of elements of K, 
but, lacking any form of the axiom of choice, we are unable to choose one 
from among them. The normal form is obtained by selecting a subsystem of L 
in which the converse of the following lemma is true. 


12.11 Lemma. If A and B are in L and A is a subset of B, then ACB. 

12.12 Derinition. An element A of L is in normal form if x =) a,x and 
>-a,x distributive imply x in A. 

L denotes the subset of Z containing all the elements of Z which are in 


normal form. If an element is in L, it will be denoted with a bar as A. L, being 
a subset of L, is ordered by the ordering relation of L. 


12.13 Lemma. If A c B, then A is a subset of B. 

12.14 THEeorem. A c B if, and only if, A is a subset of B. 

12.15 CoroLtary. A=B if, and only if, A and B are identical. 

12.16 THEorem. If A is in L and C consists of all elements c, such that 
Cr=)>aic, where > a,c, is distributive, then C is in normal form and A =C. 

Proof: If x=) c.x and )oc,x is distributive, then x=) >.> :aicpx 
=>> >> .aicxx=)>,a;x and )oa:x is distributive. Hence, C is in normal 
form. C¢ A by definition of C and 12.2 and, since a, =)_,a;a, where >> ;a,a, 
is distributive, A is a subset of C and A ¢C by 12.11. Therefore, A =C. 

The elements of Z can be characterized as follows. 


12.17 Derrition. A subset, A, in K is an ideal in K, where K is any 
partially ordered set, if a; in A and x ca; imply x in A and x=)_,a;;, where 
>= ,a:; is the distributive sum of a subset A; of A, implies x in A. 


12.18 THEorem. If K is a multiplicative system with unit 0, then L is the 
set of ideals in K. 


Proof: If A is an ideal, then x=} a,x and > a,x distributive imply x in A, 
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since, for each a;, ajv ¢a;. Hence, A is in L. If A is in L, then x ¢ a; implies 
x=) a,x, where >-a;,x is distributive, and «=)_a;;, where >. ,a;; is distribu- 
tive and A; is a subset of A, implies x=) a,x and ) a,x distributive. Hence, 
A is an ideal. 

The term ideal has been used because, if A is an ideal in K, then the 
product of any element in A with any element in K, if it exists in K, is in A 
and the sum, interpreted as distributive sum, of any subset of A, if it exists 
in K, isin A. The extension of any partially ordered set K, with unit 0, to a 
lattice with completely distributive sums can be effected at once by letting L 
be the set of ideals in K and defining A ¢ B if A is a subset of B. The initial 
set of a cut is an ideal. In fact, by Theorem 5.17, the sum, not necessarily 
distributive, of any subset of the initial set of a cut, if it exists in K, is in the 
initial set of the cut. However, cuts cannot be so characterized. 

Extension by ideals is necessarily relative. 

13. Extension of a distributive lattice to a Boolean algebra. We now con- 
struct the canonical extension to a Boolean algebra of a distributive lattice 
with units. The first step is to imbed the given distributive lattice, K, in a 
multiplicative system, K’, where the product complements of the image of K 
exist and are isomorphic to K with respect to the dual relation. The second 
step is the application to K’ of the previously established extension to a dis- 
tributive lattice of a multiplicative system. The resulting distributive lattice 
is shown to be the sought for Boolean algebra. 


13.1 Derrnit10n. The elements of K’ are the ordered pairs, (a, @), where 
a and @ are arbitrary elements of K. 


13.2 DerFinition. (a, d) ¢ (b, 5) if ac ad+b and abcd. 
13.3 THEorEM. The relation ¢ of Definition 13.2 orders the elements of K’. 


Proof: (a, d) ¢ (b, 6) and (6, 5) ¢ (c, é) imply ac d+, abcd, b¢b+c, and 
becb. Hence, acd+bed+b+c, a=a(é+b+c) =adé+ab+accad+ab+c 
=G+c, and aé=ac(é+b) =adé+abée cadé+abcadé+a=a4. Therefore, 
(a, @) ¢ (c, é). (a, d) ¢ (a, a), since ac d+a and adc d. 

13.4 TuEeorem. [](a;, @;) =([[ai, >a), if []@: and >°a; exist in K and 
are distributive. 

Proof: [Ja;¢>-d;+a, and d,]Ja;¢d,¢)> a; for every a, and 4,. If 
(x, #)¢(a,, d,) for every element in [[(a;, d;), then x¢ #+a, and x4, ¢ 4. 
Multiplying or adding and distributing we get x ¢]](#+a,) =#+]]a; and 
x>_d;=> xd; ¢ &. 


13.5 Corottary. K’ is a multiplicative system. 
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In general, sums do not exist in K’, so a theorem for sums corresponding 
to Theorem 13.4 for products must necessarily be much more restricted. 
Theorem 13.6 is not the most general theorem possible, but it covers the 
cases which we require. 

13.6 THEorEM. )+(a;, &;) =(Doai, []a;) and (ai, a) is distributive if 0a; 
and || 4; exist in K and are distributive and a4; ¢ a,+4, whenever (a;, 4;) and 
(ax, &) are summands of >_ (a, a). 

Proof: Since a; ¢ >-a;+d; and aj] [é@; ¢ d; whenever (a;, d;) is a summand 
of >> (ai, ai), (a;, @)) ¢ oa, []a,). If (a;, @;) ¢ (x, #) for every summand of 
>(ai, a:), then a;e¢ad;+x and a,ted;. Hence, a;=a;4;+a;x cajajt+xea, 
taitxed+x, Yascaditx, and }oa;,¢]][[é:+x]=[]¢:+2. Similarly, 
a;xC a;A;x Cc [ax +d, |% c A,E+G;,% c ak, [d-a; jz =) oat c ax, and [doa;|z c] Jai. 
Therefore, (D-a;, [[a;) ¢(x, *) and (Dca;, []4@;) =>C(a;, a;). Furthermore, 
by Theorems 6.6 and 6.6*, >>a,b and [| [@;+4] exist and are distributive and 
a,a;Ca,+a, implies ba;[6+4a;]¢ba,+5+4,. Therefore, (b> +a:, 6+] ]a,) 
= (>>ba;, [] [6 +4; ]) => (ba;, 5+4,) and >> (a;, d;) is distributive. 

13.7 Corottary. >> (a;, d:) =(doa:, []a;) if Soa; and [][a; exist and are 
distributive and if, for every two different summands (a;, G;) and (a;, a) of 
> (a:, d;), at least one of the relations a; ¢ a, a; € dy, G; € ax, or G; € a; holds. 

13.8 Corotiary. >-(a;, @) =(a, a) and >°(a;, a) is distributive if a= doa; 
and >\a; is distributive. 

13.9 Corottary. >> (a, d;) =(a, a) and D(a, a;) is distributive if d=] a; 
and | 4; is distributive. 

13.10 CoroLtary. (a+d, @) =(a, @) =(a, ad). 

13.11 Corottary. (a, @)+(d, @) =(a+d, aa) and (a, &)+(4, a) is dis- 
tributive. In particular, if a¢ dca, then (a+d, aa) =(a, a). 

13.12 THEorEM. (0, 0) is a zero and (I, 0) is a one of K’. 

Proof: 0 c0+<a, 04 ¢0, ac d+I, and a0 <4, where (a, a) is any element of 
-, 

It follows from Corollary 13.10 that we could have restricted the ele- 
ments, (a, d@), of K’ to those ordered pairs of K elements which satisfy the 
condition @ ¢ a. We make use of this fact later in finding a normal representa- 
tion of this extension. 

13.13 THEorEeM. The correspondence a-—>(a, 0) is an isomorphism between 
K and a subset of K' which preserves units, distributive sums, and complements. 


Proof: a ¢ b implies (a, 0) ¢ (b,0) and conversely. 0 (0, 0) and I<-~(I, 0). 
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Distributive sums are preserved, by 13.8. If a and b are complementary in K 
with respect to I and 0, then ab =0 and a+0=I. Since K is a distributive lat- 
tice, ab, a+b, and 0+0 are distributive. Hence, by 13.4, (a, 0) (6, 0) = (ab, 0) 
= (0, 0), the zero of K’ and, by 13.8, (a, 0) +(0, 0) = (a+, 0) =(I, 0) the one 
of K’. 

13.14 THroreM. The correspondence a->(a, 0) preserves distributive prod- 
ucts in K as products in K’. 

Proof: If a=][a; and | Ja; is distributive, then, by 13.4, since }(0=0 is 
distributive, [] (ai, 0) =(a, 0). 

The images in K’ of distributive products in K are not, in general, dis- 
tributive. Sum and product complements in K are not, in general, preserved 
in K’. 

13.15 THrorem. (I, a) and (a, 0) are mutually complementary with respect 
lo I and 0, and each is the product complement of the other. 

Proof: (I, a)(a, 0) =(a, a) =(0, 0). By 13.11, (I, a)+(a, 0) =(I, 0). If 
(a, 0)(y, 9) =(0, 0), then ay ¢¥ implying (y, 9) ¢ (I, a), and if (I, a)(z, 2) 
= (0,0), then z ¢a+z implying (z, 2) ¢ (a, 0). 

13.16 THEoREM. The correspondence (a, 0)—(I, a) is an isomorphism be- 
ween the image of K and its product complements ordered by the dual relation. 


Proof:a¢b is necessary and sufficient for both (a, 0)¢(b, 0) and 
(I, 6) ¢ (I, a). 

Since (a, d) =(a, 0)(I, @), any element, (a, @), in K’ can be represented 
in terms of K, products, and product complements as ad’, where @’ is the 
product complement of @. We choose this as the unique representation of the 
elements of K’ in terms of K and the operations of a Boolean algebra. We 
recollect that in a Boolean algebra complements are identified with product 
complements and any element is equal to the product complement of its 
product complement. 


13.17 TuroreM. All the relations of K’ are required by K and the represen- 
tation aa’ of (a, 4). 


Proof: If ad’ ¢ bb’, then, multiplying through by 6’ and by 3, ad’b’=0 
and ad’b=0. These conditions imply a ¢ d+ and abcd, by 7.13, 7.16, and 
7.30. Hence, (a, @) ¢ (0, 5). If (a, d) ¢ (6, 5), then acad+, abcd, aa’b’ =0, 
aa’'b=0, ad’ cb, aa’ cb’, and ad’ ¢ bb’. 

We have shown that every Boolean algebra with a subset isomorphic with 
K has a subset isomorphic with K’. Since K’ is not necessarily closed with 
respect to product complements, it is not, in general, a Boolean algebra. Let 
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L be the canonical extension of K’ to a distributive lattice. Then the ele- 
ments of L can be represented as distributive sums of finite subsets of K’, 
and L satisfies Postulates 1.1 and 4.1 of the postulates for a Boolean algebra. 
Furthermore, since a Boolean algebra is a distributive lattice, every Boolean 
algebra with a subset isomorphic with K has a subset isomorphic with L. 
In particular, if Z is a Boolean algebra, then it is the sought for extension 
of K. 


13.18 THEorem. L, the canonical extension to a distributive lattice of K’, 
is a Boolean algebra. 


Proof: Postulates 1.1 and 4.1 hold in L. Since the extension from K’ to L 
preserves distributive sums and products, 13.11 and 13.15 imply that (a, 0) 
and (I, a) are mutually complementary with respect to I and 0 in L even 
though the extension from K’ to L need not, in general, preserve comple- 
ments. Since (a, @) =(a, 0)(I, @), (a, @) has a complement in L, by 7.32 re- 
membering that all finite products in L are distributive. Again applying 7.32, 
all finite sums, >>(a;, @;), have complements in L. But these sums include 
all of L. By 7.30, each of two complementary elements in L is the product 
complement of the other. Hence, each element of L has a product complement 
and, applying 3.20, 7.3 holds. Therefore, Z is a Boolean algebra. 

The extension from K to L is absolute. 

Applying Theorem 11.13, Z can be extended by cuts to a complete 


Boolean algebra. This can also be done directly by extending K’ to a lat- 
tice with completely distributive sums. Both these extensions are canonical 
and are, therefore, isomorphic. The first of these methods is a relative ex- 
tension, the second, absolute. We can now state the following general theo- 


rem. 


13.19 THEOREM. Any ordered set, K, can be extended by a canonical ex- 
tension to a complete Boolean algebra, L, so as to preserve units, finite products 
and unrestricted distributive sums. 


Theorem 13.19 is not a complete statement of the results of the extensions 
which we have considered, for further restrictions on K or fewer restrictions 
on L may make it possible to preserve in L more of the properties of K. To 
to ascertain this, it is necessary to refer to the operations preserved by each 
extension, separately. 

We now seek a normal form for the extension from a distributive lattice, 
K, to a Boolean algebra, L. That is, the elements >> (a;, d;) of L can be di- 
vided into mutually exclusive and jointly exhaustive classes of equal ele- 
ments, and we propose to select a unique representative from each of these 
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classes. Since the elements of L are finite sums of elements of K’, we may 
use the integers from 0 to m as subscripts for an element of »+1 terms. We 
first show that the subset, L, of elements >"_,(a:, d;) of L which satisfy the 
conditions a; ¢ d; ¢ a; for k <j is an extension of K to a Boolean algebra and 
must, therefore, contain elements from each class of equal elements in L. 
Elements of Z will be denoted with a minus sign, D,(ai-4). This is in 
keeping with the fact that elements of L may be considered as the symmetric 
difference of the elements of K involved. Abstractly, the elements of L} are 
the set of all finite descending sequences of K elements with an even number 
of terms. 

13.20 THEorem. If } Pa o(a;—d;) is in L, then y ag ‘(ai i—a;), where 
G_, =I and ay4,=0, is in L and >) »(4i—@;) and — is . —a,) are mutually 


complementary in L. 
n+1 


Proof: >>" np ti @ +d (Gia —a;) =(I-—0), by repeated application of 
13.11. 
n n+1 n n+l 
| y (a; — a) | px (dia — a) | = Zz = (a;4;-1, 4; + a;) = (0 — 0), 
i=0 i=0 i=0 j=0 
since a;i;-; ¢d;+<a; for all values of 7 and j. 
13.21 THrorem.- Jf : ed y(4i—4i) and » —b;) are in L, then 
ee), where ci, =>. dibs: and a r “i itaiby_,), is in L and 
ee 
[dy .(a:—@) |" (8;-5 DI =D 


Proof: Cx SC, for Gib, ¢ asby_; and Aib,—¢ © aid,_;. Cc; CC, if k<j, for 
axb;_; © ayby_; € Gid,_¢+.aib,_;. Hence >> (c,—é,) is in L. Furthermore, 


k k k 
> (aiby—i, di + bys) = ( ys ajb,-i, Il [a; + b.-)) = (cx — x), by 13.7, 


i=0 i=0 i=0 


since a,;b,_; ¢ d;+5,_; for i=7, and by 13.10, since [Se aide DL ._ les + 5.1] 
=¢,. Hence, 


n m n m m+n 
| Ft, ~ a) | | to,- 6» 2 Pega ete te. 


i=0 j=0 i=0 j=0 k=0 


We remark that if p20 »(4:—4:) is represented symbolically as the 
ordered pair of polynomials (A — A), where A =aox"+a;x""!+ - - - +a” and 
A =Gox"+a,x""'+ --- +4,, then, using the usual laws for the addition and 
multiplication of polynomials, (A —A)(B—B)=(AB—[AB+AB]). This 


+ Hausdorff (11), p. 78 defines Z in this way for the case where the elements of K are subsets of 
a set of points. 
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symbolic formula is given merely as an aid to carrying out multiplications 
in L. 

By Theorem 7.30, we know that complements and product complements 
are identified in L. Hence, since L is a subsystem of the Boolean algebra L 
and is closed under finite multiplication and product complementation, it is 
a Boolean algebra. Since a->(a—0), the image of K is in L, L is a canonical 
extension of K to a Boolean algebra, and L is isomorphic to L. It is easy to 
show directly that each element of L is equal to an element of L. For each 
element of K’ this is true by 13.10. Hence, 


¥ d;) = © (a, at) =[ Hla -«) + @a- ol], 


i=0 i=0 


where the latter expression can be reduced to the required form by 13.20 
and 13.21. We next make a direct attack on the ordering relation in L and L. 


13.22 Lema. x... 9(4i, 4i) = (0, 0) if, and only if, a,c d; fori=0, -- - , n. 

Proof: If a:¢d;, then (a;, @)=(0, 0) and DY” (ai, a) = © 0). If 
> ti (4, 4:) = (0, 0), then (a;, d;) ¢ (0, 0) and a; ¢d;. 

13.23 THEOREM. >. jno (iy Gi) > b;) if, and only if, as] [b; ¢ 4: +>_); 
for i=0, ---, mand for all combinations of the indices 7 =0, - - - , m such that 
each hie occurs either in b; or in b; but not in both, and []b;=1 if no index 
occurs on the left and >°b; =0 if no index occurs on the right. 


Proof: By 7.27, > (4, 4i) c>.” ,-0(0i, 5;) if, and only if, [or (as, a,) | 
II (1, bi) +(5;, 0)]= 0, 0). Distributing this product, 


b = (ai, a) TI II [(I, bj) + (b;, 0) | _ D (a:]] bj, a; + to bi), 
i=0 j=0 
where the sum is taken over i from 0 to m and over all combinations of 7 as 
specified in the statement of the theorem. Applying 13.22, >> (a,] [5;, d:+>_0,) 
= (0, 0) if, and only if, a] [5; ¢ d;+>°d; for the combinations of indices speci- 
fied. 
13.24 CoroLary. D(a: 4) cy (5 ~5) if, and only if, 

Dd notte CD (di ee = ib,_i) for k= "0, 1, ,m+n+1. 

13.25 CoROLLARY. D,(ai— 4) oF" (0,6) if, and only if, aibj;-1 
cda;+b; fori=0,---,nandj=0,---,m+1. 

13.26 Corotary. >. ,(ai, 4;) cy (bi, b,) if, and only if, for any two 
elements x and y of K, x ¢ y whenever x Ca;, d; ¢ y for some subscript i and either 
x cb; orb; cy for every subscript j. 
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Corollary 13.26 is in a form which extends immediately to infinite sums 
as it depends only on the-ordering of K, whereas Theorem 13.23 depends on 
sums and products in K which might not exist in the infinite case. 


= = n = - n a n _ 
13.27 Tueorem. >> ._,(a:, d;) =(a, a), where a= >). .a; and G=[J,_ ai, 
if, and only if, for any two elements x and y of K, x cy whenever xca, acy 
and either x ¢ G; or a;¢ y for each subscript i. 


If ><a; and []4; exist and are distributive, Theorem 13.27 can be general- 
ized at once to the infinite case yielding both necessary and sufficient condi- 
tions for the validity of the addition formula of Theorem 13.6. 

If we define the degree of > (ai, d: ;) as n, then the degree of [Soe (ai, &) ]’ 
is 2™+'—1, that of > (ai, d; )+D- (is b;) is m+n-+1, ‘that of 
iz... (ai, a Nx j-0(0i, b | is (m-+1)(n-+1) 1, and the number of condi- 
tions required to establish > g(4iy Gi) ey. »(0;, 5;) is Lt assuming 
no reductions are made. However, i “4 } a the degree of se —d;) |’ is only 
n+1, that of [S0" (a:—4,) I» —b,) lis oe and the — of condi- 
tions required to establish p wel —ad - c ale —b,) is m+n+2, though it 
is frequently easier, in ee te apply as eae conditions of 
Corollary 13.25. “rs now agree to make the following elementary reductions in 
the degree of )>”_,(a;—d;) whenever possible. Whenever > »(4i—4;) = (0,0), 
by Lemma 13. 22. “ will be written (0, 0). Whenever >~” ee a;) ~(0, 0), 
(a;—4,) is omitted if a;=d; as, in this case, (a;—d;) =(0, 0) and (a;—4,) 
+(di41—Gi4;) is written (a;—4;4,) if @;=ai41, applying Corollary 13.11. The 
order in which these latter two reductions are applied does not effect the 
final result which is to strengthen the relations on the a’s to a; <d;<a; for 
j<k. When these reductions have been performed, it follows that the degree 
of eal (ai — Gi +> ,(0;—5,) is not greater than m+n-+1 and that for every 
element of L an equal element can be found in ZL of equal or lower degree. 
Hence the apparent advantages of operating in L, derived from considera- 
tions of degree, are real. We remark that the elementary reductions in L are 
so called because they are the only reductions which are obtainable from the 
application of the operations and ordering relation of K upon the elements a; 
and d;. In the reduction so far we have preserved the absolute character of 
the extension, the final step is necessarily relative to the entire set, K. 

To continue with the reduction to normal form, we must assume that K 
has completely distributive products. This involves no real loss in generality, 
since any distributive lattice may be so extended by the dual of the extension 
from a multiplicative system to a lattice with completely distributive sums 
and this extension can be put in normal form. As a preliminary to finding a 
normal form we discuss the theory of minimal covers. 
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13.28 Deriition. An element, c, of K is a minimal cover of ee (4s —4i) 
in L if ya (a;—4,;) ¢ (c—O) and if : e jno(4s—4i) € (x—0) implies c cx. 


13.29 THEorEm. If c and d are minimal covers of >." snp — 4), then c=d. 


i=0 


13.30 Turorem. If D>" ,(a:—4,) is in L, then c, the minimal cover of 
D.(ai- G;), exists in K. 


Proof: Let c=|]x; where the product is taken over all elements x; in K 
such that >>” ;-9(4i—4&) € (%;—0). Since [ x; is distributive, it is preserved, by 
13.14, in K’ and hence in L and L. Therefore, }>._,(a:—d;) ¢ (c—0). Also, 
val »(4s—4;) ¢ (x—0) implies c ¢ x, for every such x is an x;. The set x; is not 
void, for I is an x;. 


13.31 THEoreEM. If c is the minimal cover of D,(ai-4), then ¢ © do. 
Proof: oe (a;—4;) ¢ (ao—0). 


13.32 THEoreEM. If c is the minimal cover of } al o(4i—4;), d the minimal 
cover of >. j-00;—5;), and D_,(ai-&) ez... (oi- B,, then ced. 


Proof: D,(ai- 4) Cc). (;—5;) c(d—0). 

13.33 Corotary. If 2) ,(ai—4) =, (b;—5,), then c=d. 

13.34 CoroLiary. c+d is the minimal cover of > _,(ai—4) +2 4(bi- b;). 
13.35 CoroLiary. f ccd, where f is the minimal cover of i... (ai —4:) J 


[X” (6,8) ]. 


Thus the correspondence (4:4) from L to K isa homomorphism 
which preserves sums but not, in general, products. 


13.36 Derinition. >) _,(cx—¢x) is the normal form of >” ,(a:—d,) 
~(0—0) if c, is the Ohm cover of } (x12; — Exad;), & is the minimal 
cover of ol (cxdi—Cxdizs), and p is the qrestest subscript for which c,+0. 
(0--0) is the normal form of zero. 


13.37 THEOREM. Dy (cee) is in L and pn. 

Proof: By 13.31, c% ¢ €,-1@, © €.-1 and &% Ccxa, Cc. Also p< for c,4;=0. 

13.38 LEMMA. If ; ,(€x15 — €xadi) = D4 (€e-1b;— exab)), then 
a (Cx — Cxig1) =>, cxb; pie 


Proof: By 13.33, c, is the minimal cover of both sides of the hypothesis. 
Also, cx ¢ 1 and c,a,=cxb,=c;. Taking complements multiplying through 
by (c,—0) on both sides, the first term on each side drops out, and the con- 
clusion remains. 
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13.39 Lema. If 20), (¢xdi—cxdixs) =o,” ,(Cubj—Cubj41), then 
Dog ngs (Ces —_ €,4;) op DPE (2) - éxb;) a 
Proof: The proof is analogous to that of 13.38. 


13.40 Turorem. If 0) ((cx—és) is the normal form of >._,(ai—4,), 
D(ds—d) is the normal form of » i j-obs—5,), and Qe (a:—di) 
me (b;—5,), then c,=dy, &,=dx, and p=q. 

Proof: The proof is by induction. Since D,(ai-&) =D -0(5i-5;), 
co=d, and the hypothesis of 13.38 is satisfied for k =0. Hence, the conclusion 
of 13.38 for k=0, which is in turn the hypothesis, for k =0, of 13.39, is ful- 
filled. In general, if for any value of k, é-1 =d,_, and the hypothesis of 13.38 
holds, then c;,=d, and the hypothesis of 13.39 holds for k. In an analogous 
manner, if for any value of k, c, =d; and the hypothesis of 13.39 holds, then 
é,=d, and the hypothesis of 13.38 holds for k+1. Since c,¥0 and ¢p41= 
d,#0 and d,,,=0. Hence, p=gq. 


13.41. Corottary. If 2) _,(c.—éx) and SO) (dex—dx) are normal forms 
of >>. wnp(4i— 4), then Cx=de, Cx=dy, and p=q. 

13.42 Lemma. Let Di -o(ci— é;) be the normal form of D,(ai—&) and de- 
fine expressions A(k) and B(k) as _— 


A(k) |= > (a; — a)| = > (é;1—¢) + > (ced; — Criss), 


j=0 


B(k) > (a; — a) = > (c;-—é) + > (xa; — Exdi). 


=0 i=k+1 
Then A(k) implies B(k) and B(k) implies A(k+1). 


Proof: By 13.36, Doe (Cedi — x41) =D (ends — ens). Substituting 
this in A(k) and taking the complement, since é.@,=¢., B(k) results. Simi- 
larly, since Dey (Eni — Ends) Sin nya (Ces —Cn414,) and Cr4iheq =Ck+1, 
A(k+1) results from substituting and taking the complement. 

13.43 THEoreM. /f pal 9(¢i—€;) is the normal form of LD, (ai- 4), then 
D? (4-4) =X" (0-4). 

Proof: Since ))”_,(ai—4;) =o _, (Codi — Cod) and Co@o = Co, by substituting 
and taking the complement A (0) is established. B(p) follows from this by in- 
duction employing 13.42. But we 41 (pi — Ep) =>. pp (Crt1di — p41) 
=(0—0), since c,,:=0. Hence, B(p) reduces to the required result. 

In each class of equal elements in L there must be at least one element of 
degree not greater than that of any other element in the class. The normal 
form of this element falls within the class by Theorem 13.43, hence cannot be 
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of lower degree than the element of least degree. However, by Theorem 13.37, 
its degree cannot be greater. Furthermore, each class of equal elements has 
but one normal form, by Theorem 13.40. Hence, we conclude that the degree 
of an element in normal form is not greater than the degree of any equal ele- 
ment. This implies that no elementary reductions can be performed on a 
normal form. 

In general, there is no upper bound for the degrees of elements in normal 
form in L. Consider Example [4.11, 4.7]. After elementary reductions have 
been made, each element is in normal form and such elements of any degree 
can be constructed. 

Since the reduction of Z to normal form also reduces K’ to normal form, 
either of the methods of extending K to a complete Boolean algebra can be 
put into normal form by using the normal forms of the component extensions 
employed. 

If the given distributive lattice, K, does not contain a unit I, then the 
extension to L, with trivial changes, yields a Boolean ring. However, the de- 
pendence of the extension upon the unit 0 is essential. 
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ON MECHANICAL QUADRATURES, IN PARTICULAR, 
WITH POSITIVE COEFFICIENTS* 


BY 
J. SHOHAT 
I. INTRODUCTION 
The present paper is an extension in various directions of a paper by 
Fejér.t 
Consider a system of orthonormal polynomials (OP) 
on(x; a, b; dp) = on(x; dy) = on(%) = an(2" — Spiz*™ + ---) 


1 
(1) = 4,%,(2); n= 0,1,2,--+ an = an(dp) > 0,4 


with the orthogonality property 
. 0, mAn; 
(2) f bm(X)bn(x)dy = bmn = { m,n=0,1,---. 


1, m=nN; 


Here and hereafter (x) denotes a bounded non-decreasing function in (a, d), 
with infinitely many points of increase, including the end-points a, b. The 
limits a and 6 may be finite or infinite, but such that all moments 


6 
(3) a= f x"dy, n=0,1,--- , withao>O 


exist. From (2) it follows that 


Qn 


, 
a2 


n=0,1,--- 


b b 
a) f m@MGaray=0,  f a(aG(aay = 


HereG_,(x) =OandG,(x) =)-,-og:«‘is a generic notation for an arbitrary poly- 
nomial of degree <s, subject, in some instances, to certain explicitly stated 
conditions. The polynomials ®,(x) = ®,(x; dy) =®,(x; a, b; dy) satisfy the re- 
currence relation 


* Presented to the Society, October 29, 1935; received by the editors January 29, 1936 and, in 
revised form, January 29, 1937. 

7 L. Fejér, Mechanische Quadraturen mit positiven Cotesschen Zahlen, Mathematische Zeitschrift, 
vol. 37 (1933), pp. 287-309. 

¢ The notations employed are those of my monograph, Théorie générale des polynomes ortho- 
gonaux de Tchebycheff (hereafter referred to as M), Mémorial des Sciences Mathématiques, fasc. 66 
(1934), to which the reader is referred for further details. 
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®, (x) = (% — Cn) Pn_i(x%) — AnPn-2(x), n=2, 
(5) (G(x) = 1, O:1(x) = x — 1), 
5 
a,7_2 
An = > 0, Ch = Se —_ \ =e 


a Ps 


The zeros of ®,(x) are known to be real and distinct; they lie in (a, b) and 
will be denoted by 


(6) Xin(dy) = Xin =X, with a< xa <ae<--- <a <d. 

Using the points (6) as abscissas in the Lagrange interpolation formula 
(LIF) for a given function f(x) which is finite at every point of [a, 5] and 
for which f f(x)dp exists,* we are led to a Gaussian formula of mechanical 
quadratures (GMQ formula) 


b n b i d 
(7) f f(x)dv = D> Hinf(%in), Hin = f n(x) dy 


i=l (% — %inlon (Xin) 





with the following properties: 
All “coefficients” H;,, are positive, namely, 





b 2 
(8.1) Hin = H;:,n(dp) -f | n(x) ez $= 1,2,---,; 


(x —_ Xin )On (i ,n) 


Formula (7) is exact for any polynomial of degree <2n—1, i.e., 


6 n 
(8.2) f(x)db = DY) Hinf(*in) + Ralf), with RnaG2-1) = 0. 
a t=1 
The property (8.1) is of importance in connection with the convergence prop- 
erties of (7), as shown by Fejér (loc. cit.) and as will be developed below. 
The question then naturally arises: does there exist, besides (6), some other 
choice of the points x;,, which yields a mechanical quadratures formula (MQF) 
with positive coefficients? Fejér’s answer is in the affirmative in the case where 
(a, b) is finite, d) =dx, and the abscissas x;,, are the zeros of the polynomial 


P(x) + APpi(x) + BP,-2(x), 


where P,,(x) is the Legendre polynomial of degree m, A and B are real con- 
stants, with B <0, provided the zeros in question are real and distinct and 
belong to the (closed) interval [a, b].+ 


* Throughout this paper integrals like SA(@)dy are understood to be taken in the sense .of 
Stieltjes. 

+ The various constants dealt with in this paper are assumed to be real, unless explicitly stated 
to the contrary. 
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The object of the present paper is to give a more general answer to the 
foregoing question. We may mention the following direct generalization of 
Fejér’s result. The polynomial &,(x)+A ®,_:(x)+B®,_2(x), where { ®,(x) } 
is any sequence of OP and the constants A, B are arbitrarily chosen, subject 
only to the limitation B <0, has all zeros real and distinct. Employing these 
zeros as abscissas, we get MQF (7), with all coefficients positive. Moreover, if 
(a, b) is finite the MQF in question converges, i.e., lim,..R,(f) =0, for any 
bounded f(x) for which f f(x)dy exists, regardless of the distribution of ab- 
scissas relative to (a, b). We obtain similar results concerning the more gen- 
eral polynomial 


n(x) = B(x) + Ar Pyle) + ++ + Agr Pn—nya(2). 


Various properties of OP are essential for our discussion. The most important 
point is to show that under sufficiently general conditions the terms in our 
MOF corresponding to abscissas outside (a, b) do not affect the convergence 
properties for polynomials. 

In connection with our main objective we make a general study of the 
zeros Of w,(x). We also link the MQ formulae under consideration with the 
theory of algebraic continued fractions, and we show that the MQ formulae 
related to OP are a powerful tool in the general study of such polynomials. 
At the outset we give some properties of the coefficients and the abscissas of 
any MOF based on LIF, extending and generalizing results due to Stekloff.t 


II. MECHANICAL QUADRATURES FORMULAE BASED ON 
LAGRANGE INTERPOLATION 


1. Construction. Let f(x) be single-valued and finite at every point of a 
certain interval (a, 6) (closed, if it is finite). Choose m distinct points 
(9) 61 <2 << +++ Sem, 
and construct the associated LIF 
s wn (x) " wn (x) 
(x) =~ Ci); 4) = + in ’ 
(10) J 2 (x — ci)on (c:) ia Aan 2 (x — Ci)wn (ci) me 


Wn(x) = (% — c1)(% — C2) +++ (%@ — ce), prn(Gr-1) = 0. 








By integration, we obtain from (10) a Lagrangian MQF (LMOQ formula) 


T W. Stekloff, Sur le probléme de représentation des fonctions a l’aide de polynomes, du calcul 
approché des intégrales définies, du développment de fonctions en séries infinies suivant les polynomes 
et de l’ interpolation, considérés au point de vue de Tchebycheff. Proceedings of the International 
Mathematical Congress, Toronto, 1924, vol. I, pp. 631-640. 
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which may be spoken of as “generated” by the polynomial w,(«).* Assuming 
the existence of f f(x)dx, we have 


b n b Wn(x d 
(11) f tow= Des, c= f ()dy 


, 
ra (x — Ci)wn’ (ci) 





b n 
a1) f (OH=.N+RM, GN = Deseo. 


In particular 
6 n 
(11.2) R,(Gr-1) = 0, so that ap -f dy = >> Ci. 
a i=1 


We call the points c; “abscissas,” the coefficients C; “coefficients” (Cotes’ 
numbers) of the MQF under consideration. 

In dealing with sequences of MQ formulae corresponding to »=N, 
N+1,---, we shall use the notations 


(9.1) Ci,ny Casas 1 = 1, 2. “se * ie 


The following remark is important. If some of the abscissas fall outside the 
closed interval [a, b],t we may assign arbitrary finite values to the corre- 
sponding f(c;,) in (11), for this evidently does not affect the value of [ « f(x)dp, 
but only that of R,(f) which, by definition, represents the difference 
S’f(x)db -O,(f). We agree, in case f(x) is not a polynomial, to let f(c;) =0, 
if c; is outside [a, b]. In other words, if f(x) is not a polynomial, the summation 
Q,(f) =>.C if (ci) is extended over only such c; as belong to [a, b|. When deal- 
ing with polynomials we keep all terms in the above summation in order not 
to destroy the important property R,(G,-1) =0. 

2. Degree of precision of LMQ formulae. If the abscissas in (11) are so 
chosen that 


(12) R,(G,) = 0, 


but for one, at least, G,4:(x), Rn(G,+1) #0, then q is called “degree of pre- 
cision” of our LMQ formulat (Stekloff, loc. cit.). Here g may have any value 
from n—1, which corresponds to a random choice of abscissas, to 2n—1 


* Pélya (Ueber die Konvergenz von Quadraturverfahren, Mathematische Zeitschrift, vol. 37 (1933), 
pp. 264-286) discusses MQF Sf (x)dx = pf (cs), where the coefficients \; are chosen according to 
a certain fixed rule, not necessarily connected with interpolation. 

t If c;Sa (or c¢¢=5), it will be assumed that a (or 5) is finite. 

t The expression “MQ formula” means here and hereafter a formula with m abscissas, where n 
is fixed, unless specified otherwise. 
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in GMOQ formula (7). 2n—1 is the highest possible degree of precision, for 
R,(G2,) =0 leads to a contradiction, namely: 


b n 
f w,2(x)dp = >> Cw2 (ci) = 0. 
a i=1 
THEOREM I. A necessary and sufficient condition that g=2n—k be the de- 
gree of precision of LMQ formula (11) is that 
6 
(13) J enlmGenladay = 0, 
which is equivalent to the statement that w,(x) admits of the following representa- 
tion 
(14) wn (x) = ®,(x) + A, ®,_1(x) + Baek + A p_-1 ®p_n41(%) , * 
where the A; are arbitrary constants. 
The first part is readily proved by integration, upon combining (4) with 
the relations 
G(x) = wn(x) 7¢-n(%) + Gri(x), Gy(ci) = Fnr-1(ci), é= 1,2,--- 
The second part is obvious. Observing that 
Gori(%) = wa(*)Gengi(%) + Gr_i(x), 
we immediately obtain the following formula: 
A i n 
Se + S Cede. 


Qn—k+1 i=1 


b 
(15) f Genera = 


THEOREM II. The polynomial 
(14) Wn(x) = &, (x) + Ar@pii(w) +--+ + Agr Pp_egi(x), 


satisfies the orthgonality relation (13), with g=2n—k, and changes sign in (a, b) 
at leastn—k-+1 times. 


The first part is evident, while the second is easily proved by an argument 
well known in the theory of OP. 

3. Signs of the coefficients; location of the abscissas. Denote by C/ the 
positive among the coefficients C; in (11) and by C/’ the remaining ones 
(negative or vanishing). Let c;’, c/’ be the corresponding abscissas, and P 
and N be the number of C/ and C/ respectively. 


THEOREM III. Jf g is the degree of precision of LMQ formula (11), then 
n=P2=[(qg+2)/2], so that OS NS [(2n—q—1)/2]. 


* By virtue of the recurrence relation (5), a polynomial of the form ,(*)-+Pi(x)@np_a(x)+ +++ 
+P,(x)Pn-»(x) (Pi(x)—polynomial of degree <i) can be written in the form (14). 
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This result is due to Stekloff (loc. cit.). It is readily established by apply- 
ing our MQF to the polynomial G,4_»/2 (x) if g is odd, or to Gy(x) if qg is 
even. These polynomials vanish at all c/. 

Further indications as to the location of the c; and more particularly, of 
the c/ and c}’, are given in the following theorems. 


THEOREM IV. Let D,(x) be a polynomial of degree n satisfying the ortho- 
gonality relation L D,(x)G,(x)dy =0. If W(x) is constant in (a, B) ¢ (a, b), then 
D,(x) may change sign in (a, B) at most n—v+6 times, where 0=0 or 1, accord- 
ing as n is odd or even. It follows that in an LMQ formula, with degree of pre- 
cision q, at most 2n—q+6@ abscissas may lie inside an interval of constancy of 
y(x), where 0=0 or 1, according as 2n—q is odd or even. 


If (a, 8) contains more than »—v+8@ points where D,(x) changes sign, 
take any u=n—v+0-+1 of these, say Bj41, Bj+2,--- , Bjiy. We have, by hy- 
pothesis, 

ad D,(x«)dy 


0 = D, 
() (x — Bjz1) -- > (4 — Bi+n) 


D2 (x)dyp . 
: i. 
J (% — Bjz1)-- + (x— Bj) 3 


which is impossible, both integrals on the right being >0. This is a generaliza- 
tion of a known property of OP (n—v=1), which is usually proved by means 
of Tchebycheff inequalities for the coefficients H;,, in (7), (see below, §11). 
The above proof (suggested by A. N. Milgram) is a simple application of 
the orthogonality property of D,(x). 








THEOREM V. (i) If a certain c}' coincides with an end-point a or b, then 
there exists ac{ >a or <b respectively. (ii) If 2v denotes the greatest integer con- 
tained in g—2N —1, then neither of the intervals (— ~, a], [b, ©) may contain 
more than P—v—1 of the c} * 

To prove part (i), assume for definiteness c/’ =a, m odd. By Theorem III, 
N—1<(n—3)/2, and we may construct a Gin—s2(x) such that Gyn_s)/2(c/’) 
=0( at all c/’, except for c/’ =a. Moreover, g2n—1>n-—2, 


b 
0 >f (a — x)Gin-sy/2(x)dy = > Ci (a — cf Gis r(c!), 


which shows that not all c/ lie to the left of a. 
To prove part (ii), note that g=2N+2v+1. Construct Gy+,(x) such that 
Gy+,(x) =0 at all c/’ and at any v of the c/, say , at c;/, ci], -- - , cx) . Apply- 


* We necessarily have P—vy—120, for yS(q—2N —1)/2S (Qn—2—2N)/2=n—N—-1=P-—1. 
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ing our LMQ formula (11) to (x—a)Gy,,(x) and (b—x)G},.,(x) we obtain 


b 
0< f (x — a)Gn+(a)dy = SC! (cf — a)Gy4(c!), 


, 


b 
0< f (6 — %)Gy4o(x)dy = Cci(b— \Gr4(c!), ci = Cin, +9, Cay, 


which shows that the remaining P—v of the c/ cannot all lie in (— @, a] or 
in [b, ~). 

The above theorems readily yield the following corollaries. 

Corotiary 1. Every LMQ formula has at least [(n+1)/2] positive coeff- 
cients. 

Coro.iary 2. If the polynomial (14) has all zeros real and distinct, the 
LMOQ formula with degree of precision g=2n—k, which uses these zeros as ab- 
scissas, has at least [(2n—k+2)/2] positive coefficients, hence, at most, 
[(k—1)/2] negative or vanishing coefficients. 

Corotiary 3. If all zeros of the polynomial (14) are real and distinct, and 
the associated LMQ formula has all coefficients positive, then neither of the in- 
tervals (— ©, a], [b, ©) may contain more than |k/2| abscissas. 

Some special cases. (a)k=1. Here g=2n—1,n—k+1=n, P=n, N=0, and 
we have a GMO formula. 

(8) k=2, ive., 


(16) wn(%) = @,(x) + A1®,a(x),  A1¥0. 


Here g=2n—2, n—k+1=n-1, [k/2]=1, [(k—1)/2]=0, P=n, N=0; all 
zeros are real and simple, with one, at most, <a or 2), and all coefficients are 
positive. 

(y) k=3, i-e., 


(17) Wn(x) = &,(x%) + A1®,_1(%) + A2Pp_2(x), Az, #0. 


Here at least »—2 zeros are real and lie between a and b. Assuming further 

that all zeros are real and simple, we get for the corresponding LMQ formula 

(17.1) q=2n-3, P2n-1, N81, 

so that one, at most, of the coefficients C; may become negative or vanish. 
(6) k=4, ice., 

(18) Wn (x) = ®,,(x) + A1®y_1(%) + A2Pn_2(x) aa A3Pn_3(x), A3 x 0. 
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ilere at least n—3 zeros are real and lie between a and b. If all zeros 
are real and simple, then for the corresponding LMQ formula 


qgq=2n—-4, P2n-1, NS1. 


By virtue of Theorem V, we find that in both cases (y) and (6) neither inter- 
val (—«, a], [b, ©) may contain more than two c/, and not more than one 
ci! if N=0. 

4. Second method for studying the coefficients and abscissas. We now 
proceed to study the c;, C; by another method which tells us more about the 
coefficients if we know more about the abscissas. Thus, the results previously 
obtained will be supplemented and extended. 

Consider again an LMOQ formula with degree of precision g=2n—k. We 
change the previous notations and divide the abscissas into two groups as 
follows. 


S$ = 5; + Se exterior abscissas : 
, a) <a <--- <a <a, b) > bY >--- >bM 2b, 
19) vy = m — §S interior abscissas : 
a<cM CCM S++ CM <I, 
with the corresponding coefficients 
Caw =C®, Cw =C®, Com = C%, 
so that 


w(x) = (— "TT (a) o(2), 
I) =e - «) Tow-9) =T@Il, 


(20) i=l 
P(x) = Il (a — c™). 


Note that [] (x) =0 in [a, 6] and >0 in (a, b). We agree to replace [].(x) 
or | ].(x) by unity in case s,=0 or s;=0. Introduce a new system of OP: 


(21) ®,(«; dy) = ®,(x; a,b; dpi), — dya(x) = JJ (x)dy(x).* 


Equation (13) can be rewritten as 


(22) f ®(x)G,-n(x)dy = 0. 


* We recall that @,(x) stands for the OP with the highest coefficient unity, and ¢,(x) stands 
for the normalized OP (see Introduction). 
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We get at once the previous result: 

q—-n=n—k<v=n-—s, i.e., s<2n-—q=k 
(for otherwise we obtain a contradiction by taking in (22) G,_,(x) =®(x)). 
Moreover, (22) leads to a new representation of w,(x) in terms of ®,(«; dy) 
(supplementing (14)): 

(x) - ®,(x; dy) + B,®,_1(x; dy) + ies + By, PK ,41( 4} dy), 
(23) wa(a) = (— 1)" J] (x) [%.(a; ds) + Bib,a(x; dr) + --- 

+ By, ®,_x,41(x; dy)], 
(B; = const.,.v =n —s,ki=k-—s). 
Upon rewriting (22) as 
1) 

(22.1) f B(x)Go_s_(n—s)(x)dyi = 0 


a 


and recalling that ®(x) is of degree y»=n—s, we conclude that the interior 
abscissas in (19) originate a new LMQ formula, with dp(x) replaced by 
dy,(x) =[] (x)dy(x), namely: 


(24) f f(x)dfi ~ Serpe), 


l=1 
with degree of precision g, =q—s =2v—h,, ki=k—s. Since g: S2(n—s) —1, we 
see that 
(25) qs 2n-—s-1. 


Hence, 2n—s—1 is the highest degree of precision attainable by the LMQ 
formula (11) having s preassigned exterior abscissas. 

We proceed to establish relations between the coefficients of the two 
LMQ formulae (11) and (24). Applying (11), where w,(x) is now replaced by 
(—1)"] (x) ®(x), we get: 

1 f &(x)dy wil C/ 
Tl) Ja (x — eae) TI) 
(27) C®.C/ > 0, for all interior coefficients C™. 





(26) Co= = 1,2,---,», 


Letting s be fixed, consider some special cases. 
(i) g attains its highest value, i-e., 


(28) qg=2n—s-—1, k=s+1. 
Here ®(x) = ®,(x; dy), ki=1, 1 =2v—1. Hence, (24) is a GMQ formula, and 
C/ = H,,(dy), l= 1, 2, eS ge 
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Furthermore, applying the original LMQ formula (11) to 
Gon—e1(x) = [] (x) [I (=) 8(x)#,(2; dhi)/(e- 0), dia = 
we get ; 
CO = 1/fa? dr) O(a) &,(a; dr) Ie) TT), i = 1, 2,--- 51, 
and similarly for the C. But (M, p. 27) 


®,(£; dy) ®,(; dp) = Kn(E; dy)/a,2 (dp) 
(§<S aor >b, dp = |x— | dy), 


dy; 


, 
z— @ 


where, by Darboux’s formula, 


an 


(29) Kn(x; dp) = K,(x) = > o?(x) = [on's1(x)on(x) — on (x)on+1(x) J. 


i=0 Gn+1 
We thus finally get the following formulae for the coefficients C; in (11): 
Interior coefficients : 
H,,,(dy1) 
II)’ 
Exterior coefficients : 


C® = 1/{TT'@®) TT @)K,(a®; dnd} ,* 


C® = b= 1, 2,--- , 9; 


(30) 


> CW = 1/{ TO) ITO K.6; dy, ;)} 
(1S iS 5157 S 50; dis = db/(x — a), dr; = dy/(6 —2x)). 


This leads to 

THEOREM VI. Consider an LMQ formula with s, abscissas a? <a 
<--++ <a@) Sa and s2 abscissas b“) >b@:Y > - - - >bY ZS, having the high- 
est possible degree of precision g=2n—s—1=2n—kh, with s=s,+52, k=s+1. 
Then all interior coefficients are positive; the exterior coefficients alternate in sign, 
namely: sgn C‘? =(—1)%~-4, sgn C® =(—1)*! (1 Sissy, 157 Ss). 

Coroxiary. If g=2n—k, with k=s,+52+1, then all the coefficients are 
positive if and only if 5,51, s2<1. 

(ii) g=2n—s-—2, i.e., g=2n—k, with k=s+2. Here again all interior co- 
efficients are positive. In fact, 


k= 2, qi = 2 — 2, P(x) = &,(x; dpi) + Bib,_o(x; dy), 


* Cf. C. Winston, On mechanical quadratures formulae involving the classical orthogonal polyno- 
mials, Annals of Mathematics, vol. 35 (1954), pp. 658-677. 
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so that, by the preceding discussion, all C/, and hence, by (27), all C™, are 
positive. We have 


(31) col] «= f I {- 


In particular, for s=0, 


b Wn (x) 2 
(31.1) co=c= f i \ aw, i=1]=1,2,---,v=n, 


x — Ja! (ce) 


(x) 
— c)@’(c) 





2 
} dy, 1=1,2,---,». 





so that for g=2n—1, 2n—2, we have the same expression for C; (see (8.1)). 
Apply now (15) to the polynomials 


x x 
Gon—s—1(%) aa Ii ) $7(x), Te) $7(x), i= 1, 2, sith »513J - 1, 2, tty Se. 
x q® en — x 
Then 
(— 1)*Ap1/a3_ay. + C(— 1) *| TT (a) | 62a) > 0, i= 1,2,--- , 51, 


(— 1)*Ag1/a2_ega + C(— 1)*| T]'(0) | 200) <0, 7 =1,2,---, Se. 


Hence, (—1)"A,_1<0 implies that the C‘® alternate in sign; (—1)"*Ai.>0 
implies that the C alternate in sign.* 

(iii) g=2n—k, with k=s+3, s+4. Here we may have no more than one 
negative or vanishing coefficient, as is seen from 


0< fu (2) (x) \ ay Bs Ome 6 | (c() + hoc T] (ci), 


(x — cO)(x — c) 





1 < ih, le Ss Vv, lL, ¥ le, 


where i, hz are certain positive constants. Similarly we prove the more gen- 
eral result: if g=2n—k, with k=s+r (r21), then we may have no more than 
[(r—1)/2] negative or vanishing interior coefficients. 

LMQ formulae, where all coefficients are positive, enjoy special important 
properties as was indicated by Fejér (loc. cit.). It seems proper to call such 
formulae “MQ formulae of Fejér’s type” (F MQ formulae). The following sec- 
tion is devoted to their discussion. 


* In particular, in case g= 2n—4, s:=52=1, A3>0 implies Cau) >0, and A;<0 implies Cxw >0. 
If C,a) <0 or C,a) <0, then respectively: 
| Com] <| As|/fants(dvi)(6—a%)4°(a) }, 
| Com | < | As|/ {ant s(dys)(6—a™)42(6) } 
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III. FMQ FORMULAE 


5. Existence; properties of the abscissas. Using the previously introduced 
Si, Se, S=5,+52, we state the following results. 

(a) w,(x) = ®,(x)+A®,_:(x), A arbitrary, always generates an FM(Q for- 
mula (A =0 yields a GMOQ formula). 

(8) wn(x) = ®, (x) +Ai®,_1(x) +A2®,_2(x) (A2¥*0) generates an FMOQ for- 
mula, if s;=se=1 or s:+s2.=1, A2<0. It cannot generate such a formula if 
$,=2 or so =2 (here 5; +522). 

(a) has been shown above; (8) follows from the Corollary to Theorem VI 
and from (31), (32). It will be improved below. 

The following result is important, since it deals with the A; only. 


THEOREM VII. The polynomial 
(33) Wn (x) _ ®,,(x) + A, ®,_1(x) + A2®,_2(x), Ag <S 0, 
has, with any ®,(x; a, b; dy), all zeros real and distinct. It generates an FMQ 
formula.* 


We already know that »—2 zeros are real and distinct and lie in (a, 5). 
It thus remains to prove that no double or imaginary zero may occur. This 
is readily achieved by means of Darboux’s formula 


K.(2, 9; 46) = Kaz, 9) = ¥ odadods) 


on i=0 
an gn+1(*) Only) et Gn(X)Gn+1(y) : 


Gn+1 de 5 





Rewrite (33): 
AnWn(X) = dn(x) + Al bn_i(x) + Ad bn_2(x), A? <0. 
Let w,(x) have a double zero & or two conjugate imaginary zeros &, &. In 
the first case 
on(E) + Ar dni(&) + Ad bn—2lE) = 0, — dn’ (E) + Al bn-ilE) + As’ Gn_2(E) = 0, 
whence, making use of (29), 


ts Bex 
A?v = ms = @) > 0. 
a,2_1 K,-2(€) 





In the second case we have 


* Cf. Fejér (loc. cit., pp. 302-303), where the last part of this theorem is established for the 
case ®,(x)=P,(«x) —Legendre polynomial. 
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bn(&) + Ar Gna(€) + Aa’ bno(E) = 0, — dn(E) + Ar’ GnaE) + Ar’ bn2(€) = 0, 
and we can use (34) with the result 
Gndr—2 Kna(E, €) 

a2. Ky2(E, 8) 


The second part of Theorem VII is proved in precisely the same manner 
as in the special case considered by Fejér. 


Ad = 





Coro ary. For the polynomial (33) we can have neither s,=2, nor s2=2. 


This follows from what was said in (8) above. 

The following simple example shows that if the condition A: <0 is vio- 
lated, the polynomial (33) may have a double zero. Take a= —1, b=1 anda 
“symmetric” sequence of OP, i.e., a sequence for which all c, in (5) vanish. 
The polynomial 


Won(%) = Don(x) + Aon Pen—o(%) = XPen-1 (x) 


has a double zero at the origin. 
Still more can be said about the abscissas in case A2=0. We make use of 
the known property of OP by which (see (6)) 


(35) @ < Bi.0 < Si,0-1 < S20 < Sant <°°° < Sa-tn-t < San < 4, 
and state 
THEOREM VIII. The zeros c;,n of the polynomial 
w(x) = &,(x) + Ai%,-1(2), 


where A,(+0) is an arbitrary constant which may depend on n, are distributed 
as follows: 
In case Ai>0, 


Cin < Xinj X1yn—-1 < C1yn—1 < Kany °° * 5 Xn—1yn-1 < Can < Fn,n- 
In case A, <0, 
Xin < Cin < X1n-1; Xan < Can < Ven-13° °° 5 
Xn—1,n—1 < Cn—1,n—1 < ¥n—1,n} Inn < Cn,n- 
The proof follows from the relations 
n(Xi,n)@n(Xigt.n) = AP Pn_i(Xis1,n) Pn-i( Xin) < 0, 1 
Wn(%in—1)On(Hi¢1n—1) = Pn( Xi n—1) Pn(Xig1,n-1) < 0, 1 
sgn { wn (X1,n)On(21,n—-1) } = — sgn { con(2n.n)@n(Xn—1,n—1) } = sgn Aj, 


sgn {wn(2%1,)@n(— ©)} = — sgn {wn(tnn)on(+ ©)} = — sgn Ai. 


i 


= 
= 


i 
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6. Upper bounds for the coefficients. The following theorem plays an 
important part in the study of the convergence properties of FMQ formulae. 


THEOREM IX. Any coefficient C; (t=1, 2,---,m) of an FMQ formula, 
with degree of precision q, satisfies the inequality 


b 
C; S min f Gioin(x)dv 


for all Gia (x) such that Giq(xi)=1. It follows (by known properties of OP) 
that 
Ci S 1/K tain (ci; dy), i= 1,2,---,#. 


In fact, for G2; (x) with the above property we have 
- 2 ~ 2 
f Gtoin(x)dy = D2 CiGtqiay(cr) = Ci. 
a l=1 


7. The convergence properties. Hereafter, the interval (a, b) is assumed 
to be finite. The case of an infinite interval will be treated elsewhere, but many 
of the results here obtained hold for an infinite interval as well. 

We further assume to have given an infinite sequence of polynomials 


(36) oO, = wn (x) = ®,(x) + A, ®,_1(x) + abit + A 4-1 ®n—n41(*) 
; (mn = 1, 2,--- ; (x) = 0; A; are constants) 


with the following properties: (i) the zeros €1,n<€2.n< -+- <Cn,» Of each w, 
are real and distinct; (ii) each w, generates an FMQ formula (11). In discuss- 
ing the convergence of (11), i.e., the relation lim, ...R,(f) =0, we consider two 
cases. 

Case I. All abscissas belong to [a, b]. Here we have 


THEOREM X. The FMQ formula (11), with all abscissas in [a, b], converges 
for any bounded f(x) for which f s f(«)dy exists. 


This is a direct extension of an identical theorem of Fejér stated for the 
special case of the ordinary Riemann integral { f(«)dx.* The present case re- 
quires more care, due to possible discontinuities of ¥(«).t Let F denote the 
class of functions to which our FMQ formula can be applied. Thus, the state- 
ment f(x) ¢ F implies that f - (x)dy exists and 


* Fejér, loc. cit., pp. 303-307. A different proof for this special case was given earlier by Stekloff 
(Bulletin of the Russian Academy of Sciences, 1916). The same result was derived recently by 
R. Bailey, Convergence of sequences of posite linear functional operators, Duke Mathematical Journal, 
vol. 2 (1936), pp. 287-303. 

+ The following version of the proof is due to J. D. Tamarkin. It is identical in principle with, 
but is an improvement in form over, the original proof of the author. 
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b 
ann f f(x)dpy, asn—>o, - 


We now have the following 


Lemma. If | f(«)dy exists and if, corresponding to any «>0, there exist two 
functions f;,.(x) and fe,.(x), both belonging to F and such that 


b 
fue(2) $ f(a) S fala) im [0,5], 05 f [aal2) — fal)lev <6 


then also f(x) ¢ F. 


In fact, due to the positiveness of the coefficients C; in 
Of) = DW Ciflci), 
i=1 


we have for each n, 


On(fr,e) S Qn(fe,e)- 
Letting here n— and observing that, by hypothesis, 
b 
OnFid > f Saale, j= 1,2, 


we conclude that both lim sup,..Q,(f) and lim inf,..Q0,(f) lie between 
/ * fie (x)dy and r fe,<(x)dy, each of which, tends to [ , f(x)dy, as e—0. It follows 
that 


b 
(nf sad, asm ©, 


and this proves our Lemma. 

In order to prove Theorem X, we observe that all polynomials belong to 
F. Since any continuous function f(x) can be approximated uniformly on 
[a, b] by polynomials, the above lemma shows that all continuous functions 
also belong to F. Now let f(x) be a step-function taking the constant value 1 
in (a, 8B) (a<a<8<b) and the value zero elsewhere in [a, 6], where a and 8 
are points of continuity of ¥(x). Let 5<b—da be such that a<a— 6, B+6<b. 
Define two continuous functions fi,5(), fe,s(x) as follows: 


1 in [a, B], 0 in [a,a — 5], [8 + 4, b], 
linear in (a — 6, a), (8,8+ 4), 
1 in [a+4,68—4], 0 in [a,a], [8, d], 
linear in (a, a + 5), (8 — 4, B). 


fia(x) = { 


foi(x) = { 
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It is clear that 
fis(x) S f(x) S fe.s(x) in [a, d]. 
On the other hand, 


0< f [asls) — fuals)]dy S Va + 8) — Ya 8) +46 +8) — YG). 


Since a, 8 are points of continuity of ¥(«), the right-hand member tends to 0 
as 6-0; hence, by the above lemma, f(x) ¢ F. It follows that any linear com- 
bination of a finite number of functions of the type of the above f(x) belongs 
to F, and so does, therefore, any step-function with a finite number of steps, 
whose points of discontinuity in (a, b) are points of continuity of (x). (The 
values of such a function at its points of discontinuity may be chosen arbi- 
trarily, since they do not affect the value of Fn f(x)dy.) 

Assume now that f(x) is any function for which f i f(x)dy exists. This means 
that 


b n-1 
fea = tim E p60 [H=) — Vee], as max (2 — 201) 0. 


Here x) =a, x, =), x;1<x;, and &;, is taken arbitrarily in [x;1, x;]. Since the 
set of points of continuity of y(x) is dense in [a, b], we may assume all in- 
terior points of subdivision x, x2, - - - , %,-1 to be points of continuity of (x). 
Let m;, M; denote réspectively inf, f(x), sup. f(x) for x in [x,4, x;]. Let 
Sin(x), fen(x) be two step-functions assuming constant values m;, M; re- 
spectively in [x;, x;], their values at x=; being arbitrary, subject to the 
only condition 


fi,n(%:) S f(xi), Son(xi) z f(*:), 


Then it is clear that 
fin(x) S f(x) S fo(x), axsx<b 


J taoar freee, as no, 


A direct application of the lemma shows that f(x) ¢ F, and this completes the 
proof of our theorem. 


Remark. For A,;,=A2= --- =A,,=0, the preceding proof shows the 
convergence of any GMQ formula (in a finite interval), without imposing 
any restriction on y(x).* 

* Stieltjes in his classical paper, Quelques recherches sur les quadratures dites mécaniques, Oeuvres, 
vol. I, pp. 377-394, has proved the convergence of the GMQ formula for the case dy(x) = p(x)dx, 


p(x) =0, with the restriction / 8 y(x)dx>0, asSa<3sb. It was the desire to lift this restriction that 
prompted Stieltjes to introduce a new c-.ncept of integral which we now call the Stieltjes Integral. 
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Case II. Some abscissas fall outside [a, b]. Without loss of generality, 
we may assume a= —1, b=1. 


THEOREM XI. The convergence Theorem X for the FMQ formula generated 
by the polynomial 


Wn (x) = ®, (x) + A, ®,_1(x) + Nog + A x_1 ®p_n4.1(%) 


holds, regardless of the location of the abscissas relative to (—1, 1), even if the 
coefficients Ay, --~- , Ax—1 and the integer k vary with n, provided: (i) y(x) is con- 
tinuous at x= +1, and (ii) the number l of abscissas cin such that 1<|¢,n| <1 
+h,where h>0 is arbitrarily small but fixed,is o[K.(+1; dy) ],o= [(2n—k)/2]. 
(The latter condition is obviously satisfied if k is bounded, for K,(+1; dy) 
— ©, as nm— ; see Lemma I below.) 


An analysis of the proof of Theorem X, in connection with our agreement 
concerning f(c;,n) for | ¢;,n| >1, shows at once that Theorem XI will be proved 
if we prove the following lemmas. 


Lemma I. Let c denote an end-point of [a, b], where (x) is continuous. 
Then 


lim K,(c; dp) = «. 


nn 2 


Reduce, without loss of generality, [a, b] to [—1, 1]. Take, to be definite, 
c=1. Then (M, p. 52) 


1 1—n-2/3 1 
——e | 2nd. 
K,(1; dy) (f = a” “_— 


o(1)+ dy (x) 


1—n-2/3 


o(1) + ¥(1) — ¥(1 — 2°?) 90, asn>o., 


Combining the above lemma with Theorem IX, we derive 


Lemma II. If c, with the same significance and property as in Lemma I, is 
one of the abscissas, then the corresponding coefficient, say, C;,,—0, as n>. 


Lemma III. Under the conditions of Theorem XI, the part of the summation 
Q.(f) which extends over abscissas not in [—1, 1] tends to 0, as n> ~, if f(x) 
is a polynomial of arbitrarily fixed degree r. Hence, making use of Lemma II, 


b 
DY CinGr(Ci.n) —f G,(x)dy, as n— © (r fixed). 


leg n|<1 


For brevity denote by £ any abscissa not in [—1, 1], with the correspond- 
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ing coefficient C;. We have, by Theorem IX, 


1/2 
2ao 


1 2 
‘ 1.* 
K.(é; dp) . te + (@ — 1)'2)* + [§ - (2 - | lel > 





(37) Ces 


Moreover, according to Tchebyheff, 
| G(x) | < g on [— 1, 1] implies 


38 
“ |e@|st\e+@-oelr+e-@- Pl, elon. 
Hence, 

4gao 


| CeG,(¢)| s i+ @— i oe [e+ (2 —1)2| >1, 





(39) 
De C:G,(é) | S A4ghkao{1 +h + [(1 + h)? — 1]1/2} 7-2, 


[g|21+A 
Furthermore, 
1 1 
s 
K.(&; dp) — K.(d; dy) 
where d is that of the points +1 which is nearest to £, and 


» if 15/&|<1+4,t 





(40) C:s 


lg lg 
Cc G,; < , 
(41) seizes - K.(1; dy) K.(— 1; dy) 


z = max |G,(x)| in [—1—4,1+ 4]. 





Upon combining (39) and (41), we obtain a proof of our Lemma. 


Remark. If we assume that the inequality |c;,,.| =1+4 holds for all ab- 
scissas outside (—1, 1) (i.e., the number / in Theorem XI is zero), then the 
condition that ¥(«) be continuous at x = +1 is unnecessary, as seen from (39). 
It is interesting to note that the same reasoning which yields the proof of 
Theorem X proves also the following 


TuHeoreM XII. Let {y,(x)},=1, 2, - - - , be a sequence of functions mono- 
tonic and uniformly bounded in the finite interval [a, b], such that, as n>, 


* J. Shohat, On a general formula in the theory of Tchebycheff polynomials and its applications, 
these Transactions, vol. 29 (1927), pp. 569-583; p. 575. The considerations therein employed for 
dy (x) =q(x)dx, apply, without modification, to the general dy(x). 

t Ka (x) =2303_.64(x)of (x) >0, x>ann, and <0, x<2;,,, So that, as x increases, Kq(2) increases 
for x>n,, and decreases for x<%1,n. 
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W,(x) converges to a monotonic function W(x) over a set of points dense in [a, b| 
and containing a, b. Then 


lim f(x)dp,(x) -f f(«)dp(x) 


for any f(x) for which f f(x)dy,(x), S?f(x)dy(x) exist. 

This constitutes an extension of the Helly-Bray Theorem,* where f(x) is 
assumed to be continuous, but, to compensate, ¥(x), ¥,.(x) are functions of 
bounded variation. 

8. New representation of C; and Q,(f); relation to algebraic continued 
fractions. Given the LMQ formula (11), introduce the polynomial of degree 
n—1, 

wn (x) Kis wn(y) 
(42) a(x) =f =H ayy), 
ae ae 
and we get the following representation for C;, Q,(f): 
on(Ci) = on(Ci) 


——, i=1,2,---,9; @() =X fei). 
wr (ci) 


i=1 Wy (ci) 
In particular, for any fixed z, real or complex, but not on [—1, 1], we have, 
assuming that all c; are on [—1, 1]: 


(43) Ci= 





1 on(2 
(44) 0. ( )- si 


wn(2) 


Returning to FMQ formulae, we observe that our convergence theorem evi- 
dently holds for complex functions of the real variable x, hence, also for the 
function 1/(z—x), z being fixed as in (44). Thus, for the FMQ formula as 
described in Theorem X, with all abscissas on [—1, 1], 


- fan 20. = p= 


no w,(z) «tt FF 


Z— & 


’ 


z given, real or complex, not on [—1, 1]. 
Now introduce a sequence of horizontal step-functions y,(~),=1,2,---, 
as follows: ¥,(—1)=0, (x) is constant in each interval [—1, «c,,), 
[c1,n) C2.n)) °° * 5 [€nn, 1], and has a saltus at x=Ci,n, C2,n, °° * , Cnn, the saltus 
at x=c;,, being Cin, i=1, 2,---, m. It follows that y,(x) is bounded and 
* Theorem XII is known to hold for continuous f(x) (cf. G. C. Evans, The Logarithmic Potential, 
American Mathematical Society Colloquium Publications, vol. 6, pp. 14-15), and the above reasoning 


is applicable, for SE (x)dbn(x), which here replaces Q,(f), has the same positive linear character as the 
latter. 


TR a a at ES AT 


Lat ptt Sane 
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non-decreasing in [—1, 1], with ¥.(1)=C.,.+ - -- +Ca.n=ao. With the aid 
of the sequence {y,(x)}, we may rewrite our FMQ formula (11) as 


(46) Loans) = | f(x)dp,(x) + R,(f), 


and our convergence Theorem X states that 


1 1 
(a7) tim ff av(s) =f foay(a). 
It is interesting to note that (47) has been obtained without further investi- 
gating the nature of y,(x). 

The application of the above considerations to GMQ formulae is especially 
interesting. Here o,(z)/w,(z)=2,(z)/®,(z) is the (n+1)st convergent to the 
continued fraction 


r r An 
a | | . | 


Z—- C Z— Co |\z— cn 





“associated” with the integral Sidy(y) /(s—y), and thus (47) yields at once the 
convergence of the continued fraction (48) to the above integral, for any z real or 


complex, not on [—1, 1].* 
9. The remainder. Write 


49) RA) =f [f2) ~ Gla) lo — Lo CanlMeen) — Gelcin] 


and consider several cases. 
(i) f(x) is continuous in [—1, 1]. (49) gives at once: 


(50) | Ralf) | < 2aoE,(f), 


where E,(f) is the “best approximation” of f(x) on [—1, 1] by polynomials of 
degree <4, i.e., 
E(f) = min max | f(x) — G,(x) |. 


In particular, with f(x) =1/(z—x), z real and |z| >1, and all c;,, on [—1, 1]: 


* The same convergence theorem shows immediately that the “moment-problem” 
Sexdy(x)= given an, n=0,1,---, 
for the finite interval (a, b) is “determined,” i.e., has at most one solution, for any one solution gives 
rise to the same sequence of OP, hence, to the same GMQ formula. 
+ The expression for E,(1/(z—<)) is due to S. Bernstein (Legons sur les Propriétes Extrémales et 
la Meilleure Approximation des Fonctions ..nalytiques d’une Variable Réelle, Paris, 1926, p. 121). 
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7 if dy(x) — on(z) 


12-2 Wn (2) 








(51) 








x(—) 


(More generally, (49) shows the convergence, for any continuous f(x), of 
every LMQ formula, for which the sum >-?_,|C;,.| is bounded, as n>.) 
For g=2n—1, (51) gives the degree of convergence of the continued fraction 
(48) to f ' dy(x)/(z—x) for real z, outside [—1, 1]. 

If, in addition, f(x) has in [—1, 1] derivatives of various orders, we may 
take in (49) for G,(x) a properly chosen interpolation polynomial for f(x). 
Thus, with g=2n—4, s;=52=1, €1,n= —1, Cn,n=1, choose G,(x) so that 








< 2ao/(2? — 1)[z + (22 — 1)'2]2 (| s+ @- 1)'/2| > 1). 











ae 





Fae SERPS TNR ER IES! VO AT POPES DHE NYA TONLE IER 
as ars okehte BI 2 eS ie rer ae aati 










G(t 1) =f($ 1), Go (Cin) =f (Cem), @ =0,1;1 = 2,3,---,n—1. H 


Then, by virtue of (23), 


a f(2n-2)(£) 1 By 
(52) R,(f) = (2n — 2)! a r er 
















where \é|<1 and dy, =(1—x?)dy. 

(ii) f(x) is analytic. Let f(t) (t=x+iy) be analytic in a certain region, 
bounded by a simple closed rectifiable curve C which contains in its interior 
the line-segment [—1, 1]. Then 







1 t)dt 
Pee fi) 


Qri ct—x 








’ 







and, by (44), 








1 1 d. 1 On 
(3) f eae =— fae) ie f HOO oy 4 RA). 


ct—s 2ri wn(t) 





It is readily proved that 


cf aw f "Fx, say) = f ‘ay fF yav(a)? 


if F(x, y) is continuous in x, y for —1<x<1;a<yK§; (a, 8) finite. Hence, 


1} fat 1 1 dp(x) 
(55) Omi dy(x) ead foes 


Tid _ 


© nob fol f 22-22 Ju 
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We proceed to transform the expression (56). Denoting generally 

a’ B’ 1 

7 ttl $e (.). 


we have, by the definition of degree of precision, 


1 1 dy(x) 
wn(t)F(t) — on(t) = (—5). “— I t—x 
o,(t) 1 
F(x) nal w,(t) ing (—). 
Upon writing 


o,(t) 1 1 walt) — wax) _ a 1 1 w(x) d(x) 
a — 4 —. re —a§ 


and comparing with (57), we conclude that 


(57) 


t— x 


o,(t) al 1 1 wr(x) d(x) Sn(t) 
wnt) <3) 


- §,(!) = f enlx)dy(x) 


F() - 

n(t 

(58) x wn(t) 
eal t—x 

and (56) gives 


" fOSa(dt 1 _ onl) 
(9) Rf Se mal f) Fo A at 


In the special case of the GMQ formula, S,(¢) is the so-called Tchebycheff 
function of second kind, 


es ss) = f 2H, 


wil t—<x 


and (59) gives an expression for the remainder of the GMQ formula in terms 
of the remainder of the associated continued fraction (48). Namely, 


fSA)at _ 1 24(1) 
(59.1) R,(f) = sl. - — '.() rer 3J 10 [Fo - #0) | dt, 


where, we recall, 2,(z)/®,(z) is the (7+1)st convergent to (48). In the gen- 
eral case of an FMQ formula with degree of precision g=2n—k, we may 
substitute into (42) the expression (14) for w,(x), which gives, by (60), 
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1 Sat) + ASn-ilt) +--+ ° + AnsSn—-e41(8) 
Ralf) = x ®,(¢) + Ai®,1(t) + > > + An1®n_-x41(4) , 


1 OQn(t) + ArQn-r(t) +--+ + Ag 1 Qn—eir (2) 
7 ort © (Fo a(t) + Aa) Hs + ae 


Formulae (56), (61) hold for any LMQ formula with all abscissas on [—1, 1], 
f(t) being analytic inside and on C. 

The above formulae show once more the close connection between the 
theory of mechanical quadratures and that of algebraic continued fractions. 
The latter enables us to estimate R,(f) if an estimate is known for S,(é). 

For real ¢ we may proceed as follows. Formula (60) shows that the 
{S,(t)} are the coefficients in the expansion 


(61) 





~ DY anSn(t)on(x), 


t— <x pear" 


whence, from known results, 


1 
| S,(2) | 4 ay'!?/a, En (—) < aro/{ 2™-1(4? a 1) | t+ (¢? _— 1)1/2 |n—1} : 


Here we assume that tis real, |¢| >1, and + is so chosen that | ¢+ (#2—1)*/2| 
>1. Furthermore, if 6 denotes the minimum distance from ¢ to the line-seg- 
ment [—1, 1], then 


| &,(t)| =| — win) ++ ( — ann) | > 8", 


whence, 


O() |_| Sad) 
@,(t) | | &,(t) 


F(t) - S ao/2"-(t2 — 1)6"| ¢ + (2 — 1)? |, 

10. The case of d(x) = p(x)dx. p(x) an S-function. The Lebesgue inte- 
gral 

+ p(x)dx 

-1 (1 a *)ils 
then exists. In this important special case we can go much further in the dis- 
cussion of the abscissas and the remainder in our FMQ formula (11), for here 
®,(x) possesses many asymptotic properties. Thus, as 7, 


(62) 


(63) a, = 2™A[1 + o(1)], x4, cx 0; A > 0, independent of n. 
$,(+ 1) = o[( + ©)*], € > 0, arbitrarily small; 


(64) ®,(+ 1)/%,1(+ 1) > + 3. 
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®, (x) ~ w"b(w), K,(x) ~ (2w)*"K(w); &(w), K(w) independent of n, 
w= {x + (x? — 1)/2}/2, 

x is not on [—1, 1] (M, pp. 50, 52, 54). The determination of the radical 

(x*—1)"/? here and hereafter is so chosen that |w|—>«, as |x|->0. These 

asymptotic relations for ®,(«) hold uniformly in any finite closed region in 

the x-plane whose minimum distance from the line-segment [—1, 1] is posi- 

tive. We denote such a region by D. 

Now, the relations 


Q(x) Sax) ft ay) 
®.(2) — F(x), B.(2) —0, as (F) = S rie *) 


imply 


(65) 


Qn41(%) 


—WwW, as no, 


2,,(«) 
uniformly in D. Note that the transformation 
(66) w= {x + (x? — 1)1/2}/2, a2 = 4{2w + 1/(2w); 


maps conformally the complex x-plane onto the w-plane outside the circle 
|w| <4, so that the line-segment [—1, 1] corresponds to the circumference 
|w| =4, and the line-segments (— «, —1] and [1, ~) correspond to the line- 
segments (— ©, —}] and [3, ~) respectively. We now proceed to investigate 
the zeros c;,, of the polynomial 


(14) wn(x%) = &,(x) + Ar®aai(x) +--+ + Ani ®n—eqa(x), 


under the following assumptions, which we call “assumptions P”: 

(a) k is fixed, independent of n; 

(8) Aj, As, - - -, Ax, if dependent on , have finite limits My, he, - - - , he, 
asn—o. 

Note in passing that, by virtue of (a), (8), we have here 


(67) lim on(x) = 2,,(x) + A, Qy-1(%) ao a + Ap—1Qn—K4.1(%) 


= lim ” F(x) 
n— © @n (x) n> 2 ®,(x) + A, ®,_1(x) +--+ A x1 ®p_44.1(%) 





at any point x not on [—1, 1], which does not coincide with one of the zeros of 
the polynomial 


(68) HA(w) = we'+ hwr?+-->- then (w= {xt (2? - 1)*/2} /2). 
We have 


®,,(x) ®,_1(«) 
(69) wn(x) = Bp 24:F,(*), Fn(x) == gg + Ai rey +--+ $Agia. 
n—k-4-14 3 n—k+1 
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and the rational function F,,(x) is analytic outside (—1, 1); its zeros outside 
[—1, 1] are zeros for w,(x), and vice versa, and its only singularities are poles 
in (—1, 1). The following asymptotic relations form the basis of the subse- 
quent discussion. 

As n— ©, we have uniformly in D, by virtue of (63), (64), (65), 


(70) ro ae or 
P,—i41(X) - 

71 => tenes 

(71) @uudt) At ied (+ §). 


It follows that in all cases 

(72) w(+1)-0, as n> om, 

We set 

(73) Win = (Cin + (Cin — 1)"9}/2,  (G = 1, 2,-- +, mpm = 1,2,---) 


corresponding to the zeros of w,(x) (at least »—k+1 of which lie in (—1, 1)). 
We denote by w/, 7=1, 2,--- , k—1, the zeros of H(w), and set 


1 1 
(74) of = (20 =) p= 1,3,--+,8—4. 


2w} 
The relations (69), (70) lead to 


THEOREM XIII. Let D be a finite closed region in the x-plane at a minimum 
positive distance from the line-segment [—1, 1], and let D’ be the corresponding 
region in the w-plane. If D’ contains in its interior zeros w;', w;i,---, w;! 
of H(w), but no zeros w} on the boundary (k—1=py=0), then forn=N =N(D’) 
sufficiently large, w,(x) has in D’ precisely p zeros Cj,.n, °° , ae (a zero of 
multiplicity p being counted p times). Moreover, 


1 
lim cham = il = 4200 + \, s=1,2,---,p. 


no 


’ 
2w;, 


We readily draw the following conclusions: 

(i) The zeros of w,(x), m=1, 2,--- , are all bounded. 

(ii) Denote by v the number of zeros w/’ outside the circle | w| <1/2. For 
n sufficiently large, w,(x) has precisely v zeros ¢,,, outside the line-segment 
[—1, 1] converging to ${2w/’+1/2w/’}, as n>. If v=k—1, these cj), 
account for all zeros of w,(x) outside [—1, 1]. If »<k—1, the remaining zeros 
of w,(x), if they do not actually belong to [—1, 1], belong to it asymptoti- 
cally, i.e., all their limit-points lie on [—1, 1]. 
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(iii) A necessary condition for the reality of all zeros of w,(x), for n suffi- 
ciently large (hereafter expressed by »=WN, N being properly chosen in the 
case under discussion) is that H(w) shall not have imaginary zeros w/, with 
| w/ | >4. In other words, if w,(x) generates an LMQ formula , then the zeros w} 
of H(w) outside the circle |w| <3 are necessarily all real. The corresponding 
points «/ =3{2w/+1/(2w/)} are the limiting positions, as n>, for the 
corresponding abscissas of our LMQ formula. The most interesting case is 
that of w,(x) generating an FMC formula. 


THEOREM XIV. A necessary condition that 
w(x) = B(x) + ArPpa(x) +--+ + Agr Spey (x) 


satisfying the “assumptions P” generates an FMQ formula for n= N is that all 
zeros of H(w) lying outside the circle |w| <1/2 shall be real and that either in- 
terval (— ©, —3], [4, ©) shall contain no more than [k/2] of these zeros. 


As an illustration, we take up once more the special cases k=2, 3, A; in- 
dependent of n. 
(i) k=2, ie., 


wn(x) = (x) + Ai,_1(x), A, #0. 
The discussion centers around ¢,,n, Cn,n- Here 
(75) H(w) = w+ Ai, wi = — Aj. 
A, > } implies ¢1,, < — 1(m 2 N), ¢1.n—73(2A1 + 1/(2A1)), as nom. 
A, < — } implies ¢,,, > 1(m = N), Cnn — 3(2A1 + 1/(2A1)), as nm. 
| A; | <= 3 implies —1<¢;, <1, i=1,2,---,m. 


lim w,(+ 1)/#,(+ 1) = Ar + 3 


in all cases.* We may add that since x;,,>—1, %2,.7+1, as n—&, we get 
from Theorem VIII 


(76) A,>+} implies ¢,,,—1; A1<—}4 implies 4,,—-—1; 
| A;| $4 implies ¢1,,>—1, Cnn—1. 
(ii) k=3,i.e., 
w(x) = &,(x) + A1P,_1(x) + Aod,_2(x), A, #0. 


Pr (x) 


and note that ,(x)/®n_:(x) always increases with x and ~+} atx=+1,asn—-~. 


n(x) -2..00 +4| ’ 
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The discussion centers around two of the zeros of w,(x). Here 

(77) H(w) = w*+ Aiw+ Ag. 

We discuss the following possibilities. 

(78.1) A? — 44, <0, | wf | > 3, j = 1,2. 
w,(x) has two imaginary zeros, which converge to } {2w/ +1/(2w/)}, 7=1, 2. 
(78.2) A? — 4A, >0, | w/| >, j = 1,2. 
The zeros of w,(x) are all real, two lying outside (—1, 1) and converging to 
${2w/ +1/(2w/)}, j=1, 2. If A2>O, then s;=2, s2=0, or 1. =0, s2=2. If 


A2<0, then s;=s2=1. Thus, under the assumption (78.2), w,(x) generates an 
LMQ formula which becomes an FMQ formula, if and only if A2<0 (see case 


(8), §5). 


(78.3) A? —442>0, |wi|s3, | ws | >. 


Here again all zeros of w,(x) are real, one necessarily outside (—1, 1) and 
converging to 3{2w/ +1/(2w/)}. 


(78.4) A? — 4A, > 0, | w/ | < 3, j=1,2. 


The zeros of w,(x), for n=N, either all belong to [—1, 1], or else, the limit- 


points of the sequence of the two exterior zeros are on [—1, 1]. 
(78.5) A? —4A,=0, |A:|>1. 


Here again all zeros of w,(x) are real, with two outside [--1, 1] and both con- 
verging to —(A,?+1)/(2A:). There may be a double root, or we may have 
$1 =2, so=0, or s:=0, so=2; w,(x) cannot generate an FMQ formula. 

In a similar manner we may discuss the case k=4. 

In the above discussion we have encountered cases where w,(«) generates 
an LMQ formula which cannot have all coefficients positive. However, we 
are dealing here with polynomials ®,(«) which possess special properties, and 
the question arises: do these special properties compensate for the presence 
of negative coefficients in our MQ formula? The answer is in the affirmative, 
as is shown in 


THEOREM XV. Consider the polynomial (14) w,(x), where, in addition to 
the “assumptions P,,” it is assumed: (i) the zeros w} of the polynomial (68) H(w) 
are all real and distinct, |w/|>1/2. If wna(x) generates an LMQ formula, the 
latter converges, as n—~, for any f(x) for which f_if(x)dyp exists. 


The proof follows the same lines as that of Theorems X, XI, making use 
of the following properties of the MQ formula under discussion: 
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(i) the number of negative coefficients is bounded; 

(ii) wa(x)~w"-*+4w(w), x real or complex, not on [—1, 1], w(w) independ- 
ent of n; 

(iii) A, B denoting certain fixed finite quantities independent of ”, we 
have: 
|a® —a®|>m>0, |b -—b™|>h>0, —-1—-hmzaVZA, 

l+hsdbhsB (n = N; hy, he independent of n; 

i,j =1,2,---,sj3l,m=1,2,--+,s5;1AZ;l Am). 

(i) is known; (ii) follows from (71), (72), (73); (iii) follows from the fact 
that all a, b( converge, as n— ~, to certain fixed points 3 {2w/ +1/(2w})}. 

(iv) s=k—1, so that g=2n—s—1, hence (by Theorem VI), all interior 
coefficients are positive. 


We have thus obtained a wide class of convergent LMQ formulae, the 
existence of which is assured by the considerations developed above. 


Remark. We may liberalize considerably the conditions imposed upon 
H(w), without impairing the validity of Theorem XV. Thus, under (62), y(«) 
is continuous at x= +1, so that K,(+1; dJ)—~, as n—~, and we could 
modify accordingly the condition requiring that all |w/| >3, permitting a 
certain number (necessarily finite) of a‘, b to converge to $1 respectively 
(see (40), (41)). We shall not dwell here upon this and other possible modifi- 


cations, except the following one. 


THEOREM XV (bis). Given any d(x) and an LMQ formula employing 
$=5i +52 (51, 52 fixed) arbitrarily preassigned abscissas, with degree of precision 
g=2n—s—1. The formula converges for any f(x) for which f* ,f(x)dp exists; 
W(x) is supposed to be continuous at x= +1, if these points (one or both) are 
among the preassigned abscissas. 


In fact, referring to §4, we see that the conditions (i), (ii), (iii), (iv), 
given above and the expressions (30) for the exterior coefficients hold for the 
LMOQ formula under discussion. 

11. Tchebycheff inequalities for the coefficients of some classes of FMQ 
formulae. These important inequalities, given without proof by Tchebycheff 
in 1874 for GMQ formulae, were proved in 1884 by Stieltjes and Markoff 
independently.* Markoff went somewhat further than Stieltjes, extending 
Tchebycheff inequalities to certain classes of FMQ formulae. The following 

* Stieltjes, loc. cit., pp. 384-392; A. Markoff, On Certain Applications of Algebraic Continued 
Fractions (in Russian), Thesis, St. Petersburg, 1884. It is curious to note that both use the same proof, 


namely, applying properly constructed MQ formulae to suitably chosen polynomials. In what follows 
the proof is omitted. 
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is taken, with slight modifications and extensions (in order to cover the cases 
g=2n—3, 2n—4) from Markofi’s Thesis. 


THEOREM XVI. The coefficients C; in an FMQ formula, with degree of pre- 
cision g=2n—1, 2n—2, or g=2n—3 with s:+52=1, 2, or g=2n—3, 2n—4, 
$1=5S2=1, satisfy the following Tchebycheff inequalities: 


(1) [Maya > Cr+ Crt Cu, es ee 


(2) [Mane <C4Grt +6, += 1,2,---,M, 


b 
(3) f dy(x) >Ciit-:-:-+Cr, t1=2,3,---,n, 


b 
(4) f dy(x) <C;+---4+C,, i=1,2,---,n, 
(5) [Panay > Curt +Ci1, t=1,2,-- 


(6) f “dy(x) <C;+---+Cy, 6,4 = 1,2,--- 
In particular, 


(7) f "dW(x) <C:, J " W(x) <Ca, 


n 


(3) [ "aa >o, 


(9) fave) > Cis, 


Remarks. (i) These inequalities hold for any (a, 0), finite or infinite. 
(ii) If ca, b, we may assign in the above inequalities to ¥(x) at x=c; 
any value in [y¥(c;—0), ¥(c;+0)]. Thus, (8) may be rewritten as 


(8.1) f “a W(x) > 0, 
c;+0 


which shows that a subinterval of constancy of ¥(x) cannot contain more 
than one abscissa—a property proved above in a different manner. 

(iii) We agree to let ¥(x)=y(a) or ¥(x)=yY(b) for x Sa or x=) respec- 
tively. Then it is not necessary to take (with Markoff) c,2a,c, <b. 
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(iv) The above inequalities hold for an LMQ formula, with g=2n —3 and 
$,=2 or s2=2 (then necessarily sz=0 or s:=0 respectively), with the following 
exceptions: ¢; <<¢: <a invalidates the inequalities 


(79.1) fae < Ci, fave) > 0; 


a 


Cn >Cn-1 2b invalidates the inequalities 


b cn 
(79.2) f dy(x) <C,, f dy(x) > 0. 
In fact, by Theorem VI, C:<0 or C,,<0 respectively, while the integrals on 
the left vanish, according to our agreement. 

(v) Foran LMQ formula, with g=2n —4, s;=2, s2=0, or s:=0, s2=2, the 
above inequalities hold, with the same possible exceptions as stated for 
q=2n—3. By virtue of (32), c:<ceSa actually invalidates (79.1) if As;<0 
in (14), and c, >¢,_1 26 actually invalidates inequalities (79.2) if A;>0. 

(vi) Assuming all C;>0 and all c; in (a, b), choose 


a<ii<ig<--- <& 33, 


so that 


: & 
C++. +0=f d(x), 


It follows from the inequalities (1, 2) that 
eta<&i <e<& <--- < tn < & = 5. 


12. Discussion of the abscissas and the coefficients based on Theorem XI.* 
First, assume gS 2n—4. We make use of the inequality (8), from which fol- 
lows an important property of the abscissas which we call “C-property,” 
namely: a sub-interval. (c, d) of constancy of p(x), contains, including its end- 
points, at most one abscissa. 

We now turn to Theorem XI. Suppose that for a certain fixed i and with 
certain /, m, we have, as n>: 


(80. 1) Ci,ny Citiyny * * * 9 Ci+t.n t’, 
(80) (80.2)  Ci-twn Ci-e,ny °° * y Ci-mn 2 &”", asi’<#?<s5b, 
(80.3) | cistern — &’|, | Com-tyn — €”| > A > 0, 
* The reasoning of the second part of this section generally follows that of Fejér, but the results 


are considerably modified in many respects, due to our dealing with ¥(x) not necessarily continuous, 
and, a fortiori, not necessarily absolutely continuous. 
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where h is fixed, independent of n.* The interval [¢’’+6, &’— 6] now contains 
no zeros of w,(x), for n= WN. If &’, £’’ do not coincide with b or a respectively, 
choose 6 so that ¢’+ 6, £’’+ 6 are points of continuity of y(x). Apply Theorem 
XI to the following functions: 


fix) = 1 in [¢” +6, & — 6], fo(x) = 1 in [¢’ — 6, 2%’ +4], 
fs(x) = 1 in [&” — 6, &” +8]; f(x) = 0 elsewhere, 7 = 1, 2, 3. 
We get: 
t/-5 
lim Qa(f) = fava) = v@ — 8) — VE" +8) =0, 
6 


n— 2 ery 


e/+5 
lim Q,(f2) -f dy = lim (Cin + Cigian + °° + Cittn), 


E45 
lim Q,.(fs) -f dy = lim (Ci-1yn + Cian + °° + + Cima). 
g 


nso 7H§ ne 


It follows that the values of the integrals /f.75dy(=0), [E7}dy, JE tdp do 
not depend on 6. This means that ¥(x) is constant in the intervals (¢’’, £’), 
(&’, +6), (€/’—6, &’”), so that 


t/+5 


£/+6 
fo w=0@ +0 ve -0, f dy = vit" +0) — ve" — 0). 
gE g 


Reni 118 


Hence, by virtue of the “C-property,” m=1, /=0. Furthermore, the assump- 
tion ¥(é’ +46) —y(é’ — 6) =0 implies (x) =const. in (¢’’, —’), which requires 
that c;-1,, be to the left of £’’, with a similar conclusion from the assumption 
y(é’’ +6) —y(é’’ — 6) =0. Finally, we notice that we cannot have simultane- 
ously 


ve" + 6) — WE" — 5) = 0, = H(t’ + 8) — He’ — 8) = O, 


for then ¥(x) =const. in (’’—6, ~’+6), and this, by the “C-property,” con- 
tradicts (80). Thus, if (80) is satisfied, then: (a) 1=0, m=1; (8) W(x) is con- 
stant in (é’’, &’), (&’, +8), (’’—6, £””); (y) limn..Ci,n=y(é’ +0) —y(E’ —0) 
= 01, limy.cC iin = (E"’ +0) —Y(E”’ —0) =02; (5) 012 +0270, i-e., one at least 
of the points é’, é’’ is a point of discontinuity of ¥(x) and the saltus is the 
limiting value of the corresponding coefficient. Moreover, if, for instance, 
¥(x) is continuous at «=é’, then ¢:-1,n<&’’ (n= WN); (€) ¢:,, and c;1,, cannot 

* All limits &’, £’’,- - - here considered are assumed to belong to [a, 6]. If £’=b or ¢’’=a, then 
£’+5, £’’—6 should be replaced by 6 or a respectively. Here and hereafter 5 or N denote properly 


chosen sufficiently small or sufficiently large numbers respectively, which may be different in differ- 
ent formulae. 
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both belong to the interval (¢’’, ’) (12). It follows that if one at least of 
the conditions />0 or m>1 is satisfied, then the third condition (80.3) cannot 
hold. 

By the foregoing, any subinterval (c, d) ¢ (a, b) which has no abscissas 
Cin, for n= N, is an interval of constancy for ¥(«). More precisely, the zeros 
of w,(x) are everywhere dense in any subinterval [a,, 6,] which is not an 
interval of constancy for ¥(x), i.e., [a:, b: | contains at least one zero of w,(x), 
for n=N, in its interior (or at its end-points, if y(x) is continuous at x =a, b;). 
(We omit the proof, since it is quite similar to that of Fejér, loc. cit., pp. 308- 
309.) 

This property can be generalized as follows: Let a subinterval [c, d] con- 
tain no more than one abscissa ¢;,,., for m=, M2,---, M,--- .* Then, if 
y(x) is continuous at « =q, di(c $c <d,<d) 


qd 
lim Cin, = dy(x). 
Hence, ¥(«) =const. in (c, d); lim,..Ci,,n,=0. 
The above results hold for any convergent FMQ formula. Suppose now 
that all abscissas lie in [a, b|]. We can state some more properties as follows 
(again derived by reasoning similar to that of Fejér). 


In a convergent FMQ formula corresponding to a finite interval either all co- 


efficients 0, as n— ~, or else, p(x) has discontinuities in (a, b). Hence, if p(x) 
is continuous throughout [a, b| (and a fortiori, if d(x) = p(x)dx, p(x) =0 and 
integrable in (a, b)), then lim,..Cin=0, i=1, 2,---, 0. 


We may go still further if we assume g=2n —1, i.e., when dealing with a 
GMQ formula. Here we have the following result. 


If ina GMQ formula 
(81) lim Cin = &, 


then (x) is a step-function with saltus o; at x=&;, and lim,..Cin=0i, 
ee wee 

The statement concerning C;,, follows as above in (y). As to the behavior 
of ¥(x), (81) implies, by the preceding, that (x) is constant in the intervals 
(é:1, &:). Moreover, were ¥(x) continuous at a certain point x=&,, &;, and 


* This is possible. Consider, for example, wn(x)=,(x; dy), where (a, b)=(—h, h), dy = p(x)dx, 
p(—x)= p(x), p(x) =0 in(—Mm, mm) C(—h, hk). Then Cn41,2n41=0, n=0, 1,--- , and this is the only 
zero Of wen4i(x) in [—/n, Mm], while w2n(x) has no zeros in this interval. 
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£:41 would have been points of discontinuity, so that ¥(x) =const. in the in- 
terval (£;1, £41), which could contain one abscissa only, namely, c;,,, and 


Coan SS Ee-15 Ci-o.n BS Es-0,° °° 5 Copan &S Esrs, Copan S Esra, °° °- 


This contradicts (81), for all c;,, lie in (a, 6), while c:,, decreases and C,,, in- 
creases, as ” increases. It follows that if W(x) is continuous throughout [a, 6], 
with no subintervals of constancy, then neither (80) nor (81) is possible. 

The above results generalize those known for GMQ formulae. It is in- 
teresting to note that in their proof there was no need to invoke the theory 
of algebraic continued fractions nor that of the Moment-Problem (on the con- 
trary, the preceding results are applicable to the latter problem). We have 
made use of but a small part of our convergence theorems, namely, of the 
fact that the FMQ formula under discussion converges for any f(x) which is 
constant in any finite subinterval, arbitrarily chosen, and vanishes elsewhere. 
Thus, our results hold for an infinite interval as well, once the above con- 
vergence property is established for such functions. 

13. The sequence {w,(x)} forms an OP sequence. We close with a brief 
discussion of the following interesting question. 


Under what conditions is the sequence 


Wn(x%) = B(x) + ArSy_a(x) + ++ + + Agr Op—n41(%) 


(14) 
(n = 0,1,--- ; (x) = 0, Ai, Ao,-- + , Axi = const.) 


itself a sequence of OP? 

The solution offered below, although incomplete, is of interest, for it in- 
troduces a rather unusual kind of OP, where the corresponding ¥(x) has a 
subinterval of constancy. It also offers a good illustration of the preceding 
results. In what follows we discuss—and incompletely—the following case 
only: 


(82) w(x) = &,(x) + A,_1(x) 
(n = 0,1,--- ; d.1(%) = 0; A ¥ 0, independent of 7). 


The answer to the proposed question will be in the affirmative if and only if 
a recurrence relation of the form (5) exists for the {w,(x)}: 


Wn42(X) = Onze = (X — Cry2)Wn41(%) — An4awn(x) 


(83) 
(n = 0, wo = 1,01 = a ci), 


where Ay’ (>0) and c;’ are arbitrary, and all,’ are positive. Substituting here 
fOr Wn, Wn41, Wn42 their expressions (82) and making use of (5), we get: 
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, oad 
Cn +2 — Cn42 = 0, An+2 — Ante + A(Gn+2 = Cn+41) =0, n= 0, 1, oe © 


Avge — Angi = O, at a 


whence, 


ci =a —A; = Cy, m=2,3,---, 


) E = An-1, n = 3,4,--- ; Ag = de — A(ce — €1), 


(84) 


so that the given sequence of OP, { ®,(x)}, must satisfy the following condi- 
tions: 


(85) Anti — Ante + A(Cnt2 — nti) = 0, 

Here we try to satisfy (85) in the following special manner: 

(86) Cn+2 — Cn41 = Ak — const., independent of n (n = 1,2,--- 
The above relations now yield 

Oh tu ~Aee=-46, #054,2->>, 

(88) Cn = (n — 2)h + co, An = (m — 2)Ah + do, n= 3,4,---, 


Ai, Ae>O and c, c, arbitrary; Ah=0. Taking (without loss of generality) 
Ay’ =A, =1 and changing notations, we state the following result. 


Consider the continued fractions 








(90) _ + (n — 1)Ah| _ 


|x — nh 





where the constants d, A, c, h are such that 
(91) >0, A+AcC>O0, AhZzO.z 


The denominators of the successive convergents to (89) and (90), which we denote 
respectively by {®,(x)}, {wn(x)} give a solution of our problem, i.e., each se- 
quence {®,(x)}, {w,(x)} is an OP sequence (which is not new), and their mutual 
relation is expressed in (82). 


What can be said of the orthogonality intervals and of the corresponding 
¥(x), ¥i(x) for each sequence? 

Leaving aside the case Ah >0 which leads to infinite intervals of orthogo- 
nality, assume h=0. We find from (89), (90): 
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(92) F(x) = 2/{a — 2c + (a? — 4a)¥2} 

(93) F(x) = 2n2/{2n%(a — A — c) — (A+ Ac)(x + (x? — 4n))} 

For the sake of brevity, we make the additional assumption c=0. Making use 
of some results of Stieltjes,* we state our final results as follows. For the se- 
quence {®,(x)}: 


= {x — (x? — 4)/2}/2n 


i ates 4A — y?)1/2 dy P 


2dr J _»)1/2 x—y 
(A >0; x real or complex, not on [— 21/2, 2\1/2]). 
The interval of orthogonality is (—2d!/2, 21/2) and 


1 
¥(x) = —— (4d — y?)?dy. 


Tr J _o1/2 
For the sequence {w,(x)}: 
i- E=Me s —f*.. (4A — y*)!/2 dy 


2n1/2 J—-e2 i= * 





F(x) 
x—a 
{a + 24 + (x? — 4d)2}/2A(x-— a), a =—-A-—D/A. 
In case A >0 the interval of orthogonality is (a, 2d1/?), and 


vila) = 0, wi = const. = 1 — \/A? on ie — 2n1/2], 
vi(x) =1—- “ee —f- (4A — ae on [— 2n1/2, 2n1/2]. 
21/2 —a 
In case A <0 the interval of orthogonality is aes a), and 


¥i(x) = — —f- av(y) on [— 2n1/2, 2n1/2],, 


wz a—y 


1/2 
¥i(x) = const. = — —f* dy(y) 


wea y 


on [2\!/2, a), 
> ayy) 
wa) = - — f 


az a— :" 


Thus, in both cases 


* Stieltjes, Recherches sur les fractions continues, Oeuvres, vol. II, pp. 402-566; pp. 509-510. 
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1 d 
dya(x) = — “ in (— 2A/2, 2010/2), 


—_ 


Note that all zeros ¢;,, of w,(x) lie in (—2A1/?, 2d1/?), except one. Moreover 
(in accordance with the general theory and with the preceding discussion), 
asn—o, 


Cin—7>@, Can— 2d, if A>O, 


Cin—> — 2r/?, oan —ma, if A <0, 
where a, introduced above, is the zero of the polynomial 


2— 4yr 1/2 
H(w) = w+ AeA +A (|w|—>o, as |x|). 





v(x) has no saltus if and only if A?=); then the two intervals of orthogonal- 
ity obtained above coincide with (—21/?, 2d!/?), and 


1 dy (x) 


x ns 


dyi(x) = 


UNIVERSITY OF PENNSYLVANIA, 
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EXISTENCE THEOREM FOR THE FLOW OF AN 
IDEAL INCOMPRESSIBLE FLUID IN 
TWO DIMENSIONS* 


BY 
A. C. SCHAEFFER 


We shall prove the existence of the flow of an ideal incompressible fluid 
in two dimensions under certain initial conditions. 

Suppose that R is an open connected plane region with a sufficiently 
smooth boundary. u(x, y, 4) and v(x, y, #) are velocity components parallel 
to the x and y axes respectively and in the positive direction, p(x, y, #) is the 
pressure, and a is the density. 

The flow of an ideal homogeneous incompressible fluid is said to exist if 
u(x, y, t), v(x, y, 2), p(x, y, 4) and o=constant are defined in R throughout 
some time interval, possessing sufficient differentiability and satisfying the 
conditions: 

(1) The divergence is zero and the density is constant. 

(2) The normal component of the velocity at the boundary is zero. 

(3) The Euler dynamical equations are satisfied 


ou Ou 


—s 


v — 

Oy at 
ov ov 
Vv -—— _ 
oy at 


It will be proved that if sufficiently smooth velocity components u(x, y) 
and v(x, y) are defined in R at time ¢=0 such that the divergence is zero and 
the normal component of the velocity at the boundary is zero, then a flow 
exists for all time which at time ¢=0 has the given velocity components 
u(x, y) and v(x, y). That is, u(x, y, 4), v(x, y, f), and p(x, y, é) are defined for 
all time — © <t< » and forall x, yin R such that at time ¢=0 


u(x, y,0) = u(x, y), v(x, y, 0) = v(x, y). 


In the case of the plane flow of an ideal incompressible fluid the vortex 
density, ¢(x, y, 4) =du/dy—0v/dx, is, according to Helmholtz, constant along 
the moving point. With initial velocity components u(x, y) and v(x, y) given 
and satisfying the same conditions as above it is shown that velocity com- 
ponents u(x, y, ¢) and 2(x, y, 4), and paths of the moving point dx/dt=u, 


* Presented to the Society, September 10, 1937; received by the editors September 4, 1936. 
497 
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dy/dt=v, x =a, y=b at t=0 exist for all time such that conditions (1) and (2) 
above are satisfied, the vortex density is constant along the path of the mov- 
ing point, and at time ¢=0, u(x, y, 0) =u(x, y) and o(x, y, 0) =0(x, y). Then if 
the region R and the given velocity components have the properties de- 
manded of them in Theorem I, it will follow that p(x, y, ¢) exists so that the 
Euler dynamical equations are satisfied. If R is multiply-connected, we have, 
in order to insure single-valuedness of the pressure, to impose additional con- 
ditions (constancy of certain circulations). 

Similar results have been obtained by Wolibner and Hélder. For given 
initial conditions Wolibner* sets up approximating functions which are equi- 
continuous and, using the selection theorem of Ascoli, shows that a suitable 
subsequence of the approximating functions converges to a limit defining the 
flow of an ideal incompressible fluid. Lichtenstein has shown that for given 
initial conditions the flow of an ideal incompressible fluid exists for a suffi- 
ciently small time, and Hélder,} presupposing Lichtenstein’s result, shows 
that the flow in truth exists for all time. Leray,f by a vastly different method, 
has obtained an existence theorem for the flow of an incompressible viscous 
fluid. The novelty of the present paper consists in setting up successive ap- 
proximations which converge for all time.§ 

Let R be an open simply-connected|| plane region whose boundary, B, 
consists of a single Jordan curve given in the form x=<x(s), y=y(s) where 
d*y/ds* and d*x/ds* exist and satisfy a uniform Hdélder condition of some posi- 
tive order less than one. 

Green’s function, G(x, y, x’, y’), is defined for all pairs of points x, y and 
x’, y’in Rby: 


1 
G(x, y; x’, y’) ” — + g(x, y; ¥, y’) 


where r? = (x—x’)?+(y—y’)? and, for every point x, y in R, g(x, y, x’, y’) con- 
sidered as a function of x’, y’ is continuous in R+B, harmonic in R, and has 
the value —/n 1/r on B. 


THEOREM I. Let velocity components u(x, y) and v(x, y) be defined in R at 
time t=0 such that: 


* W. Wolibner, Mathematische Zeitschrift, vol. 37 (1933), pp. 698-726. 

+ E. Hélder, Mathematische Zeitschrift, vol. 37 (1933), pp. 727-738. 

t J. Leray, Journal de Mathématiques, vol. 12 (1933), pp. 1-82. 

§ This paper follows a doctor’s thesis submitted at the Massachusetts Institute of Technology 
and written under the direction of Professor Eberhard Hopf to whom the author wishes to express 
his gratitude for many valuable suggestions. The thesis contained a proof of uniqueness which is 
not reproduced here as it has been published elsewhere. See Wolibner, loc. cit. 

|| In the appendix multiply-connecte1 regions are considered. 
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(a) The partial derivatives of first order of u and v with respect to x and y exist 
and satisfy a uniform Lipschitz condition, 


Ou(x1, V1) du(x2, ye) 


< C{(x1 - a+ in - ya)*} 02, oe 
Ox Ox 





(b) The divergence is zero, 


ou dv 
Ox oy 


(c) The normal component of the velocity at the boundary is zero, 


dy dx 
s—-9—=0 

ds ds 
Then there exist velocity components u(x, y, t) and v(x, y, t) defined for all x, y 
in R and for all time — ~ <t< © such that: 
(d) u(x, y, 0) =u(x, y), v(x, y, 0) =0(x, y); 
(e) The partial derivatives of first order of u(x, y, t) and v(x, y, t) with respect 
to x and y exist and are continuous; 
(f) The divergence is zero; 
(g) The normal component of the velocity at the boundary is zero; 
(h) The paths of the moving point, dx/dt=u, dy/dt=v, x =a, y=b at t=0 exist 
and at each instant there is a one to one, continuous, area-preserving relation be- 
tween (a, b) and (x, y), (a, b) in R+-B, (x, y) in R+B; 
(i) The vortex density is constant along the moving point, and in each finite time 
interval satisfies a uniform Lipschitz condition with respect to x, y, t. 


Proof. Theorem I is proved by a method of successive approximations. 
For simplicity we consider a positive time interval 20, although the same 
method applies to a negative time interval. Let 


du(a, b) m dv(a, b) 


» 6) = 
(a, b) 0b da 





Then by the hypotheses of Theorem I, 
(1) | s(a, 6) | $C, 
(2) | £(a1, b1) — $(a2, bs) | S Co{ (ar — a2)? + (b1 — b2)?}*?. 
We define lines x =x,(a, 6, t), y=y,(a, 6, t), n=0, 1, 2, --- , issuing from 


each point (a, b) of the region R at time ¢=0 which will, as m becomes large, 
approximate the paths of the moving point in the moving fluid. Let 


xo(a, b, t) =a, yo(a, b, 4) = b. 
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Suppose that x,_:(a, 6, #) and yn-:(a, b, #) have been defined for all time such 
that at each instant there is a one to one continuous correspondence between 
(a, 6) and (%n-1, Yn—1), (a, 6) in R+B, (%n-1, Yn-1) in R+B and such that the 
first order partial derivatives of x,_, and y,_; with respect to a and 6 and the 
first order partial derivatives of a and b with respect to x,-; and yn are 
bounded in every finite time interval. As suggested by the vortex theorem 
of Helmholtz we define a vortex density which is constant along the lines 
X=Xn-1, V=Vn-1. Let 
fn-1(x, y, 2) = €(a, 6), where x = x,1(a, 6,2), y = yYn-r(a, , t). 


Then ¢,-1(«, y, 4) satisfies a Lipschitz condition with respect to x and y in 
every finite time interval, and for all time has the same bound as ¢(a, 6). Let 


1 
dale, 951) = — = f tale’, 91, DG, », 2, ydatdy’. 
2rJrR 


Then ¢,(«, y, ) vanishes on the boundary, and since £,-: satisfies a Lip- 
schitz condition, the second order derivatives of ¢, with respect to x and y 
exist, are bounded, and satisfy a uniform Hélder condition with respect to 
x and y in every finite time interval.* Let 


0 0 
Un(x, y; t) ceili Gn(X, y; t), Un(x, y; t) Se Gn(X, y; t). 
oy Ox 


Then the divergence of the velocity components w, and 2, is zero and the 


vortex density is [,-1, 
Ou, OVn 0°bn 0on 


Ox Oy = axdy dyax 


0°*hn 
= Sends 
Ox? 


t 
xn(a, 6,4) =a +f Un{ Xn(a, b, u), Yala, b, uw), un} du, 
0 


t 
vala, 6,1) = b+ J onfra(a, 0, 0), Yala, Bu), why. 
0 


Since ¢, is zero on the boundary and the derivatives of u, and 2, with 
respect to x and y are bounded, it follows that x,(a, b, ¢) and y,(a, b, #) exist 
for all time, the point x,, y, remaining in R+B , and at each instant there is a 
one-to-one correspondence between (a, 6) and (x2, yn), (a, 6) in R+B, (on, Vn) 

* Lichtenstein, Potentialtheorie, Encycklopidie der mathematischen Wissenschaften, vol. 2, 
part 3, p. 286. 
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in R+B. Since the derivatives of u,(x, y, 4) and v,(x, y, ) with respect to x 
and y are continuous it follows that x,(a, 5, ¢) and y,(a, 6, ¢) have continuous 
first order derivatives with respect to a and }, and a and b have continuous 
first order derivatives with respect to x, and y,. 


0 £ (OUn OX,  OUn On 
~ s(a,0,1) = 1+ f + bas oo 
da o dx da Oy da 


Then x,(a, b, #) and y,\a, 6, #) have the same properties which x,_,(a, 5, #) 
and yn-:(a, b, ) were supposed to possess, and in addition it is seen that since 
the divergence is zero the transformation defined by x, and y, is area-preserv- 


ing. 
We thus make the definitions: 


xo(a, b, t) = d, yo(a, b, t) = 6b. 
If x,-1 and yn_; have been defined, »=1, 
fn-i(%, y; t) _ f(a, b), where + = %n—1(4, b, t), 7 Yn—1(4, b, t), 


1 
on(x, y; t) a —{ Sn—1(2’, y, t)G(x, y; x’, y’)dx'dy’, 
2rJR 


0 0 
Un(x, y; t) = — on(x, y; t), Un(x, y; t) = — on(x, ¥; ), 
oy Ox 


t 
wala, 6, 1) = a+ f maf rao, b, 1), yal, 0, 0), wbdn, 
0 


t 
ya(a, 6, t) = 5 +f Yn{ tn(a, b, u), Yn(a, b, u), wp du. 
0 


The aim now is to show that the approximating functions wu, and 2, con- 
verge as m becomes large to limiis which are the velocity components of the 
moving fluid, and that the approximating lines x=x,, y=, converge to the 
paths of the moving points. But before proving convergence it will be shown 
that the approximating functions have a modulus of continuity which is in- 
dependent of m, and this will follow readily from Lemma I. 


Lema I. Let ro be the distance between any two points a,, b; and de, be at 
time t=0 and r the distance between the corresponding points by the nth mapping 
function at a later time t, OSt<K, 


ro = (a1 — ae)? + (db: — be)?, 
r= (%n(a1, bi, t) sis Xn(2, be, t))? + (yn(a1, bi, t) vex Ya(ae2, be, t))?. 
Then 
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To <= Cor, r < C3fo, 0 < t K, 


where C; is independent of n, but depends on K. 

Proof. It is evident from the definition that ¢,(x, y, ¢) is bounded inde- 
pendently of and #. Solely from the bound of ¢,, independently of any of 
its continuity properties, it is found that r <Cr*, ro < Cr*, where 0<a<1 and 
C and a@ are independent of n, and a is a decreasing function of ¢. From this 
first approximation it follows that ¢,(x, y, 4) does satisfy a uniform Hélder 
condition in every finite time interval independently of m, and from this fact 
a better approximation can be found. 

From definition 
(3) | a(x, ¥, | =| (a, 6)| SC, n= 0,1, 2,--- 

1 
dale, 95) = —— f teale’, ¥, DGC, 9, », yae'dy’. 
2rJrR 


Then if D.¢, represents the first derivative of ¢, with respect to x or y, that 
iS Uy OF Vn, 


A 
(4) | Did,(%1, M1, t) = D1o,(x2, ye, t) | Ss A,Cy ln _, 
r 


where r? = (x; —x2)?+(¥1 — v2)? and the constants A; and A», depend* only on 
the region R. ; 
Let ro and r have the same meaning as in the statement of Lemma I, and 


let 
a = Xn(d1, bi, t), v2 = Xn(d2, be, t), 


i Tass Yn(a1, bi, t) ’ 3 Yn(a2, be, t). 


Then from the definition of x, and y,, 


t 
¥1 — Xe a; — ae +f {Un(21, ¥1, h) = Un(X2, y2, u)} du, 
0 


t 
v1 — Yo = db — be +f {on(%1, V1, H) — Un(X2, vo, w)} dp, 
0 


dr 1 — Xe 
= — { un(x1, ¥1; t) — Un(X2, ye, t)} 
dt 
rt 
+" for, yf) — male, YD}, 
r 
* This follows from the fact that | DiG(x, ¥, 2’; y’)| <C/r and | DsG(x, ¥, x’, y’)| <C/r* where 
r?=(x—x’)?+(y—y’)? and C depends only on the region R. Then (1/2) fe| DiG(x1, yi, x’, y’) 
—D,G(x2, y2, x’, y’)| dx'dy’<AyrlnA2/r where A; and A: depend only on R, and r?=(x,;—%x)? 
+(y1—y2)?. 
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dr 


Ag 
——- < 2A,Cir ln — > 
dt r 


= 2A 1C1, 


2A 1Cit, 





(5) r < A or g®*P (-201Ait] ro < A or®®P[—2C1Ait) 


where it is supposed that A2=1. Then it follows from (5) that ¢,(x, y, é) satis- 
fies a uniform Hélder condition with respect to x and y in every finite time 
interval. Suppose that 0<¢<K where K is an arbitrary but fixed positive 
number. 


| fn( a1, 1, t) =a En( 2, y2, t) | = | ¢(a, b:) _ ¢(de, bs) | 
S Coro S CoA or®*P(-2410:K 1 


(6) 


To find a better approximation we consider the smoothness properties of 
$(x, y, #) in the light of (3) and (6). 


1 
on(x, y; t) a —{ Sn-1(2", 9’; t)G(x, y; x’, y’)dx'dy’. 
2rJpR 


( | Dida(x, y, #)| S AsCi, OSt<oa, 
| Depn(x, y, t)| S Ca(Ci + C2A2), O<St<K, 
| Dog,(%1, 1, 4) — Dobn(%2, yo, t) | S C5(Ci + CoA q) rer PACK) | 

Osta Kk, 


(7) 


where r? = (x,—22)?+(yi— 2)? and the constant A; depends* only on the re- 
gion R, and C, and C; depend on the region R and on K, but are independent 
of n. 

From the inequalities (7) it can be inferred that the first derivatives of x, 
and y, are bounded independently of m. First, since the derivatives of 
u,(x, y, t) and 2,(x, y, ) with respect to x and y are continuous in x and y 
and bounded in each finite time interval, differentiation under the integral 
sign by a or d is justified. 


rs) £ (OUn OX,  OUn OVn 
— x(a,b,t) = 1+ f + du,--: 
da o dx da Oy Oa 


* Lichtenstein, loc. cit. 
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Then from the bound on the derivatives of u, and v, one finds: 


OX OXn OVn OVn 


S eClCt+C,Ay)t O<i<K 
da 0b da 0b siti ag 


and in the same way 
da da 0b 0b 
OXn OVn Ox, OYn 


< erCe(C +345) 0 < t < K. 


























Lemma I follows from this since the bound e¢«(C:+¢:4»)K js independent of n. 

Note that another approximation shows that ¢,(x, y, ) satisfies a Lip- 
schitz condition which is independent of m but depends on the time. Letting 
(x1, yi) and (x2, ye) be two points at time ¢ a distance r apart and (a), b,) and 
(de, b2) the corresponding points by the mth mapping function at time ¢=0 a 
distance 7» apart we have from Lemma I 


(8) | Salar, v1, 4) — Sule, ye, 4) | =| £(ar, b1) — Fae, b2)| S Coro S CrCor, 


where r? = (x1 —22)?+(¥1—2)?. From (7) 
| wn(x, ¥, ¢) |, | on(x, y, #)| S AsCi, Osi< 2, 
(9) | tn (1, y1, t) — Un(%2, yo, t) | s Col | _— = x2 | + | + ioe yo | ), 0 < t < K, 
| an( a1, ¥1, 2) — dala, ¥2, t) | <Co(| 21 — x2] +] 1 - ye | ), 0824 &, 


where A;C; is independent of and #, and C, depends on K but not on n. 

It can now be shown that the approximating functions ¢,, un, Un, Xn, and Vn 
converge as » becomes large to limits which have the properties stated in 
Theorem I. Choosing any fixed positive number K consider the time interval 
0<t<K. From the boundedness of £,(x, y, 2), 


| s1(x, y, 2) — So(x, y, 4)| S 2Ci, OsSt<o, 


Suppose it has been proved that 
(mt) n—1 


e-« <1<K. 
(n — 1)! 


| fn(x, y; t) _ fn—-1(2, ¥; t) | Ss 2C1 


Then since {r|D,G(x, y, x’, y’)|dx'dy’ is uniformly bounded in R one ob- 
tains from the definition of u, and 2, 

(mt)"—" 
(@- Dt 
(mt)"— 
(sn — 1)! 


| Unsi(X, y; t) noes u(x, y; t) | S 2C:C; St 


(10) 
| Un+1(, y; t) sp on (x, y; t) | S 2C:C; 





1937] FLOW OF AN INCOMPRESSIBLE FLUID 505 


where C; depends only on the region R. From the inequality (10) we can find 
a bound on the distance between the lines x=%,, y=yn and *=Xnii1, V=YVnsi 
issuing from the same point (a, 6) at time ¢=0 (the inequality (11)), and since 
the relation is defined by an integral the exponent —1 is raised to n. 


t 
Xn41(@, b, t) — Xn(a, 6, t) = f { ttns1(%n415 Yntl, MH) — Un(Xn41, Ynti, H) du 
0 


t 
+f { tn( Xn; Yntty H) — Un(Xny Yay u)}dp, 
0 


and a similar expression for yn41—¥n. Applying (10) to the first term on the 
right and (9) to the second term on the right and adding the resulting in- 
equalities one obtains 


| Xn+1 — Xn | + Yn+1 — Vn | 


n t 
= $CiCom™! — 4 20 fi {| tnsr — am] +| yntr — yn| fan, 
where on the left the four variables are taken at time #, and on the right they 
are taken at time yu. To show that this implies (11) suppose it has been shown 
that the left-hand side of this inequality is less than 4C,\Cym"—1(é"/n!)e2¢st 
+A(2C,)?/p! in the time interval 0</<K, where A is a positive constant 
and » is an integer or zero. On putting this in the right and performing 
the indicated integration it is found that the left-hand side is less than 
4C,Cym™—1(t"/n!) est +A (2Cet)?+1/(p+1)!. The constant A can be made so 
large that this is true for the case p=0, and then it follows for all p. Thus 
| ¥n41(a, b, t) _ ¥n(a, b, t) | + | Ya+i(a, b, t) = ya(a, b, t) | 

(11) ‘” 
< 4C,Cym"" — erCet 

n! 

If a point (a, b) at time ¢=0 is considered, (11) gives a bound on the dis- 
tance between the corresponding points (%n, yn) and (%n41, Yn41) by the m and 
n+1 mapping functions. If a point (x, y) at time ¢>0 is considered, there 
correspond two points at time ¢=0, (a;, b:;) and (ae, b2) by the m and m+1 
mapping functions respectively. By the use of Lemma I, the inequality (11) 
can be transformed into a bound on the distance between (qi, b;) and (de, be). 
Let 


x ¥n (a1, bi, t) = ¥n41(d2, be, t), 
Y = Yn(a1, bi, t) = Yn41(G2, be, t). 
We introduce the auxiliary point x,(d2, be, 4), yn(de, be, 4) and use Lemma I. 








A. C. SCHAEFFER [November 


| a1 — ae| + |b: — be| S 2C3{ | xn(ai, bi, t) — xn(ae, be, ¢) | 
+ | yn(a1, bi, 2) — yn(ae, be, t)| } 
2C3{ | an+1(a2, be, t) — xn(a2, be, 2) | 
+ | yn+1(a2, be, 4) — ya(as, be, )| }, 
which by (11) is less than 8C,C;C7m""\(t"/n!)e2st, O<¢< K. By construction, 
En(x, y, 2) =O(qi, 1) and fn41(x, y, 2) =£(de, be), so using (2) and the last found 


inequality we have 


| fn41(%, y; t) tee fn( a, y, t) | = | ¢(ae, be) — ¢(a, b:) | 
{* 
< C2{|a:— a2|+|b:—b2|} < 8CiCxC Crm"! — eet, 
nN! 


The coefficient 4C,C;C;e?“* is independent of n, but depends on K;; so, 
letting m be as large as this coefficient, we have 
(mt)” 
| Snoa(x, ¥; t) _— n(x, y; t) | < 2C; — 


, OstZK. 
n! 


This inequality then holds for all x, where C, and m are independent of 1, 
but m depends on K. This also verifies the inequalities (10) and (11) so the 
functions n(x, y; t), un(x, y; t), Vn(X, ¥, t), xn(a, b, i), and Yn(a, b, t) converge 
to continuous limits and uniformly in every finite time interval. Dropping the 
subscripts in the limits it follows from (8) that ¢(«, y, é) satisfies a Lipschitz 
condition with respect to x and y in every finite time interval. 


| (x1, ¥1, 0) — $ (x2, Ve, t) | S CxC3{ (x1 — x2)? + (nm — yo)?}2, OStSK, 


where C; is a given constant and C; depends on K. 
The relations between the variables are preserved in the limits. 


1 
$(x, ¥,t) = —— f o(x’, v’, OG(x, y, x’, y’)dx'dy’, 
2rdJ pR 


te) 
u(x, y,t) = = (x, y, 2), u = limit u,, 
y 


0 
v(x, y,4) = — 5, a y, 4), v = limit 2,, 
x 
f(x, y, 4) 
Deo = He, ps4 f G(x, y, x’, y/ydx'ay\ 
2r R 


1 
base —{ tex’, y’, t) ioe (x, ¥, t) | DoG(x, y; 2’, y’)dx'dy’. 
2rJpr 
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From this and similar expressions for Dod, it follows that the first derivatives 
of un(x, y, t) and v,(x, y, 4) with respect to x and y converge to the correspond- 
ing derivatives of u(x, y, #) and v(x, y, t). The divergence is zero and ¢(x, y, #) 
is the vortex density of the moving fluid. 

2 e2 


0 0 0 
— u(x, y,t) + — (4, y, t) = o(x, y, t) — x, y,t) = 0, 
=~ (x, y, t) ay (x, y, #) andy (x, y, t) avon y, t) 


oe? e2 
> O(%; 9,4) + o(x, y, t) = §(x, y, t). 
oy 


Ox? 
From the uniform convergence of %,, Yn, Mn, and v, to their respective 
limits and the equicontinuity of u, and 2, expressed in (9) it follows that 


ee ep ee 
— u(x, — — ox, y,/) = 
5 em — =e 


t 
x(a, b,t) =a +f u(x(a, b, b), y(a, b, b), u)du, x = limit x, 
0 


t 
hoods f ee ee ee ee 
0 


At each instant there is a one-to-one continuous correspondence between (a, d) 
and (x(a, b, #), y(a, 6, #)), (a, 6) in R+B, (x, y) in R+B, and since the diver- 
gence is zero the transformation is area-preserving. 

The vortex density is constant along the moving point, {(x, y, 4) =¢(a, 5), 
where x= x(a, b, #), y=y/(a, b, #). 

Since {(x, y, 0) =¢(x, y) =du(x, y)/dy—dv(x, y)/dx, where u(x, y) and 
v(x, y) are the given velocity components and since the divergence is zero, 


u(x, y; 0) = u(x, y), v(x, y; 0) = v(x, y). 


These functions have all the properties stated in the conclusions of Theo- 
rem I, except that it remains to show that {¢(x, y, ¢) satisfies a Lipschitz 
condition with respect to the time. Let #, be greater than f. To study the 
difference (x, y, h)—{(x, y, &) consider the moving point which passes 
through the point (x, y) at time 4). Its coordinates, (x’, y’), at time & satisfy 


the relations 
ty 
x’ + f udu, 
to 


ty 
y= y+f v dp, 
te 
and since, by (9), « and v are bounded we have 
|x —2’|+|y¥—9'| S$ 24Ci|h — &]. 


Then since ¢ is constant along the moving point, we have from (8) 
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| ¢(x, y; ti) a o(x, y; te) | = | f(a’, y’, te) = (x, y; te) | 
< CL3{|x—-— «| +|y—y'| } S 240C1C2C3|4 —- vl, 


where the constant 2A;C,C2C; depends on K,0<#<K. It follows from this 
that the first order derivatives of u(x, y, #) and v(x, y, é) are continuous in 
x, y, t; and that u(x, y, #) and o(«, y, ¢) satisfy a Lipschitz condition with re- 
spect to x, y, t. This completes the proof of Theorem I. 

From Theorem I it can be inferred that the velocity components u(x, y, é) 
and 2(x, y, ¢) are differentiable with respect to the time. To show this we first 
outline the proof that 0¢(x, y, ¢)/dt exists, @ being the flow function. 


1 1 1 
o(x, y, t) _— —{ F(x’, y’; t)G(x, y; x’, y’)dx'dy’ SS — —{ ’ 
2x R 2r Ry 2 R-R, 


where Ro is a circle of radius e >0 with center at x, y. The paths of the moving 
point issuing from points (a, b) of the region R at time ¢=0 and passing 
through points («’, y’) at time ¢ define a one-to-one, continuous, area-preserv- 
ing relation between (a, 6) and (x’, y’), x’=x’'(a, b, t), y’=y’'(a, 6, 4). The 
points («’, vy’) lying in R—R, correspond to points (a, b) lying in a region 
which we call R—,. In the integral over the region R— Ry at time / we trans- 
form the variables of integration from x’, y’ to a, b, the region of integration 
becoming R—R,, and since the vortex density is constant along the moving 
point we have 
om (x, 9’, HG(x, y, x’, y’)dx'dy’ 


2a J R-R, 


1 


(a, b, 0)G(x, y, x’, y’)da db, 


2a J RR, 


where in G(x, y, x’, y’) on the right x’=x’(a, b, t), y’=y’'(a, 5, é). In the in- 
tegral over the region Ry we substitute the letters a, b for x’, y’, this being a 
change in nomenclature and not a transformation of variables. By definition 


1 
o(x, y, 0) = — —{ f(a, b, O)G(x, y, a, b)da db. 
2rJ rR 


Thus one obtains 


EN | gi b, t) — (a,b, 0) 
Ry 


t 2a t 








hats, y, a, b)da db 


1 G(x, y, x’, -G J» ,6 
and s(a,5,0)4 et £7) SHS "gad 


2r J r-R, t 
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2nt 
=I+I1I+ I+ 1V. 


1 1 
+ ‘ -—-f +— ; { (a, b, O)G(x, y, 2", y")da db} 
R,-R, 2nt/ RR, 


In the expression IT, 


, , 


s— «6 y¥—}b 
— u(a, b, 0), =—— —v(a,b,0) as #t-0. 
By choosing first e small and then ¢ small it can be shown that I, III, and IV 


approach zero and II approaches a finite limit. 


° g(x, ¥, t) st $(x, y; 0) 
lim 


‘0 t 





0G , , a,b 0G ’ ’ ,5 
(x, y, a, b) Se 


1 
= — —{ ¢(a, b, 0) fa, b, 0) —————— + (a, b, 0) 
2r R da 


This shows that 0¢/d0¢ exists at time ¢=0, and in the same way it exists for 
all time. Since ¢, u, and v satisfy a Lipschitz condition with respect to x, y, t, 
it is well known in potential theory that the first order derivatives of 0¢/dt 
with respect to x and y exist and are continuous in x, y, ¢. Then the order of 
differentiation is immaterial, 


a a6 8 dp au 


so that du/dt and 0v/d¢ exist and are continuous. 
To construct the pressure, let C be any closed Jordan curve with continu- 
ously turning tangent moving with the fluid. If Rc is the interior of C we have 


-f ¢(x, y,)dxdy = f udx + ody, 
Rc c 


and since ¢ is constant along the moving point and the fluid is incompressible 
f nz 6 4xdy is a constant independent of the time, 


ff wax + vdy = constant. 
c 


Differentiating along the moving curve we have 


Ou Ou Ou ov Ov Ov 
[ACReE oo Le Re dey 
cl\X\ Ox oy dt Ox oy ot 


+—f (ut + ods = 0 
tlc” vas = VU. 
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The second integral is zero around any closed curve so the first is also. Thus a 
pressure defined by 


( ’) fr {( - a a +( as c= ay} 
= u— —_ — —_ —_— —_— 
P\%) 9; 7 pits ax "ay al” CN Ge "ay a)” 


exists and satisfies the Euler dynamical equations. 


APPENDIX 


It was assumed in Theorem I that the plane region R is simply connected, 
but this is an unnecessary restriction. Theorem I may be extended so as to 
apply to multiply-connected regions, but we shall consider only the extension 
to doubly-connected regions as this will illustrate the principle. 

Let R be an open doubly-connected plane region whose boundary, B, con- 
sists of two distinct Jordan curves such that if x =x(s), y=y(s) defines either 
of the curves, d*x/ds* and d*y/ds* exist and satisfy a uniform Hélder condition 


of some positive order less than one. 
In Theorem I the same hypotheses (a), (b), and (c) are made and all the 
conclusions (d), (e), (f), (g), (h), and (i) are drawn with the additional state- 


ment (j). 
(j) The circulation around the inner boundary is a given constant independent 
of the time. ; 

The constancy of this circulation will insure the existence of a single-val- 


ued pressure. 
In the proof the following definitions are made: 


xo(a, b, t) = da, yo(a, b, t) = b. 
If x,-:(a, 6, t) and y,-:(a, 6, 4) have been defined, n=1, 
fn—1(a, y, t) = f(a, b), where x = xn1(a,b,t), y = ynr(a, 5, 2d), 


1 
dale, 1) = — = f tale’, ¥', 0G(e, 9, 2, Yda’dy’ + JDM, »), 
R 


ts) fs] 
up (x, ys t) on(x, y; t), Un (x, ¥; t) = = — on(x, y; t), 
oy Ox 


t 
ain hoot f shake, b, 0), sole, d, 0, de, 
0 


t 
nle, bb + f elacke, 0), she, & 0d, de. 
0 


Let h(x, y) be continuous in K+B, harmonic in R, have the value one on 
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the inner boundary, and vanish on the outer boundary of R. f,(#) is a function 
to be defined presently. 

It is seen that the only variation from the case of a simply connected re- 
gion is that here the function f,(é)/(x, y) enters. At time ¢=0 the circulation 
around q; (g; is the inner boundary, and gq is the outer boundary of R) due 
to the velocity components u(x, y) and v(x, y) is a given constant determined 
by these given velocity components. Suppose the value of this circulation 
is W. We shall define f,(é) so that the circulation around g; due to the velocity 
components u,(x, y, #) and 2,(x, y, é) is for all time the given constant W. 

From definition of u, and 2, the circulation around q is 


Odn 
f U,dx + 0,dy = -f P ds, 
v 


q1 q1 
where » is the direction of the inner normal. The right-hand side of this equa- 
tion may be transformed by means of Green’s second identity 


On + o f s , 
n — as, 
Ov one q, OV 


f h(x, y)Fn—1(x, y, t)dx dy - -f 
R qi 


where h is the harmonic function defined above. Defining f,(/) by 
1 
(12) f(t) = —{- W +f h(x, y)fn-1(x, y, ddx ay\ , 
R 


where \= {,,(04/dv)ds £0, it follows that the circulation around gq; due to the 
velocity components u, and 2, is for all time the given constant W. 

The proof of Theorem I is not essentially altered by the introduction of 
the function f,(¢) h(x, y) in the definition of ¢,(x, y, #). First, from constructon 
it is seen that ¢,(x, y, 4) is uniformly bounded, and by (12) this implies that 
f,(t) is uniformly bounded, 


1 
n s|— W Ci dxd SCs, 
inl s|—l{|wl +e f axa sc 


where C; is independent of n, x, y, t. Due to the smoothness properties of the 
boundary of R the harmonic function h(x, y) has continuous* (and bounded) 
third order derivatives in R+B, so the third order partial derivatives of 
f,.(t)h(x, y) with respect to x and y are bounded independently of n, x, y, #. 

Lemma I is proved as before. The inequality (4) is true with a larger con- 
stant in place of A,Ci, 


A, 
| Dign(*1, ¥1; t) ene Didn( x2, V2, t) | <= Cor In —> 
r 


* Kellogg, these Transactions, vol. 9 (1908), pp. 39-50 and vol. 13 (1912), pp. 108-132. 
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where C, is independent of n, x, y, t. From this one derives a first approxima- 
tion, the inequality (5) with A.C; replaced by Cy. Then using this result an- 
other approximation proves Lemma I, and the inequalities (8) and (9) with 
constants independent of m also follow. 

To show that the sequence ¢,(x, y, 4) converges we have first from the 
boundedness of ¢,, 


| g(x, y, 0) — fo(x, y, 4)| S 2C1, OSt<o., 


Suppose it has been shown that 
; <- (mt)"— 
| tala, ¥, t) — Sna(x, y, )| S 2 ‘= or 
Then from (12) it follows that 
1 
(13) | fn4(t) = fall) | < lS | fn(x, y; t) = Fo-2(3, y; t) | dx dy, 
R 


and finally 
(mt) n—1 


| waar, y, #) — n(x, y, | S 2 ————» 
(nm — 1)! 


with a similar inequality for 7,4; —2,, where Cio is independent of n,x,y,t. The 
same procedure that was used in the proof of Theorem I shows that 


mt)” 
| Sn4r(x, y, t) — §.(2, y,)|s 20,4 ’ Ostet K, 
nN: 


if m is a sufficiently large constant which depends on K but not on n. 

This implies that [,, #n, Yn, Xn, Yn and now, by (13), f,(¢) converge uni- 
formly in every finite time interval. By uniform convergence the relation (12) 
holds in the limits 


@=-—{-w+ f (x, y, t)h(x, y)d ay\ 
f = r s *, 9, X, V)dx aVe , 


where f(/) =limit f,(¢), § =limit ¢,. Then the circulation around q; due to the 
velocity components u(x, y, #) and v(x, y, #) is for all time the given con- 
stant W 


f 


@1 


Oh 
u(x, y, dx + v(x, y, Ody = f h(x, y)¢(x, y, dx dy — f() f 5 =: 
R q, OV 


This verifies the statement (j), and the other conclusions of Theorem I are 
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verified as before. To infer the conclusion (d) we know that at time ¢=0 the 
velocity components u(x, y, 0), v(x, y, 0) and the given velocity components 
u(x, y), v(x, y) have the same vortex density ¢(x, y, 0) ={(«, y), the same cir- 
culation, W, around the inner boundary, and divergence zero. 

Using the transformation of variables that was employed in proving the 
existence of 0¢/d¢ it can be shown that df/dt exists, 


df(t 1 h(x, Oh(x, 3 
“ -—f Rue y,0) S. ee ~~ Mh ea, y, )dx dy. 
Then 0¢/dt exists and is continuous, 
do(x, y,t) _ 
Ot 


~ f ca! 4 es ta ‘dy! + hl mJ 
-— x’, y',A4u — + v0 —pdx n(x, y) — - 
2rJpR 7 Ox’ dy’ hia , dt 


Then from potential theory we know that the first order partial derivatives 
of 0¢/dt with respect to x and y exist and are continuous. By continuity the 
order of differentiation is immaterial so du(x, y, t)/dt and dv(x, y, ¢)/dt exist 
and are continuous in x, y, ¢. 

To construct the pressure, let C be a closed Jordan curve in R with con- 
tinuously turning tangent and moving with the fluid. If C encloses the inner 
boundary, g:, of R we have 


f udx+ody= ff udvtody- ¢(x, y, Hdx dy, 
c a1 Ro 
and it follows from the constancy of the circulation around g, and the con- 
stancy of fr ¢(x, y, é) dx dy that the circulation around C is a constant inde- 
pendent of the time. Thus if C is any closed curve moving with the fluid, 
whether or not C encloses the inner boundary of R, the circulation around C 
is a constant independent of the time. Then it follows that 


Ou Ou Ou Ov Ov Ov 
f {(«= + ot det (wu —-+9 = + = )ayl = 0, 
c Ox Oy dt Ox Oy dt 


and a single valued pressure can be constructed satisfying the Euler dynami- 
cal equations. 
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